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Preface 


The field that encompasses the term “quantum interference” combines a 
number of separate concepts, and has a variety of manifestations in dif- 
ferent areas of physics. In the sense considered here, quantum interference 
is concerned with coherence and correlation phenomena in radiation fields 
and between their sources. It is intimately connected with the phenomenon 
of non-separability (or entanglement) in quantum mechanics. On account of 
this, it is obvious that quantum interference may be regarded as a compo- 
nent of quantum information theory, which investigates the ability of the 
electromagnetic field to transfer information between correlated (entangled) 
systems. Since it is important to transfer information with the minimum of 
corruption, the theory of quantum interference is naturally related to the 
theory of quantum fluctuations and decoherence. 

Since the early days of quantum mechanics, interference has been de- 
scribed as the real quantum mystery. Feynman, in his famous introduction 
to the lectures on the single particle superposition principle, referred in the 
following way to the phenomenon of interference: “it has in it the heart of 
quantum mechanics”, and it is really ‘the only mystery’ of quantum mechan- 
ics. With the development of experimental techniques, it has been possible to 
carry out many of the early Gedanken experiments that played an important 
role in developing our understanding of the fundamentals of quantum inter- 
ference and entanglement. Despite its long history, quantum interference still 
challenges our understanding, and continues to excite our imagination. 

Quantum interference arises in some form or other in almost all the phe- 
nomena of quantum mechanics and its applications. Obviously, we have to 
be very selective in the topics we discuss here, and many important aspects 
are dealt with only briefly, or not at all. In writing the book our intention 
has been to concentrate on a systematic and consistent exposition of co- 
herence and quantum interference phenomena in optical fields and atomic 
systems and to discuss the details of the most recent theoretical and ex- 
perimental work in the field. We begin in Chap. 1 by discussing the basic 
principles of classical and quantum interference and summarizing some quite 
elementary concepts and definitions that are frequently used in the analysis 
of interference phenomena. The most important first- and second-order co- 
herence effects are discussed including the welcher-weg problem, two-photon 
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nonclassical interference, interferometric interaction-free measurements, and 
quantum lithography. We also discuss important experiments that confirm 
these basic interference predictions. 

The mathematical formalism of quantum interference in atomic systems 
is developed in Chap. 2 for multi-level and multi-atom systems in free space 
and cavity environments. For our purposes, the master equation of an atomic 
system is derived in the Born—Markov and rotating-wave approximations. 
The relation of the source field operators to the atomic dipole operators and 
retardation effects are then discussed. In this way the correlation functions 
of the electric field and their relationship to the atomic dipole operators 
are developed as a basic formulation. The concept of superposition states is 
then introduced in Chap. 3 and applied to three-level systems in Vee and 
Lambda configurations. The concept of multi-atom entangled states is also 
introduced so that one can see the relation between quantum interference 
effects in multi-level and multi-atom systems. A full description of the quan- 
tum beats phenomenon and its relation to quantum interference phenomena 
is also included. 

Chapter 4 discusses quantum interference effects induced by spontaneous 
emission and the experimental evidence of spontaneously induced quantum 
interference effects in a molecular multi-level system. This chapter includes 
a discussion of decoherence free subspaces and the role of decoherence in the 
formation of entanglement. A section on the effect of cavity and photonic 
bandgap materials on spontaneous emission from an atomic system is in- 
cluded here because these are examples of other practical systems to control 
and suppress spontaneous emission. 

The subject of coherence effects in multi-level systems is treated in 
Chap. 5. The theory of two major quantum interference effects — coherent 
population trapping and electromagnetically induced transparency in simple 
three-level systems — are explored and described in terms of the density ma- 
trix elements of these systems. These processes depend on the creation of co- 
herent superpositions of atomic states with accompanying loss of absorption. 
The chapter includes a general treatment of the spatial propagation of elec- 
tromagnetic fields in optically dense media, and the absorption properties of 
coherently prepared atomic systems. This chapter also discusses applications 
of coherently prepared systems in the enhancement of optical nonlinearities 
in electromagnetically induced transparency. 

Material on the implementation of quantum interference is included in 
Chap. 6. This chapter also discusses the phase control of quantum interference 
and extremely large values (superbunching) of the second-order correlation 
functions. Methods for producing quantum interference effects in three-level 
systems with perpendicular transition dipole moments is considered to show 
how one can get around the well-known difficulty of finding atomic or molec- 
ular systems with parallel transition dipole moments. This chapter concludes 
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with a fairly detailed description of Fano profiles, laser-induced continuum 
structures and population trapping in photonic bandgap materials. 

In Chap. 7 the theory of subluminal and superluminal propagation of a 
weak electromagnetic field in coherently prepared media is formulated and 
accompanied with many examples of the experimental observation of slow 
and fast light, and the storage of photons. The concept of polaritons is then 
introduced in terms of atomic and field operators. 

The subject of quantum interference in a superposition of field states is 
considered in Chap. 8. The phase space formalism is described and quan- 
tum interference effects in phase space for several field states are discussed. 
Examples of the experimental reconstruction of Wigner functions and of the 
production of single-photon states are also included. 

The final chapter discusses quantum interference effects with cold atoms. 
This includes the subjects of diffraction of cold atoms, interference of two 
Bose—Einstein condensates, collapses and revivals of an atomic interference 
pattern and interference experiments in coherent atom optics. 

Since this book is based to a large extent on the combined work of many 
earlier contributors to the field of quantum interference, it is impossible to 
acknowledge our debts on an individual basis. We should, however, like to 
express our thanks to Peng Zhou who, during his stay at The Queen’s Uni- 
versity of Belfast, carried out some of the work on control of decoherence 
and field induced quantum interference presented in Chaps. 4 and 6. We 
are greatly appreciative of the help and suggestions received from many col- 
leagues, including Ryszard Tanas, Helen Freedhoff, Peter Drummond, Bryan 
Dalton, Shi-Yao Zhu, Christoph Keitel, Josip Seke, Gerhard Adam, Andrey 
Soldatov, Joerg Evers, Terry Rudolph and Uzma Akram. We are also grateful 
to Alexander Akulshin, Immanuel Bloch, Dmitry Budker, Milena D’ Angelo, 
Juergen Eschner, Edward Fry, Christian Hettich, Alexander Lvovsky, Steven 
Rolston, and Lorenz Windholz for sending us originals of the reproduced 
figures of their experimental results. 


Brisbane, Belfast, Zbigniew Ficek 
March 2004 Stuart Swain 
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1 Classical and Quantum Interference 
and Coherence 


Interference is the simplest phenomenon that reveals the wave nature of radi- 
ation and the correlations between radiation fields. The concept of optical in- 
terference is illustrated with Michelson’s and Young’s experiments, in which a 
beam of light is divided into two beams that, after travelling separately a dis- 
tance long compared to the optical wavelength, are recombined at an observa- 
tion point. If there is a small path difference between the beams, interference 
fringes are found at the observation (recombination) point. The observation 
of the fringes is a manifestation of temporal coherence (Michelson interfer- 
ometer) or spatial coherence (Young interferometer) between the two light 
beams. Interference experiments played a central role in the early discussions 
of the dual nature of light, and the appearance of an interference pattern was 
recognized as a demonstration that light is wave-like [1]. The interpretation 
of interference experiments changed with the birth of quantum mechanics, 
when corpuscular properties of light showed up in many experiments. In ad- 
dition, interference was predicted and observed between independent light 
beams [2]. This type of interference results from higher order correlations 
between radiation fields, and apparently contradicts the well-known remark 
of Dirac that “each photon interferes only with itself. Interference between 
different photons never occurs”. We may interpret the detection of a pho- 
ton as a measurement that forces the photon into a superposition state. The 
interference pattern observed in the Young’s double slit experiment results 
from a superposition of the probability amplitudes for the photon to take 
either of the two possible pathways. After the interaction of the photon with 
the slits, the system of the two slits and a photon is a single quantum system. 
The resulting interference is a clear example of non-separability or entangle- 
ment in quantum mechanics [3]. Although interference is usually associated 
with light, interference has also been observed with many kinds of material 
particles, such as electrons, neutrons and atoms [4]. 

This introductory chapter concerns the basic theoretical concepts of clas- 
sical and quantum interference, and elementary interference experiments with 
optical fields. We introduce concepts and definitions that are important for 
later discussion and present some essential mathematical approaches. The 
experiments discussed are those that demonstrate the basic physical ideas 
concerning first- and second-order interference and coherence. The nature of 
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interference is so fundamental that it connects with many different aspects of 
atomic physics, classical and quantum optics, such as atom-field interactions, 
the theory of measurement, entanglement and collective interactions. 


1.1 Classical Interference and Optical Interferometers 


Optical interference is generally regarded as a classical wave phenomenon. 
Despite this, classical and quantum theories of optical interference readily 
explain the presence of an interference pattern, but there are interference 
effects that distinguish the quantum nature of light from the wave nature. 
In particular, there are second-order interference effects involving the joint 
detection of two fields where correlations are measured by two photodetec- 
tors and the quantum nature of light becomes apparent when the number of 
photons is small. In this section, we present elementary concepts and descrip- 
tions of the classical theory of optical interference, and illustrate the role of 
optical coherence. 

We characterize a light field by its electric field. In many classical calcu- 
lations, a Fourier series or integral is used to express the electric field E(R, t) 
as the sum of two complex terms 


E(R,t) = E(R,t) + E*(R,t) (1.1) 


The first term, E(R,t) is called the positive frequency part, and contains all 
terms which vary as exp(iwt), for w > 0. In future, we shall work almost 
exclusively with the positive frequency part, and we shall specify the electric 
simply by its positive frequency part E(R,t). 


1.1.1 Young’s Double Slit Interferometer 


The first step in our study of optical interference and coherence is Young’s 
double slit experiment, which is the prototype for demonstrations of opti- 
cal interference and for all quantitative measurements of so-called first-order 
coherence. The presence of interference fringes in the experiment may be 
regarded as a manifestation of first-order coherence. Young’s double slit ex- 
periment has been central to our understanding of many important aspects 
of classical and quantum mechanics [1]. The essential feature of any opti- 
cal interference experiment is that the light beams from several sources are 
allowed to come together and mix with each other, and the resulting light 
intensity is measured by photodetectors located at various points. We char- 
acterize interference by the dependence of the resulting light intensities on 
the optical path difference or phase shifts. 

A schematic diagram of an interference experiment of the Young type is 
shown in Fig. 1.1. Two monochromatic light beams of amplitudes Fy (11, t:) 
and E»2(r2,t2) produced at two narrow slits S; and S2, separated by the 
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Fig. 1.1. Schematic diagram of Young’s double slit experiment. Two monochro- 
matic light beams emerging from the slits S; and Sy» interfere to form on the ob- 
serving screen an interference pattern, symmetrical about the point A 


vector T21 = T2 — 71, incident on the screen at a point P. The resultant 
amplitude of the field detected at the point P is a linear superposition of the 
two fields 


E(R,t) = E,(R,t)+ Fo(R,t) , (1.2) 


where E; (R,t) is the electric field produced by the ith slit and evaluated at 
the position R of the observation point P. We can relate the field E; (R,t) 
to the field FE; (r;,t — t;) emerging from the position of the ith slit: 


E; (R,t) = 7B, (r,t—-t) , t=1,2, (1.3) 
where R; = |R—r;| is the displacement of the ith slit from the field point P 
at R, t; = R;/c is the time taken for the field to travel from the ith slit to 
the point P, and s; is a constant which depends on the geometry and the 
size of the zth slit. 

The fact that the resultant amplitude at a given point is obtained by 
adding the amplitudes of the light beams produced by the slits gives rise 
to the possibility of constructive or destructive interference. There are, how- 
ever, certain fundamental conditions that must be satisfied to obtain the 
phenomenon of interference, and we discuss these conditions in the following 
section. 

In Young’s experiment, a single photodetector is used to measure the 
probability P,(R,t) of detecting a photon at time ¢t within a short time 
interval At as a function of the position R of the detector. Assuming that the 
photodetector responds to the total electric field at R, the mean probability 
is given by 
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P, (R,t) =o (I (R,b) At, (1.4) 


where o is the efficiency of the detector, J(R,t) is the instantaneous total 
intensity at R: 


I(R,t) = E*(R,t)- E(B,t) , (1.5) 


and the angular brackets denote an ensemble average over different realiza- 
tions of the field. 
Substituting (1.2) and (1.3) into (1.5), we obtain 


I (R, t) = [03 |? Ly (r1,t —_ ti) + |w2|7Io (r2,t i ta) 

+2Re luju2E} (ri,t = t1) : Ee» (ro,t = t2)| 5 (1.6) 
where 
is the intensity of the field emerging from the 7th slit in the absence of the 
other, and u; = s;/R;. 

Hence, the average intensity at the point R on the screen at time t may 
be written as 
(I (R,t)) = Jur? (11, t — t1)) + ual? Ze (12, t — te) 
+2Re {uju2(E* (r1,t — ti) -E'(r2,t — te))} és (1.8) 


where the brackets denote an ensemble average over different realizations of 
the field. 


1.1.2 First-Order Coherence 


It is convenient to introduce the first-order field correlation functions by the 
relation 


GY) (91, 71:72, 72) = (E% (11,71) - E2 (12,79) - (1.9) 


It gives the correlation between the field amplitudes FE; and Eg emanating 
from the two slits. The normalized form is given by 


Gy (71,71; T2, T2) 


Viet) (m1, 71541, 71) Gly (12, 72; P2, 72) 
_ (Ei (ri, 71) Ba (12,72) © (1.10) 
(Th (71, 71)) (22 (v2, T2)) 


With this notation (1.6) may be written as 


g\> (1,713 P2572) = 
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(I (R,t)) = |u|?GY (r1,t — tayri,t — tr) + |uel|?GY) (ro, t — ta; ro, t — te) 
+2Re {jut (r1,t— ti372,t —t2)} i (1.11) 


The normalized first-order correlation function determines the correla- 
tions between the field amplitudes relative to the magnitudes of the uncorre- 
lated amplitudes, and satisfies the condition 0 < |g| < 1. The normalized 
correlation function (1.10) is often called the degree of coherence, and g“) = 0 
for a field that is the sum of two independent (completely uncorrelated) fields, 
whereas g“) = 1 for perfectly correlated fields. The intermediate values of 
the correlation function (0 < |g“| < 1) characterize a partial correlation 
(coherence) between the fields. 

Before proceeding, we note that the definition of the correlation function 
given in (1.10) is appropriate to the case where the detector at the viewing 
point P of the Young’s fringes experiment responds to the total electric field 
at that point. However, one could have the situation where the detector 
responds only to a particular polarization of the positive frequency part of 
the electric field at P. In this case, the detector responds to the component of 
the electric field in the polarization direction, Eq(R,t) = €a- E(R,t), where 
Ea is the unit vector that defines the polarization detected. Instead of (1.4), 
the appropriate observable is then 


Pisa (Rot) =e le (Rt) At Cla) 
where 
1,(R,t) = E%(R,t)- Ea(R,t) , (1.13) 


is the fraction of the intensity carried by the field component E4(R,t). This 
prompts us to introduce the more general definition of the correlation function 


GO (ri, 7130-2, 72) = (BS (1,71) Ba (r2,72)) 5 (1.14) 


where EF, and Eg are specified components of the positive frequency part of 
the electric field. The normalized correlation function is defined analogously 
to (1.10) as 


GY (71,715 72,72) 


Nee (ri, 71371,71) GY) (12, T2312, T2) 
= (Et (TisTi) - Eo (12, T2)) (1.15) 
Va (71,71) (La (72, 72)) 


The definitions (1.14) and (1.15) are the ones usually employed in discussions 
of first-order coherence [5]. Here, to be definite, we continue to work with the 
definitions (1.9) and (1.10). 


1 
ye (71,715 72,72) = 
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Usually in experiments the detection time of the fields is much longer 
than a characteristic time of the system, e.g. the time required for the field 
to travel from a slit to the detector. In this case, the transient properties of 
the fields are not important, and we can replace the field amplitudes by their 
stationary values. For a stationary field the first-order correlation function 
is independent of translations of the time origin — that is, the correlation 
function depends only on the time difference T = tg — t;. For this type of 
field, the ensemble average can be replaced by the time average 


(...) = lim bf ae, (1.16) 


To0 T 


where T is the detection time of the field. Then, the first-order correlation 
function for a stationary field can be written as 


Too 


1 rt 
rey (71, 72,7) = lim zi dtE} (i,t): Eo(ra,t+7) . (1.17) 
0 


To simplify our discussion, we assume that wu; and ug have the same phase. 
Then, (1.8) shows that the average intensity detected at the point P depends 
only on the real part of the first-order correlation function. To explore this 
dependence, we can write the normalized first-order correlation function as 


gi (91, — ti; r2,t — te) = |g{} (r1,t — ti; ra, t — ta) | 
x €Xp lia (r,t —t1; r,t — te) : (1.18) 
where 


a(r1,t—ty;r2,t — tg) = arg Ges (r,t —tyre,t — te) . (1.19) 


Substituting (1.2) and (1.10) into (1.8), we obtain the following expression 
for the average intensity 
(I (R,t)) = jus P(Li (ri, —t — t1)) + |ua|? (Io (1r2,t — t — ta)) 
+2|ur||ual (hi (11, t — t1)) Ue (12, t — ta) 
gu (ri,t—t1; 172, t — ta) | 
x cos [a (1r1,t — ti; 1r2,t — te)] . (1.20) 


The average intensity (J (R,t)) depends on | gs | and the position of the ob- 
servation point P through the cosine term. In many cases, the | gh | factor 
in (1.18) will be very slowly-varying compared to the phase a. For the re- 
mainder of this section, we assume | gs) | to be constant. Moving along the 
screen, the cosine term will change rapidly with position. Hence, the average 
intensity will vary sinusoidally with the position of P on the observing screen, 
giving an interference pattern symmetrical about the point A. In the case of 
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identical slits (u; = ug = wu) and perfectly correlated fields (| gh | = 1), the 
observed intensity can exhibit alternate minima (7, — /J2)? and maxima 
(/I, + VIz)?. The maxima correspond to constructive interference, and the 
minima correspond to the opposite case of destructive interference. Thus, for 
equal intensities of the two fields (1; = Iz = Ip), the total average intensity 
can vary at the point P from (J) min = 0 to (I)max = 40), giving maximal 
variation in the interference pattern. For two independent fields, | gh | = 0, 
and then the resulting intensity at P is just the sum of the intensities of the 
two fields, and does not vary with the position of P. 
The usual measure of the depth of modulation (fringe contrast) of inter- 
ference fringes is the visibility of the interference pattern, defined as 
(J (R, t))max — (2 (R,t))min 


OTE REO) axe eT a) a vey) 


where (J (R,t))max and (J (R, t)) min represent the intensity maxima and min- 


ima at the point P. 
Since 


(I (Bt) max = |u|? ((L) + (a) +2V YY)» (2.22) 
and 

(I(R,t))min = lul? (a) + () 2) )lgie |) 5 (1-23) 
we readily find for the visibility of the resulting interference pattern 


pe I (1.24) 


(Ca) + (2)) 


Thus, the coherence | gs | and the relative intensities of the fields determine 
the visibility of the interference fringes. In the special case of equal intensities 
of the two fields (1) = (J2)), the visibility (1.24) reduces to C = go, i.e. 
the visibility equals the degree of coherence. For perfectly correlated fields 
\g{y’| = 1, and then C = 1, while C = 0 for uncorrelated fields. When the 
intensities of the superimposed fields are different (I; # Iz), the visibility 
of the interference fringes is always smaller than unity even for perfectly 
correlated fields, and reduces to zero for either I; >> Ig or I) < Ip. 


1.1.3 Welcher Weg Problem 


Interference is the physical manifestation of the intrinsic indistinguishability 
of the sources or of the radiation paths. According to (1.24), the visibility 
reduces to zero for either I, >> Ig or I, < Ig, in which case the path followed 
by the field is well established. The dependence of the visibility on the relative 
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intensities of the superimposed fields is related to the problem of extracting 
which way information has been transferred through the slits into the point P. 
This problem is often referred to by the German phrase “welcher weg” (which- 
way). This example shows that the observation of an interference pattern and 
the acquisition of which-way information are mutually exclusive. 

We introduce an inequality which relates, at the point P, the fringe visi- 
bility C displayed and the degree of which-way information D as [6] 


D?+C7 <1. (1.25) 


It is apparent that the extreme conditions of perfect fringe visibility (C = 1) 
and complete which-way information (D = 1) are mutually exclusive. The 
inequality (1.25) is therefore a kind of uncertainty relationship, in the sense 
that high fringe visibility must be accompanied by low which-way informa- 
tion, and vice-versa. In fact, the relation (1.25) is an example of Bohr’s prin- 
ciple of complementarity, that interference and which-way information are 
mutually exclusive concepts [7]. For example, if the fields emanating from 
the slits s; and sg are of very different intensities, one can obtain which-way 
information by locating an intensity detector at the point P. This rules out 
any first-order interference, which is always a manifestation of the intrinsic 
indistinguishability of two possible paths of the detected field. If the inten- 
sities of the fields are very different, the detector can register with almost 
perfect accuracy the path taken, giving D ~ 1, and thus from (1.25) C ~ 0, 
resulting in the disappearance of the interference fringes. This is also clearly 
seen from (1.24), since if either J) >> Ig or I, < Ig, the visibility C = 0 
even for | gt) | = 1. On the other hand, interference fringes can occur when 
the fields have equal intensities, as the detector cannot then distinguish from 
which slit the field arriving at the point P emanated. Then the which-way 
information is zero, (D = 0), and perfect fringe visibility (C' = 1) is possible. 

In a similar way, the frequencies and phases of the detected fields can 
be used to determine which-way information. The information about the 
frequencies and phases of the detected fields is provided by the argument 
(phase) of ee Moreover, the phase of gh determines the positions of the 
fringes in the interference pattern. If the observation point P lies in the far 
field zone of the radiation emitted by the slits, the fields at the observation 
point can be approximated by plane waves, for which we can write 


E (R;,t = ti) ~ae wy (R;,t) exp [—i (wt; + di)| 
= E (R,,t) exp [—i (wi,R;/c+ ¢;)| 5 L= 1,2 5 (1.26) 


where w; is the angular frequency of the ith field and ¢; is its initial phase 
which, in general, can depend on time. We can express the frequencies in 
terms of the average frequency wo = (w1 +w2)/2 and the difference frequency 
A = we — w, of the two fields as 

1 


1 
Wy = Wo — 34 ‘ W2 = Wo + 34 (1.27) 
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Since the observation point lies in far field zone of the radiation emitted 
by the slits, i.e. the separation between the slits is very small compared to 
the distance to the point P, we can write approximately 


R,=|R-r,|2~R-R-r;, (1.28) 


where R = R/R is the unit vector in the direction R. Hence, substituting 
(1.26) with (1.27) and (1.28) into (1.10), we obtain 


gh (R1, t1; Re, te) = los (Ry, t; Ro, t) |exp (—ikoR- ra1) 
a AN 
x exp c (io + 50) , (1.29) 
Wo 


where rj; = 7; — 7; So that rg] = rg — Tr; is the separation of the slits, 
i R+R.- (r4 +12) /2, b¢ _ obo = oi, ko = wo/C = 27 /Xo, and Xo 
represents the mean wavelength of the fields. Let us analyze the physical 
meaning of the exponents appearing on the right-hand side of (1.29). We as- 


sume | gh (R,,t; R2,t) | to be slowly-varying, as is usually the case. The first 
exponent depends on the separation between the slits and the position R 
of the point P. For small separations the exponent slowly changes with the 
position R and leads to minima and maxima in the interference pattern. The 
minima appear whenever 


koR- ro, = (2n+1)7, n=0,+1,42,.... (1.30) 


The second exponent, appearing in (1.29), depends on the sum of the position 
of the slits, the ratio A/wo and the difference 6¢ between the initial phases of 
the fields. This term introduces limits on the visibility of the interference pat- 
tern and can affect the pattern only if the frequencies and the initial phases 
of the fields are different. Even for equal and well stabilized phases, but sig- 
nificantly different frequencies of the fields such that A/wo = 1, the exponent 
oscillates rapidly with R leading to the disappearance of the interference 
pattern. Thus, in order to observe an interference pattern it is important to 
have two fields of well stabilized phases and equal or nearly equal frequen- 
cies. Otherwise, no interference pattern can be observed even if the fields are 
perfectly correlated. 

Similar to the dependence of the interference pattern on the relative in- 
tensities of the fields, the dependence of the interference pattern on the fre- 
quencies and phases of the fields is also related to the problem of extracting 
which way information has been transferred to the observation point P. For 
perfectly correlated fields with equal frequencies (A = 0) and equal initial 
phases ¢, = ¢2, the total intensity at the point P is 


(I (R)) = 2(Io) [1 + cos (koR-1a1)] , (1.31) 


giving maximum possible interference pattern with the maximum visibility 
of 100%. When A ¥ 0 and/or ¢; 4 ¢2, the total intensity at the point P is 
given by 
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= ~ A 
(I (R)) = 2(Io) " + cos (ko.R + 721) cos (rot + 30) 
Wo 
sci, te eh 
+ sin (koR : r21) sin (ot + 30) } : (1.32) 
0 


In this case the intensity exhibits additional cosine and sine modulations, 
and at the minima the intensity is different from zero indicating that the 
maximum depth of modulation of 100% is not possible for two fields of dif- 
ferent frequencies and/or initial phases. Thus, in order to obtain well-defined 
fringes, it is essential that the two fields originate from the same source. This 
follows from the incoherent nature of independent wave fields, since the phase 
difference 5¢ of the fields from two independent sources is arbitrary, and its 
fluctuations average the interference terms to zero. 

Moreover, for large differences between the frequencies of the fields 
(A/wo > 1), the cos[koR(A/wo) + 5¢] and sin[koR(A/wo) + 5¢] terms oscil- 
late rapidly with R and average to zero, washing out the interference pattern. 
Which-way information may be obtained by using a detector located at P 
that could distinguish the frequency or phase of the two fields. Clearly, this 
determines which way the detected field came to the point P. Maximum pos- 
sible which-way information results in no interference pattern, and vice versa, 
no which-way information results in maximum visibility of the interference 
pattern. 

The welcher weg problem has created many discussions on the validity of 
the principle of complementarity. Einstein proposed modifying the Young’s 
double slit experiment by using freely-moving slits. A light beam, or a parti- 
cle, arriving at point P must have changed momentum when passing through 
the slits. Since the paths of the light beams travelling from the slits to the 
point P are different, the change of the momentum at each slit must be dif- 
ferent. Einstein’s proposal was simply to observe the motion of the slits after 
the light beam traversed them. Depending on how rapidly they were moving, 
one could deduce through which slit the light beam had passed, and simul- 
taneously, one could observe an interference pattern. If this were possible, it 
would be a direct contradiction of the principle of complementarity. However, 
Bohr proved that this proposal was deceptive in the sense that the position of 
the recoiling slits is subject to some uncertainty provided by the uncertainty 
principle. As a result, if the slits are moveable, a random phase is imparted 
to the light beams, and hence the interference pattern disappears. 

Feynman in his proposal for a welcher weg experiment suggested replacing 
the slits in the usual Young’s experiment by electrons [8]. Because electrons 
are charged particles, they can interact with the incoming electromagnetic 
field. Feynman suggested putting a light source symmetrically between the 
slits. If the light beam is scattered by an electron, the direction of the scat- 
tered beam will precisely determine from which electron the beam has been 
scattered. In this experiment, the momentum of the electrons and their po- 
sitions are both important parameters. In order to determine which electron 
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had scattered the light beam and at the same moment observe interference, 
the momentum and the position of the electron would have to be measured 
to accuracies greater than allowed by the uncertainty principle. 


1.1.4 Experimental Tests of the Welcher Weg Problem 


The variation of the interference pattern with welcher weg information has 
been observed by Wang, Zou and Mandel [9] in a series of optical interference 
experiments in which, by varying the transmissivity of a filter, they were able 
to continuously vary the amount of path information available. Figure 1.2 il- 


Fig. 1.2. Schematic diagram of the experimental setup of Wang, Zou and Man- 
del [9] to measure one-photon interference relative to the which-way information 


lustrates the experimental setup to measure one-photon interference relative 
to the which-way information available. The experiment involved two down- 
converters DC1 and DC2, both optically pumped by the mutually coherent uv 
light beams from a common argon-ion laser of wavelength 351.1 nm. As a re- 
sult, downconversion occurred at DC1 with the simultaneous emission of a 
signal s; and an idler 7; photons at wavelengths near 700 nm, and at DC2 
with the simultaneous emission of sg and ig photons. The downconverters 
were aligned such that 7; and 72 were collinear and overlapping. With this 
arrangement, a photon detected in the 72 beam could have come from DC1 or 
DC2. At the same time the s; and s2 signal beams were mixed at the 50 : 50 
beam splitter BS, where they interfered, and the resulting intensity (count- 
ing rate) R, = 0,(/;(t)) was measured by the photodetector D, of efficiency 
ao, as a function of the displacement of the beam splitter BSo. Two separate 
sets of measurements were made for two extreme values of the transmissiv- 
ity of the filter inserted between DC1 and DC2. For perfect transmissivity, 
which was obtained simply by removing the neutral density filter (NDF), an 
interference pattern was observed. However, for zero transmissivity where 7; 
was blocked from reaching DC2, all interference disappeared. In Fig. 1.3 the 
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experimental results are shown for the two extreme values of the transmis- 
sivity. In curve A, there was no filter present, and then a perfect interference 


Displacernent of BS, (4.m) 
o2 0.4 0.6 0.8 


Counting Rate R, (s) 


oO 1 


2 3 4 
Phase (units of 7) 


Fig. 1.3. The observed interference pattern as a function of the beamsplitter BSo 
displacement with no (curve A) and full (curve B) which-way information available. 
The solid lines indicate the predictions of theory, and the black circles are exper- 
imental measurements. From L.J. Wang, X.Y. Zou, L. Mandel: Phys. Rev. A 44, 
4614 (1991). Copyright (1991) by the American Physical Society 


pattern was observed. Conversely, in curve B the beam 7, was blocked, and 
then no interference pattern was observed. Finally, in Fig. 1.4, we illustrate 
their experimental results for the fringe contrast versus the transmissivity 
(path information). We see a linear dependence of the fringe contrast on the 
path information, which confirms the relation (1.25). 

The experimental results manifest the principle of complementarity and 
can be explained as follows. In the absence of the filter, the detection of a 
photon by the photodetector D; does not disturb the interference experiment 
involving the s; and s2 beams as one cannot predict whether the photon de- 
tected by D; came from 21 or 72. In this case the signal beams are completely 
indistinguishable, and a perfect interference pattern is observed. However, 
when the filter is present, the beam 7; is blocked and then D; provides infor- 
mation about the source of the signal photon detected by D,. For example, 
if the detection of a signal photon by D, is accompanied by the simultane- 
ous detection of an idler photon by D,; this indicates that the signal photon 
must have come from DC2. On the other hand, in the absence of the filter, 
detection of a signal photon by D, which is not accompanied by the simul- 
taneous detection of an idler photon by D,; indicates that the detected signal 
photon cannot have come from DC2 and must have originated in DC1. Thus, 
with the help of the auxiliary detector D;, the experiment could identify the 
source of each detected signal photon whenever 7; was blocked, and this dis- 
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Fig. 1.4. Visibility versus the transmissivity (which-way information) observed in 
the Wang, Zou and Mandel experiment [9]. The solid line is the theory and the 
black circles are the experimental data. From L.J. Wang, X.Y. Zou, L. Mandel: 
Phys. Rev. A 44, 4614 (1991). Copyright (1991) by the American Physical Society 


tinguishability wipes out all interference between s; and sg. The situation is 
intermediate when the transmissivity is neither close to unity nor zero. 

A further demonstration of the principle of complementarity was reported 
by Eichmann et al. [10] in a modified version of the Young’s double slit 
experiment. In their experiment they observed interference effects in the light 
scattered from two trapped ions, which played a role similar to the two slits in 
Young’s interferometer. The experimental arrangement is shown in Fig. 1.5. 
Two closely spaced !9*Hgt ions were confined in a linear Paul trap. The ions 


Pe Tt 


Laser beam 


Fig. 1.5. Schematic diagram of the Eichmann et al. [10] experiment used to test 
the principle of complementarity in the light scattered from two trapped ions 


were driven by a coherent laser field tuned below the resonance frequency of 
the ?S;/2—?Pj/2 atomic transition, and directed through the center of the 
trap at an angle 0 = 62° with respect to the trap axis z. The scattered field 
was observed with two photodetectors D,; and Do. The detector D, served 
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as a monitor of the number of ions to ensure that exactly two ions had been 
trapped. The detector D2 was set up to measure the intensity of the scattered 
field (collected by the lens L, aperture A, and an optional polarizer P) as a 
function of the scattered angle. 


Intensity [arb. units] 


> oO 


Fig. 1.6. Results of the Eichmann et al. experiment. The graphs represent the 
scattered intensities as a function of the position of the detector D2 for two different 
polarizations: Trace (a) is the intensity of the 7 polarized scattered field, and trace 
(b) is the intensity of the o polarized field. From U. Eichmann, J.C. Bergquist, J.J. 
Bollinger, J.M. Gilligan, W.M. Itano, D.J. Wineland: Phys. Rev. Lett. 70, 2359 
(1993). Copyright (1993) by the American Physical Society 


The which-way information was obtained by measuring the polarization 
of the scattered field. The atomic transition, driven by the laser field, consists 
of ground state 7S, /2 and excited state =P, /2, which are twofold degenerate 
with respect to the magnetic quantum number m. The effect of this level con- 
figuration is that the scattered field can have either 7 (linear) or o (circular) 
polarization. With a linearly polarized and low intensity driving field, such 
that only one photon can be scattered by the ions, the 7 polarized scattered 
field indicates that the final state of the ion which scattered the photon is the 
same as the initial state. In this case, no information is provided as to which 
ion scattered the photon, and an interference pattern is expected to be ob- 
served in the scattered field. On the other hand, observation of a o polarized 
scattered field indicates that the final state of one of the ions differs from the 
initial state. This information allows one to distinguish which ion scattered 
the photon, and hence to determine which way the photon travelled. Con- 
sequently, there is no interference pattern in the scattered field. Figure 1.6 
shows the experimental results for the scattered intensity as a function of the 
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position of the detector D2 for two different polarizations. As expected, the 
interference pattern was observed for the case of the a polarized scattered 
field [Fig. 1.6(a)] and no interference pattern was observed for the o polarized 
scattered field [Fig. 1.6(b)]. 

The above experiments clearly demonstrated that interference and which- 
way information are mutually exclusive. When which-way information is 
present, no interference pattern is observed, and vice versa: a lack of which 
way information results in the appearance of the interference pattern [11]. 


1.1.5 Second-Order Coherence 


The analysis of interference phenomenon can be extended to higher-order cor- 
relation functions, and we illustrate here some properties of the second-order 
correlation function. The higher-order correlation functions involve intensi- 
ties of the measured fields and carry information about the fluctuations of 
the fields. They describe higher-order coherence and interference phenomena 
observable with the help of a number of photodetectors whose photocurrents 
are correlated. 

Usually an experimental measurement of the second-order correlation 
function involves two separate photodetectors. We define the second-order 
correlation function 


Ge) (Ri, t1; Ro, tz) = (E* (Ri, t1) E* (Ro, ta) 
x FE (Ro, te) EF (Ri, ti)) : (1.33) 


which relates to the measurement of the field E (R,t) at two separate space- 
time points Ri,t; and Ro,t,. The correlation function G) (R1,t1; Ro, ta) 
is termed the second-order correlation function because it depends on the 
second power of the intensity, and it measures second-order interference. In 
this expression, we have neglected considerations of the vector nature of the 
fields, and of the tensor nature of the correlation function since they are not 
important in our subsequent discussions, and to include them explicitly would 
greatly complicate the expressions. Strictly, we should replace each field in 
(1.33) by a particular component, E — E,, and we should add a subscript 
to G®) specifying the particular components used, G?) > Gg?) ade 

It is often convenient to introduce the normalized second-order correlation 
function 

Ge) (Ri, t1; Ro, ta) 


Booed its 1.34 
g\ (Ra, t1; Re, ta) GO (Ri, t1) GM (Rp, ta) ’ (1.34) 


where G (R;,t;) = G™ (Rj, t;; Rj, t;). The normalized second-order corre- 
lation function allows us to determine correlations between the two detected 
fields relative to the intensity of the independent (uncorrelated) fields. 

Let us now suppose that the light field falling on our detectors is the sum 
of the light fields coming from two distinct sources. When two light beams 
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of intensities [;(R1,t,) and I2(Rg, tz) fall on two photodetectors located at 
R, and Rg, respectively, the joint probability of photoelectric detections at 
both detectors within the time intervals t; to At, and t2 to At is given by 


Pio (Ri, t1; Ro, tz) = 0102G™ (Rj, t1; Ro, te) Ati Ate , (1.35) 


where 01,02 are the quantum efficiencies of the photodetectors. 

As in our discussion of first-order coherence, we may relate the fields at 
the detectors to the fields emanating from the sources. Let Ri; = Ri —1; be 
the position vector of the jth source relative to the field point at R;. Then, 
using the plane-wave approximation, we may write 


E(Rj,t) = )_ E; (Ry,t— t)) 


= S— Ej (R;,;,t) exp (—ik,; R; = 03) exp (ik; R; : r;) . (1.36) 


j=l 


For simplicity, we here assume these two fields to have the same frequency. 
Analogously to (1.33) we can define the second-order correlation func- 
tion (1.33) for the two fields at the slits as 


GY} (Ri,ti; Ro,t2) = S- (E(t) Ej (tz) Ei (t2) E; (t1)) 


i,j,kl=1 
x exp |ik (Ry ag R,- rei) | 
x exp li (do; + o4 — 1 - ;)| ; (1.37) 


where k is the wave-vector of the measured fields. There are sixteen terms 
contributing to the right-hand side of (1.37), each accompanied by a phase 
factor which depends on the relative phase of the fields. 

First of all, it will be useful to establish certain facts about the pos- 
sible values of the second-order correlation function. We note from (1.37) 
that the second-order correlation function has completely different coherence 
properties to the first-order correlation function. An interference pattern can 
be observed in the second-order correlation function, but in contrast to the 
first-order correlation function, the interference appears between two points 
located at R, and Rz. Moreover, an interference pattern can be observed even 
if the fields are produced by two independent sources for which the phase dif- 
ference ¢2 — ¢; between the two detected fields is completely random [2]. In 
this case the second-order correlation function (1.37) is given by 


GO (Ritts SO) Ge ee) 
+2(1; (ti) Tp (t2)) COs (kro " AR) ; (1.38) 


where AR = R, — Ro. 
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Clearly, the second-order correlation function contains an interference 
term. The interference pattern depends on the separation AR between the 
two detectors, not on the position of the detectors separately. Thus, an in- 
terference pattern can be observed in the second-order correlations even for 
two completely independent fields. 

As with the first-order correlations, the sharpness of the interference 
fringes depends on the relative intensities of the fields. For stationary fields 
of equal intensities, Jj = Iz = Ip, the correlation function (1.38) reduces to 


1 = = 
Gt? (Rit; Re,t) = (13) . + 5.008 [kiran » (Fi — Ra) | yO) 


In analogy to the visibility in the first-order correlation function, we can 
define the visibility of the interference pattern of the intensity correlations as 


(2) (2) 
C2) 4 Gia miss = Gio min 1.40 
(2) (2) : (1.40) 
Ge mae a Gio min 


and using (1.38), we find that the visibility of the interference fringes is 
given by 
2(Ty I>) 2(I, 12) 


(2) — = 
— (i) eg) 4 2G) (ae By) (1.41) 


Since (I?) + (IZ) > 2(I1 12), it follows that C?) < 1/2. Thus, two independent 
fields of random and uncorrelated phases can produce an interference pattern 
in the intensity correlation with a maximum visibility of 50%. 


1.1.6 Hanbury-Brown and Twiss Interferometer 


The first experimental demonstration that the two-photon correlations exist 
in optical fields was given by Hanbury-Brown and Twiss [12], who measured 
the second-order correlation function of a thermal field. In the experiment, 
the 435.8 nm light beam from an emission line of a mercury arc was isolated 
by a system of filters and sent to a half-silvered mirror. The light beam was 
kept at very low intensity such that, at given time, practically only a single 
photon was falling on the mirror. The two output beams were registered by 
two photodetectors connected to a coincidence counter. At the front of each 
photodetector was a narrowband 435.8 nm interference filter. The filters en- 
sured that only photons of the correct wavelength entered the photodetector 
tubes. To be precise, a photon that somehow “split” at the mirror, such that 
half of its energy went one way and half the other, would have a wavelength 
outside the bandwidth of the filters and would not be registered. 

In the experiment, they measured the normalized second-order correla- 
tion function, which in terms of the intensities of the output beams can be 
written as 
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(1.42) 
where T is the delay time of the detectors. 

The results of the Hanbury-Brown and Twiss (HBT) experiment were 
astonishing. Assuming photons to be indivisible, they expected no coincidence 
for r = 0, that is, g°) (0) = 0. However, they observed precisely the opposite 
result. Their measured value of g'?) (0) turned out to be g) (0) = 2, showing 
that photons seemed to travel through space grouped together, even with light 
beams of very low intensity. This phenomenon is known as photon bunching. 

How can we interpret their result? We shall use a semiclassical model to 
understand the HBT results. In this model, the light beam is described in 
purely classical terms, but the detectors are treated quantum-mechanically. 
The detectors produce discrete particles (photoelectrons) whose statistics is 
monitored by analyzing the output of the coincidence counter. Since the 
probability of a photodetection is proportional to the intensity of the detected 
field, the average number of photo-counts n is given by 


Ca) SG (1.43) 


where, as before, o is the efficiency of the detector and I is the intensity of 
the detected light. 

We can also calculate the variance of the number of counts, which for 
independent photoemissions, is given by 


((An)*) = (n) + 07((AI)’) , (1.44) 


where ((AJ)?) is the variance of the intensity of the detected field. 
Hence, we find that the normalized second-order correlation function of 
the photo-counts can be written as 


9)(0) 14 OMI=) ay 


(n)? (I)? 
Since in the HBT experiment, the mercury arc produced a thermal (Gaus- 


sian) field whose variance ((AI)*) = (I), the correlation function simpli- 
fies to 


(1.45) 


g (0) =2. (1.46) 


Clearly, the experiment provided no evidence for the particle (photon) nature 
of light, but the experiment provided the stimulus for a systematic treatment 
of optical coherence and launched an entirely new discipline, the explicit 
study of the quantum nature of light [13]. 

With the invention of single atom sources of light, the HBT experiment 
was repeated by Dagenais, Kimble and Mandel [14], see also [15], who re- 
placed the thermal field from the mercury arc by the resonance fluorescence 
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from the sodium atoms of a very dilute atomic beam. In their experiment, 
sodium atoms were driven by a tunable dye laser stabilized in intensity to a 
few per cent and in frequency to about 1 MHz. The laser was tuned to the 
3781 /2(F = 2) > 3?P3/9(F = 3) transition. The atoms were initially pre- 
pared in the 37S, /2(F = 2,mp = 2) state by an optical pumping technique. 
This initial preparation ensured that the atoms behaved as a pure two-level 
quantum system. The experiment demonstrated photon antibunching — that 
is, the correlation function satisfied g@) (r) > g") (0), and photon anticorre- 
lation, g°) (0) < 1. Each of these properties indicates that photons produced 
by single atoms have the tendency to travel well-separated. Their experiment 
provided evidence that light is composed of particles. Photon antibunching 
has also been observed in similar experiments involving trapped atoms [16] 
and a cavity quantum electrodynamics (QED) system [17]. 

Physically, the vanishing of g)(r) at 7 = 0 for a single two-level atom 
implies that immediately after emitting a photon, the atom is unable to emit 
another. A short time is required to re-excite the atom so that a photon may 
be emitted again. This process results in an even temporal spacing of the 
photon train. 


1.1.7 Mach—Zehnder Interferometer 


One of the most important devices making use of interference phenomena 
is the Mach—Zehnder interferometer, shown schematically in Fig. 1.7. The 
interferometer consists of two beamsplitters, the input beamsplitter B, and 
the output beamsplitter Bj, and two totally reflecting mirrors, M, and Mo. 
There can be a single or two separate beams a and 6 incident on the input 
beamsplitter and a single or two detectors D; and Dz employed to measure 
the output from the beamsplitter By. In the interferometer, the incident 


Fig. 1.7. Schematic diagram of the Mach— Zehnder interferometer 


light beam is split by the beamsplitter B, into two beams travelling along 
separate paths at right angles to each other. The mirrors M, and Mg reflect 
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both beams towards the output beamsplitter Bz where they overlap, and the 
superposition of these two beams is measured by the detectors D; and D3. As 
four mirrors are involved, the number of degrees of freedom of the system is 
large. This allows the detectors to be localized in any desired plane, but also 
it makes the adjustment of the interferometer complex and difficult. However, 
the mirrors in the interferometer can be separated widely from each other. 
This fact makes possible many applications, for example, we can allow the 
beams to pass through different materials and thus determine their optical 
properties. The measurement of the correlations between two beams, and 
the detection of an object without interacting with it, are other important 
applications of the Mach—Zehnder interferometer. Some of these applications 
will be discussed in the following sections. 


1.2 Principles of Quantum Interference 


In the classical theory of optical interference and coherence, discussed in the 
previous sections, the electric field is represented as the sum of its positive 
and negative frequency parts, which we represent as the complex vectorial 
amplitudes E (r,t) and E* (r,t), respectively. In the quantum theory of inter- 
ference, the classical electric field, whose magnitude is a c-number, is replaced 
by the electric field operator E (r,t). This Hermitian operator is usually ex- 
pressed by the sum of two non-Hermitian operators as 


(r,t) , (1.47) 


(+ (-) 


where E and E° ° are the positive and negative frequency components, 
respectively. The situation is analogous to (1.1). 

In free space and in the transverse mode decomposition, the positive and 
negative frequency components of the electromagnetic field can be expressed 
in terms of plane waves as 


Bey = (Ee (r,t) 


: hwks Poe < 
= »3 (=) Exsdks exp [i(k-r—Wwest)] , (1.48) 


where VY is the volume occupied by the field, €9 is the permittivity of free 
space, Gs is the annihilation operator for the kth mode of the field, Ez, is 
the unit polarization vector, and wz, is the angular frequency of the mode. 
The annihilation and creation operators dz, and al. obey the usual Bose 
commutation rules 


ns, Gy.) = |at.ja.,|=0, |aes,al,,| = 02 (k—k’) 6,5, (1.49 
ks? “k’s k's 


where 6° (k — k’) is the three dimensional Dirac delta function. 
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1.2.1 Two-Photon Nonclassical Interference 


What principally distinguishes quantum interference from classical interfer- 
ence is the properties of the higher order correlation functions, in particu- 
lar, those of the second-order correlation function, which can differ greatly. 
Here, we discuss separately spatial and temporal interference effects in the 
second-order correlations, which distinguish quantum (nonclassical) interfer- 
ence from the classical form. 


Spatial Nonclassical Interference 


In the case of the quantum description of the field, the first- and second- 


order correlation functions are defined in terms of the normally ordered field 


operators Ro? and EO as 


a (=) ~ (+) 
GO (Ri, ti; Re, tz) = (EB (Ri,t1)- EB (Ro, te)) , 
se ) ~(—) 
Ge (Ri, t1; Ro, tz) — (EB (Ri, t1) E (Ro, tz) 
~(+) ~(+) 
XE (Ro, tz) E (R1,t1)) . (1.50) 


The normal ordering of the field operators means that all field creation op- 


= (— ae (+ 
erators B! stand to the left of all annihilation operators BE 
If we introduce the density operator o for the field, we can rewrite the 
correlation functions as 


(+) 
Go (Ri, t1; Re, te) = Tr {ob ee ae E (Re, t2)| ’ 
G?) (Ry, t1; Re, te) = Tr {ok > (Ry, t1) BW ) (Ry, te) 
ict) (+) 
xB” (Ro, t2) E (Ri,ti)} (1.51) 


where the trace is taken over the states of the field. 

The correlation functions (1.50) described by the field operators are simi- 
lar to the correlation functions (1.9) and (1.33) of the classical field. A closer 
look at the definitions of the correlation functions (1.9), (1.33), and (1.51) 
could suggest that the only difference between the classical and quantum 
correlation functions is the classical amplitudes E* (R,t) and E(R,t) are 
replaced by the field operators BE (R,t) and EY (R,t), respectively, and 
by the substitution (...) > Tr{o...}. Of course, the correspondence be- 
tween the classical and quantum correlation functions is not unique since 
the operators BO (R,t) and Be (R,t) do not commute. In addition, this 
correspondence is true only as long as first-order correlation functions are 
considered, where interference effects do not distinguish between quantum 
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and classical theories of the electromagnetic field. However, there are signif- 
icant differences between the classical and quantum descriptions of the field 
in the properties of the second-order correlation function [18]. 

As an example, consider the simple case of two single-mode fields of equal 
frequencies and polarizations. In this case the positive and negative frequency 
parts of the total field operator in the interference region can be written as 


i 


r Figs ee . 
Bo (r,t) =i (sr) é (a + az) ei(k-r—wt) 


ses Fy Ne 
BE” (r,t) = (sr) @* (a + ah) a E20. (1.52) 


where w is the frequency of the fields, a; and al are the usual annihilation 
and creation operators of the ith mode, and € is the unit polarization vector 
of the field mode. 

Suppose that there are initially n photons in the field 1 and m photons 
in the field 2. The state vector of the total field |W) = |n)|m) is a product 
of the Fock states |) = |n) and |w2) = |m) of the corresponding modes. 
Using (1.52), we find that the field intensity correlation functions appearing 
in (1.38) become 


(2) = (f) mom 1) , 
iis ea (1.53) 


and then the two-photon correlation function takes the form 


ie) [n(n —1) +m (m=) 


+2nm {1+ cos [kra:- (Ri — Re)|}] . (1.54) 
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It is interesting to note that the first two terms on the right-hand side of (1.54) 
vanish when there is exactly one photon in each field, i.e. when n = 1 and 
m = 1. In this limit the correlation function (1.54) reduces to 


hw 


= {1+ cos [kro - (Ri — Ro)]} . (1.55) 


G®?) (Ri, t; Ro, t) =2 ( 


Thus, a perfect interference pattern with visibility C°) = 1 can be observed 
in the second-order correlation function of two quantum fields each contain- 
ing only one photon, which is of course impossible for a classical field of 


1.2 Principles of Quantum Interference 23 


nonzero mean. Needless to say, this phenomenon is nonclassical and cannot 
be observed with classical fields [19]. As we have shown, the classical theory 
predicts only a visibility of C?) = 1/2. For n,m > 1, the first two terms on 
the right-hand side of (1.54) are both different from zero, and can be approx- 
imated by m? and n?. Hence, in this limit, the quantum correlation function 
(1.54) reduces to that of the classical field. 

The appearance of a perfect interference pattern with two fields each 
containing only a single photon can be explained in terms of the relationship 
between interference and indistinguishability. In the process of detection of 
photons from two fields by two detectors there are two indistinguishable two- 
photon pathways. One of the pathways corresponds to the situation that 
the photon from the field 1 is registered by the detector located at Ry , and 
the photon from the field 2 is registered by the detector located at Rg. The 
other pathway corresponds to the situation that the photon from the field 1 is 
registered by the detector at Ry, and the photon from the field 2 is registered 
by the detector at R,. Because these two pathways are indistinguishable, a 
perfect interference pattern is observed. 

With the above prediction of two-photon interference, the question arises 
as to whether this result contradicts the well-known remark of Dirac that 
“each photon interferes only with itself. Interference between different pho- 
tons never occurs”. In general, two-photon interference with independent 
light beams is in agreement with the Dirac remark since any detection (lo- 
calization) of a photon in space-time automatically rules out the possibility 
of knowing its momentum, as a consequence of the uncertainty principle. 
Therefore, one cannot say from which beam the detected photon came. Since 
each photon is considered as being partly in both beams, it interferes only 
with itself. 


Experimental Evidence of Spatial Nonclassical Interference 


Evidence of spatial nonclassical correlations has been observed in some re- 
markable experiments by Ou and Mandel [20]. In these experiments, pairs of 
frequency-degenerate signal and idler photons were produced in the process 
of spontaneous parametric down-conversion. 

Parametric down conversion is a nonlinear process used to produce light 
fields possessing strong quantum features, such as reduced quantum fluctu- 
ations and entangled photon pairs, which are manifested by the simultane- 
ous or nearly simultaneous production of pairs of photons in momentum- 
conserving, phase matched modes. The entangled photon pairs are especially 
useful in the studies of two-photon quantum interference, where they can 
demonstrate a variety of nonclassical features. 

The photon pairs were produced in a LilO3 crystal pumped by 351 nm 
light from an argon-ion laser. Thus, the photon pairs were of wavelength 
720 nm, and were selected using an interference filter. The experimental 
setup is sketched in Fig. 1.8. The signal and idler photons were directed 
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Fig. 1.8. Schematic diagram of the Ou and Mandel experiment to demonstrate 
the spatial nonclassical two-photon interference 


to a 50 : 50 beam splitter BS from opposite sides by mirrors M1 and M2. 
The beam splitter outputs were measured by two photodetectors D, and Dy, 
and next the resulting photocurrents, after amplification and pulse sharping, 
were analyzed by the coincidence counter CC. In an experimental run, the 
photodetector D, was fixed and the coincidence rates (interference patterns) 
were recorded as the detector D, was moved transversely to the incident 
beam. 


5.0 5.6 6.0 65 
Position x, of Detector (mm) 


Fig. 1.9. Results of the Ou and Mandel experiment demonstrating the spatial 
nonclassical two-photon interference. The solid line is the theoretical prediction. 
From Y. Ou, L. Mandel: Phys. Rev. Lett. 62, 2941 (1989). Copyright (1989) by the 
American Physical Society 


Figure 1.9 shows recordings of the coincidence counting rate as a function 
of the position R, of the detector D,. The solid line indicates the prediction of 
the theory outlined previously, see (1.55), and its shape is determined mainly 
by the interference factor 


1+ cos[kro1 - (Za — Zo) , (1.56) 
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which governs the spatial properties of the second-order correlation function. 
The good agreement between the theory and experiment indicates that pho- 
tons can indeed exhibit two-photon correlations even if they are produced by 
two independent sources. 


1.2.2 The Hong—Ou—Mandel Interferometer 


In the preceding section, we have shown that spatial correlations between two 
photons can lead to nonclassical interference effects in the two-photon corre- 
lations. Here, we consider temporal correlations between photons produced 
by the same source. As a detector of the time correlations of photons, we 
consider the simple situation of two-photon interference at a beam splitter, 
shown in Fig. 1.10. 


Fig. 1.10. Schematic diagram of two-photon interference at a beam-splitter of 
reflectivity 7. Two beams a and 6 are incident on the beam-splitter BS and produce 
output beams c and d 


The photons in the modes a and 6 are incident on a beam splitter of 
reflectivity 7 and produce output modes c and d. The amplitudes of the 
output modes are related to the amplitudes of the input modes by 


d=i/nb+/1-na, (1.57) 


where the factor “i” indicates a 7/2 phase shift between the reflected and 
transmitted fields. 

The joint (coincidence) probability that a photon is detected in the arm c 
at time t and another one in the arm d at time t+ 7 is proportional to the 
second-order correlation function 


Pea(r) = (WED (Q) BD? (€4+ 7) BY? (€4+ 7) BP (HW), (1.58) 


where |W) is the state of the input fields. 
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For an arbitrary state of the input fields, and in the limit of a long time, 
the coincidence probability takes the form 


Pea(t) = |Eol* {n(1 — at at(r)a(r)a) + (1 — 9) (6TH (r)b(7)b) 
+ 9° (abl (r)b(r)a) + (1 — 9)? (Fal (r)a(7)b) 
— n(1 ~)(@'6"(r)(7)b) — nd — n)(btat (r)b(r)a) } . (1.59) 


The first two terms on the right-hand of (1.59) describe correlations between 
reflected and transmitted photons of the same input beam. It is easy to see 
that these correlations vanish if there is only one photon in each of the input 
beams. The third and fourth terms describe correlations between the am- 
plitudes of the reflected-reflected and transmitted-transmitted photons. The 
last two terms arise from interference between the amplitudes of the reflected- 
transmitted and transmitted-reflected photons of the two beams mixed at the 
beam splitter, and are the real quantum interference contributions to the co- 
incidence probability. If the state of the input fields is |W) = |1),|1), — that is, 
each of the input fields contains only one photon, and if 7 = 0, the coincidence 
probability takes the form 


P.a(0) = (1 2n)° . (1.60) 


Thus, if the beam-splitter is either fully reflecting (7 = 1) or fully transmissive 
(7 = 0), there is unit probability that a coincidence will be detected. In other 
words, there is a photon in each of the output ports. This agrees with our 
intuition: if the beam-splitter is fully reflective (transmissive), the photon in 
the mode a will be reflected (transmitted) into mode c (d), and vice versa for 
the photon in the mode b. 

An interesting quantum interference effect arises when a 50 : 50 (7 = 1/2) 
beamsplitter is used. In this case, the probability of detecting a coincidence 
goes to zero, indicating that both photons are always found together in ei- 
ther c or d. Therefore, no coincidence counts between detectors located in the 
arms c and d are registered. This effect results from quantum interference, 
since the two paths are indistinguishable, as the detected photons have the 
same frequency and can come from either of the two input modes. This effect 
is known in the literature as the Hong—Ou—Mandel (HOM) dip, for reasons 
we explain below. 

Consider the experiment by Hong, Ou and Mandel [21], in which they 
measured time separations between two photons by interference at a beam 
splitter. The experimental setup is illustrated in Fig. 1.11. Two photons of 
the same frequency are produced by a degenerate parametric down-conversion 
process (DPO) and fall on the beamsplitter BS from opposite sides. In order 
to introduce a time delay between the photons, the beamsplitter was trans- 
lated slightly in the vertical direction. This shortened the path for one photon 
relative to the other, or equivalently, introduced the time delay between pho- 
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BS 


Fig. 1.11. The experimental setup of Hong, Ou and Mandel to measure two-photon 
coincidence for different delay times 


tons in the two beams. The coincidences were detected by two photodetectors 
D1 and D2 and multiplied at the coincidence counter CC. 


No. of coincidence counts in\10 min. 


260 280 300 320 340 360 
Position of beam splitter (um) 


Fig. 1.12. Experimental results of Hong, Ou and Mandel showing the two-photon 
coincidence rate as a function of beamsplitter displacement. The solid line is the- 
oretical. From C.K. Hong, Z.Y. Ou, L. Mandel: Phys. Rev. Lett. 59, 2044 (1987). 
Copyright (1987) by the American Physical Society 


Figure 1.12 shows the experimental results for the number of observed 
photon coincidences as a function of the displacement of the beamsplitter. 
The solid line indicates the theoretical prediction, outlined below, which 
agrees excellently with the measurements. For a certain position of the beam- 
splitter, the two-photon coincidence rate reduces to zero by virtue of the 
destructive interference of the two-photon probability amplitudes. In this 
two-photon interference experiment a time resolution between two photons 
on a femtosecond scale was achieved, which is a million times shorter than 
the time resolution of the photon detectors and the associated electronics. 
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The appearance of the HOM dip can be explained as follows. In para- 
metric down-conversion, the photons are randomly produced with the cross 
correlations between the field amplitudes given by a Gaussian distribution in 
time 


(atotab) = (até) (bta) = exp |- (Awr)?| (1.61) 


where Aw is the bandwidth of the downconverted beam. 
Hence, for a 50 : 50 beamsplitter 


Pea(T) = 5 [Bol [1 — exp (—Aw?r?)] , (1.62) 


which shows that the quantum coincidence probability can be reduced to zero, 
i.e. the theoretical quantum coincidence probability clearly exhibits the HOM 
dip — that is, the coincidence probability vanishes for 7 = 0 and approaches 
the classical limit of P.a(7) = 1/2 as T > oo. 

For a classical field, the coincidence probability (1.59) reduces to 


1 i 
Pea(t) = 51° 1 5 xP ( Auer). 4 (1.63) 


where J = |Eo|? is the intensity of the input fields (assumed to be equal for 
both fields). Thus, for classical fields the coincidence probability is always 
different from zero, and normalized to I?, can be reduced only to 1/4. 


1.3 Quantum Erasure 


The concept of the quantum eraser was introduced by Scully and Driihl [22], 
and concerns the relationship between coherence and the indistinguishability 
of different photon paths in an interference experiment. According to the 
theoretical analysis of Sect. 1.1.3 and the experimental results of Sect. 1.1.4, 
interference effects disappear whenever it is possible to identify the path of 
the photons. However, the loss of interference need not be irreversible if the 
which-way detector is itself a part of the system. If the path information 
could be erased by a suitable measurement, the interference should reappear. 

Consider two fields E,(R,t) and E2(R,t) produced by two sources (slits 
or atoms) and travelling along two separate paths. The fields are registered by 
a detector located a distance R from the sources. If the detector is calibrated 
to register only one photon at a given time t, the result of a single detection 
is the first-order correlation function 


GY (R,tR,t) = (20° (R,t)- BC (R,») + (BS (R,t)- BS? (R28) 


42Re {ey (R,t)- BS? (R, oy, (1.64) 
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where BY? (R,t) is the positive frequency part of the ith field (i = 1,2). 
Let the state of the system (the two fields plus the detector) just after 
the detection be given by 


|) = |n — 1)ilmm)2|di) + |n)ilm — 1)2|da) , (1.65) 


where |n)1, |m)2 are the photon states of the fields, and |d,) |d2) are the states 
of the detector after absorbing (detecting) a photon from either field E, (R, t) 
or E,(R, t). 

Using the plane-wave representation of the fields (1.48), we find that in 
the state (1.65) the “interference” term in the correlation function (1.64) 
takes the form 


Ie {ey (R,t)- BS? 


(R, 1))$ =2 (5) Jam (do|d1). (1.66) 


The interference term depends on the scalar product of the two states in 
which the detector is left as a result of the absorption of a photon from the 
superposed fields. If the states are orthogonal, i.e. (dz|d,) = 0, the interference 
term vanishes indicating that the two paths are distinguishable. In other 
words, the interference is lost if we know by which route the registered photon 
came to the detector. 

Suppose now that in an interval of time 7 after the first detection, the 
detector registers another photon, and we calculate the joint probability of 
detecting two photons. The joint probability is proportional to the second- 
order correlation function, which for the two fields considered here, can be 
written as 


a) 


2 
GO (RRt+T)= D> (BR) B, (Rt+7) 


(R, t)) ; (1.67) 


There are sixteen terms contributing to the right-hand side of (1.67), from 
which four terms contribute to the “interference” term in the correlation func- 
tion. Consider one of the interference terms, and calculate the expectation 
value in the state (1.65). We find 


(EB, (R,t) BS (R,t+7) BS” (R,t+7) EY” (R20) 
he 2 
7 (=) es oo 


Since (d;|d,) = 1, the joint detection of two photons can exhibit interference 
effects between the superposed fields. It means that the second detection is 
an eraser, called the quantum eraser, of the which-way information. We can 
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understand this effect by recalling that a detector cannot distinguish between 
two identical photons, and then no which-way information is available. 

There is a practical use of quantum erasure in quantum computing and 
quantum cryptography. The basic information unit, the qubit, requires an 
entangled state, such as (1.65), which can be manipulated in a controllable 
way. In practice, it is difficult to keep the system in a superposition state. 
Therefore, by applying quantum erasure, this problem can be solved and the 
entangled state can be maintained as desired. In Sect. 3.5.5, we will analyze 
the possibility of realizing quantum erasure in entangled two-atom systems 
and single multi-level atoms. 

In fact, the quantum eraser concept, although not described in the lan- 
guage used by Scully and Driihl, has been observed in the experiment dis- 
cussed in Sect. 1.1.4. In the experiment, the neutral density filter (NDF) was 
introduced to block the path 7;. With the filter present, it was possible to tell 
from a measurement made with an auxiliary detector D; whether the pho- 
ton registred by D, came from DC1 or DC2. The interference effect was not 
observed. However, in the absence of the filter, it was impossible in principle 
to tell whether the photon detected by D, came from DC1 or DC2, and the 
interference effect was observed. The alignment of 7; and 72 therefore served 
as the “quantum eraser” in the experiment. In the language of Scully and 
Drihl, the removal of the NDF, mixing of 7; and 72 and subsequent detection 
by D; ‘erases’ the path information, restoring the interference. 


1.4 Quantum Nonlocality 


Classical intuition tells us that a measurement on one system cannot have any 
effect on a distant system with which there is no direct interaction. We call 
this property “locality”. However, it follows from (1.55) that the quantum 
second-order correlation function vanishes when 


kro: (Ry — Ro) = (214+ 1)7, LS TD (1.69) 


In other words, two photons can never be detected at two points separated by 
an odd number of \/2rj2, despite the fact that one photon can be detected 
anywhere. As we have shown before, this is a nonclassical interference effect 
since two independent classical sources can produce the maximum realizable 
visibility of 50%, so that the second-order correlation function of two classical 
fields can never vanish. 

The vanishing of G(?)(Ry,t; R2,t) for two photons at widely separated 
points R, and Rp» is an example of quantum-mechanical nonlocality, in that 
the outcome of a detection measurement at R, appears to be influenced by 
where we have chosen to locate the Ry detector. At certain positions Ry we 
can never detect a photon at R, when there is a photon detected at Ro, 
whereas at other position Rz it is possible. The photon correlation argument 
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shows clearly that quantum theory does not in general describe an objective 
physical reality independent of observation. 

Einstein—Podolsky—Rosen (EPR) took the view that local realism must 
be valid [23]. If we measure a particular physical quantity, then that physical 
quantity must correspond to an element of physical reality. They adopted 
the following definition of physical reality: “If without any way disturbing 
a system, we can predict the value of a physical quantity, then there ex- 
ists an element of physical reality corresponding to this physical quantity”. 
Following this definition and using the unusual properties of correlated quan- 
tum systems, such as the vanishing G?)(R,,t; R2,t) function, they argued 
that quantum mechanics must be incomplete. One would have to assume the 
existence of extra “hidden variables”, or parameters, that are not part of 
quantum theory, in order to describe the localized subsystems consistently 
with the quantum predictions. The argument is perhaps best viewed as a 
demonstration of the inconsistency between quantum mechanics as we know 
it (that is without “completion” ) and local realism. 

Consider a simple example of a quantum system composed of two par- 
ticles a and b. Each particle has spin +1/2, and their wave-function is the 
singlet state 


I) = 5 (lat, 7)|b-,m) —Ja-,m)]b+,2)) , (1.70) 


where |a+, 7) is a single-particle state with particle a having spin up (+) or 
down (—) along an arbitrary direction of the unit vector n. The state |W) is 
an example of an entangled state of a system composed of two subsystems, 
since their combined wave-function cannot be written as a product of the 
eigenfunctions of the individual subsystems. 

According to the EPR definition of physical reality, the spin of particle b in 
any direction can be predicted with certainty from a measurement of the spin 
of particle a in that direction. For example, if one measures the z component 
of the spin of particle a using a Stern—Gerlach apparatus, and finds that 
particle a has spin up, then the particle b has spin down. Thus, the spin of 
particle b can be predicted with certainty by making measurements only on 
particle a, i.e. without disturbing particle b. This means, that either there 
must be an instantaneous signal between the two particles (non-locality), or 
the value of the z component of the spin for each particle must effectively 
be determined before the measurement (incompleteness of the wave-function 
Iv). 

Let us now change the experiment so that instead of measuring the spin 
of particle a in the z direction, we chose to measure it in the x direction. 
Then, we can infer from this measurement the spin of particle 6 in the x di- 
rection, and conclude that the spin components of the particle in both the z 
and x directions must be elements of physical reality. However, according to 
quantum mechanics the z and « components cannot be simultaneously mea- 
sured with complete precision, as the associated spin operators S, and S, do 
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not commute, [S,,5;] = 2iS,. Hence, according to EPR, quantum mechanics 
does not account for these elements of physical reality and therefore it cannot 
be considered as a complete description of physical reality. 

Many resolutions of the EPR paradox have been suggested. It is sufficient 
to emphasize that there is no paradox within the framework of quantum 
mechanics, since the EPR argument does not involve simultaneous measure- 
ments or predictions of both the x and y components of particle b. Quantum 
mechanics involves the possibility of measuring either but not both com- 
ponents, and since it is possible to predict either with certainty, it can be 
concluded that both are elements of physical reality. 

A different quantum-mechanical approach to refuting the EPR argument 
involves the so-called reduction of the state vector [24]. If we measure particle 
a to have spin up in the n direction, then this measurement reduces the 
state vector (1.70) to |W) = |a+,)|b—,7). Therefore, measurement plays a 
projective role rather than merely ascertaining what is already there. 
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In the preceding section, we have discussed the direct measurement scheme 
in which a detected field is directly absorbed by photodetectors. In the direct 
detection process, the field is destroyed, as the detector absorbs all the field 
interacting with it. From the point of view of quantum physics, the measure- 
ment instantly changes the state vector of the field, in such a way that the 
state collapses to the appropriate eigenstate of the measured field. For exam- 
ple, if prior to the measurement the state vector of the field is |a) + |), at 
the measurement the state vector collapses to |a) if the value a is obtained, 
or to |Z) if @ is obtained. 

Apart from the collapse of the wave-function, the measurement disturbs 
the system, so that it is impossible to predict future values of certain vari- 
ables. This is a major difference between quantum and classical physics, in 
that in quantum physics the measurement disturbs the system to an extent 
that cannot be made arbitrary small. This fact is clear from the Heisenberg 
uncertainty relation that an observation of the position of a particle to within 
an accuracy Ax disturbs the momentum of the particle with an uncertainty 
Ap such that AxAp > h/2. Thus if the measurement of the position is pre- 
cise, a subsequent measurement of the momentum will possess infinite error: 
the momentum has no physical reality. We may call this a “disturbance inter- 
pretation” of quantum theory, in that the physical act of detection disturbs 
the state of the observed system uncontrollably, so that we cannot have com- 
plete knowledge of the system, and we cannot therefore predict its future 
development. 

In the coming subsections, we shall discuss the particular interferometric 
experiments called “negative-result experiments” and “interaction-free mea- 
surements” which will help us to clarify these problems. 
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1.5.1 Negative-Result Measurements 


In interferometric negative-result experiments, the result is obtained not 
through the occurrence of a physical event as for a normal measurement, 
but by the absence of such an event. 

Theoretically, we can describe these experiments as follows. Suppose that 
we wish to measure an observable A that is associated with an operator A. 
We assume for simplicity that the operator A has two eigenfunctions |V,) and 
|W2), with corresponding eigenvalues A; and Ag. If the initial wave-function 
is |V,), the measurement of A will yield the concrete physical result A;, but 
the result will definitely not be A, if the initial wave-function is |W). Suppose 
now we choose for the initial state a linear superposition c,|V 1) +c2|W2) with 
both c, and cz nonzero. Measurement of A may yield either A,, or not-A, 
with probabilities |c;|? and |c2|?, respectively. If the result was not-A, — that 
is, A; was not observed — we conclude that the measured eigenvalue of A was 
Ag, and the initial wave-function collapsed to |W2). 


M, 


Fig. 1.13. Scheme to demonstrate negative-result measurement. The mirrors My 
and M2 can be fixed or can move (recoil) under the impact of a photon 


To illustrate these ideas, we consider an experiment, shown in Fig. 1.18, 
which was proposed by Epstein [25] and involves a Mach—Zehnder interfer- 
ometer. In the interferometer a beam of light, so weak that only one photon is 
generally present in the system in the time taken to perform the experiment, 
is split by the 50/50 beam splitter B, into two beams which travel in the 
arms S$; and Sj. The mirrors M, and M2 may be fixed or can move (recoil) 
under the impact of a photon, but the mirrors do not absorb (destroy) the 
photon. In general, we may describe the state of the photon inside the system 
by the wave function 


|W) = ¢1|S1) + c2|S2) , (1.71) 


where |S) corresponds to the photon following path Sj, j = 1,2. 
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If both mirrors are fixed, the state of the photon inside the system is 
given by (1.71) with c; = cg = 2-1/7. The two beams are coherent — that 
is, they will produce interference fringes when combined. By considering the 
phase change of 7/2 on each reflection, it is easy to see that all photons will 
be detected at D,, and none at D2. In this case, we observe photons only by 
direct detection. 

Next, suppose both mirrors are free to recoil. Then we can determine 
the path, S; or S2, taken by a photon by observing which mirror, M, or M2, 
recoiled. We have which-path information, and the beams are now incoherent. 
50% of the photon counts will register at D,, and 50% at Do. 

Now let the mirror Mp be fixed, and assume that a photon enters the sys- 
tem.! If M, recoils, the photon follows path S,, whereas if it does not recoil, 
the photon must have followed path S2. It follows that we can determine the 
path followed by the photon equally well by having only one moveable mirror 
as two. Again, there is an equal probability of the photon being detected 
at dD, or Dog. 

Thus, with M2 fixed, in the 50% of cases that M, does not recoil, we can 
determine the path taken by the photon seemingly without any interaction 
between the complete measuring setup (detectors) and the photon. In this 
event, the state of the photon has also collapsed to |.S2), corresponding to it 
taking the path S2, without any apparent interaction. 


1.5.2 Schemes of Interaction-Free Measurements 


The fact that by means of interference it is possible to obtain information 
about an object without touching it makes this technique of special value in 
those cases where contact would seriously perturb or destroy the object being 
investigated. 

In this section we discuss an interesting effect, referred to as interaction- 
free measurement, which is based mostly on the same type of physical situa- 
tion as the negative-result measurement. However, the arrangement is care- 
fully constructed to make it natural to claim that one is able to detect the 
presence of an object without interacting with it at all. This type of measure- 
ment is not possible under classical theory, but using the concepts of quantum 
theory the claim can be justified. The method makes particular use of the 
fact that light consists of photons, and where a beam of light has a choice 
of paths, we will talk of an individual photon taking one path or another. 
Such an idea would be totally inappropriate under a classical model of light. 
We consider two schemes of interaction-free measurement, one proposed by 
Elitzur and Vaidman [26], and the other proposed by Kwiat et al. [27]. 

The first scheme used a single Mach—Zehnder interferometer, in a similar 
way as in the Epstein proposal. The difference is that the present scheme 


' By inserting another moveable mirror in the beam before B, we can determine 
whether a photon has entered the system. 
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Fig. 1.14. The scheme of Elitzur and Vaidman [26] to demonstrate interaction- 
free measurement. The mirrors M, and M2 are fixed, but there is an object in the 
arm 5} 


assumes that the mirrors are fixed and there is an object in the arm 5}, as 
shown in Fig. 1.14. We suppose the system to be set up in such a way that, 
without the object in the arm S$}, all the photons passing through the system 
will be detected by D;, and none by D2. However, if there is an object in the 
arm 5, photons will reach the second beam splitter travelling only through 
the arm So, and then the probabilities of detecting the photons at D, and 
Dz are both equal to 1/2. Thus, in this arrangement, the detector D2 detects 
photons only if the blocking object is in one of the arms. 

We may explain this results in the following way. We know from classical 
optics that a reflection changes the phase of the wave by 7/2. In quantum 
theory, this translates to the property that a reflection multiplies the state- 
vector by “i”. Let us indicate the state of a photon moving to the right by 
\1), and that of a photon moving upwards by |2). At the beam splitter B,, 
the state |1) will change to 


1 
V2 


At the mirrors M, and Mg, the states will change into 


|1) — ({1) +1]2)) . (172) 


jl) 3 4]2), 2) aaj). (1.73) 


Thus, if the object is absent, the evolution of the initial state |1) will be as 
follows 


1 ; iz: 
Deer ae pp [1)) 


io 1 : 
> 5 (il2) = [1)) = 5 (11) +12)) = =n). (1.74) 


Hence, if the object is absent, the photon leaves By moving towards the right 
and is detected by the detector Dj. 
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On the other hand, if the object is present, the evolution of the initial 
state |1) is as follows 


1 ; Eos , 
1) > Se (IW) +il2)) > Fe G2) + ils) 
ie 1 
+ 5 Gila) — [1)) + Zale), (1.75) 


where |s) is the state of a photon scattered by the object. We assume that a 
photon in state |s) is not detectable by D, or Do. 

Equation (1.75) shows that the detectors D, and D2 will each click with 
probability 1/4, and there is probability 1/2 that there is no detection. 

In summary, if the detector D, clicks, no information is obtained about 
the object: this could happen whether the object is present in the arm $; or 
not. If there is no click in both D, and D2, we have discovered that the object 
is present, but our measurement has not been interaction-free as the photon 
has been scattered or absorbed by the object. However, if the detector D2 
clicks, we deduce that the object is present in the system, but the photon 
has not interacted with it since it travelled along the Sz arm. Thus, we have 
a method of detecting the object without interacting with it. However, the 
method has at most a 50% efficiency. 

In the second, more efficient scheme, proposed by Kwiat et al. [27], instead 
of a single Mach—Zehnder interferometer, a series of n such interferometers 
is used, the amplitude reflectivity r of each beam splitter being equal to 
cos(7/2n), and the amplitude transmissivity t = sin(a/2n). The scheme is 
illustrated in Fig. 1.15. As we show, this arrangement has the property that a 
photon entering at the lower part of the interferometer and passing through 
all n interferometers will be transferred into the upper part of the interfer- 
ometer. Thus, if there is no object in one of the interferometers, each photon 
is certain to exit via the “up” port of the last beam splitter. If, however, the 
object is present, there will be a nonzero probability that the photon will 
leave through the “down” port of the last beam splitter. 


Man 


Fig. 1.15. The scheme of Kwiat et al. [27] to demonstrate interaction-free mea- 
surement. Thickness of the arrows indicates the intensities of the reflected and 
transmitted beams 
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We may explain this experiment as follows. Consider the state of the 
photon after leaving the second beam splitter, i.e. the first interferometer. 
There are two contributions to the state of the photon. The first one is from 
the pass B,; > Ma, — B,2 and the second one is from the pass By, > 
Mui — Biz, where B,; and B;; mean reflection and transmission at the ith 
beam splitter, respectively. The first beam has been reflected twice at beam 
splitters B, and Bz and once at the mirror Mq,, three reflections giving a 
phase factor 7°, and the amplitude 


a1 = —icos? (=) (1.76) 


The second beam has been transmitted twice at the beam splitters and re- 
flected once at the mirror M,,1, giving the total transmission coefficient mul- 
tiplied by the factor 7 as 
eee a ) 
=isin*(—}. ere 
as ( ont ( ) 
Thus, after passing the first interferometer (two beam splitters), the intensity 
of the light going downwards is given by 


Ty = |ay + a2|? = cos” (=) (1.78) 
n 
Hence, after passing m beam splitters, the intensity downwards will be 


> (mm 
= 60s ( 7 ) (1.79) 
If the photon passes m = n beam splitters, the intensity exiting the whole 
system at the “down” port is equal to zero. 

However, if there is an object in one of the arms of the interferometer, 
the intensity [,, will be different from zero, as in this case m < n. Then, a 
detector located in the “down” port after the last beam splitter will click. 
Following our previous analysis, if there is an object in the upper arm of the 
first interferometer, the amplitude a2 is suppressed and then the intensity of 
the light going downwards at the end of the first interferometer is given by 


iy = |x|? = cos! (=) (1.80) 


Hence, if there are objects in the upper half of each interferometer, after 
passing m beam splitters, the intensity downwards will be 


Lic eos (~) (1.81) 
2n 


Thus, form = n we find that the probability of the photon leaving the system 
via the lower port is equal to cos?” (7/2n), which becomes very close to unity 
when n is large. 
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The detection of a photon leaving the interferometers through the lower 
port is equivalent to the observation that there is an object inside the inter- 
ferometer. This is interaction-free detection as the photon was not scattered 
or absorbed by the object. Furthermore, the probability of obtaining this 
interaction-free measurement is greater than the Elitzur and Vaidman max- 
imum of 1/2, and tends to unity for large n. The probability of the photon 
not leaving by the lower port is equal to 1 — cos?” (7/2n), and corresponds 
to the probability that the photon was scattered by the object. Naturally, 
this also corresponds to an observation that there is the object inside the 
interferometer, but in this case is not, of course, interaction-free. 


1.6 Quantum Interferometric Lithography 


Optical lithography is a technology for writing features of very small size onto 
substrates using coherent optical fields. However, the resolution is limited by 
the Rayleigh diffraction criterion, which states that the minimal resolvable 
feature size occurs at a spacing corresponding to the distance between an in- 
tensity maximum and an adjacent intensity minimum. The Rayleigh diffrac- 
tion limit is Agmin = A/2, where Azyin is the fringe separation and X is 
the optical wavelength. This is the best resolution that can be achieved with 
classical fields. Hence, it has become necessary to use optical fields of very 
short wavelengths to fabricate smaller objects. With current technology, it is 
possible to write 180—200 nm size objects using KrF excimer laser light at 
248 nm, and new technological approaches consider even shorter wavelengths, 
in the vacuum ultraviolet or even in the soft-x-ray regime, in order to write 
objects of 100 nm size or below. 


M 


Fig. 1.16. Schematic diagram of an interferometric lithography experiment 


A modification of optical lithography, called classical interferometric 
lithography, involves two coherent plane waves of laser radiation intersect- 
ing at an angle 20, as shown in Fig. 1.16. A phase shifter PS located in one of 
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the two arms introduces a phase difference between the two coherent optical 
paths producing an interference pattern on the screen S (lithographic plate), 
with the resolution given by the diffraction formula 


A 


———— 1.82 
i 2sin 0 ( ) 


Then, in the grazing incidence limit of 6 > 2/2, the minimum resolution is 
Age) => \/2. 

Consider now a quantum description of interference lithography [28, 29] 
in which we use the photon picture of the incident fields mixed at the beam 
splitter BS. The photons are reflected by the mirrors M onto the screen. We 
introduce a phase shifter placed in the upper arm which produces a phase 
shift ¢ = ks, where k = 27/X and s is the difference between the two optical 
paths. The input fields, ports a and 6b, are represented by the annihilation 
operators @ and b, respectively, and obey the usual commutation relations 


[a,at] = 6,6" ap (a6) =e (1.83) 


The output fields c and d are represented by two operators ¢ and d which are 
linear combinations of the reflected and transmitted input-field operators as 


b= <5 (ia + 6) e'* . 
d= < (a +ib) (1.84) 


where exp(i¢) represents the phase difference between the fields impinging 
on the screen S. 

Hence, the annihilation operator of the total field detected at the screen S 
is given by 


1 er 
1+iel*) 4+ —(i+el*)d. 1.85 
) a+ Te (ite) (85) 
The n-photon absorption rate, corresponding to the deposition rate of n 
photons on the screen, is proportional to the n-order correlation function of 
the total field operators as 


An = — ((at)" a") , (1.86) 


where ti = é+d. 

Consider first the one-photon absorption rate with an input state |Y,) = 
|1),|0)5. It is easy to show that in this state the one-photon absorption rate 
is given by 


A; = (¥,|a'a|¥,) = 1—sing, (1.87) 
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which represents an interference pattern as a function of ¢. The Rayleigh 
criterion demands @min = 7 for the minimal distance between a maximum 
and an adjacent minimum of the interference pattern, from which we find the 
minimum fringe spacing tmin = A/2 (for 6 ~ 7/2). This is the usual classical 
result, called the single photon diffraction limit. 

We will now consider the two-photon absorption rate with an input state 
|Wo.) = |2),|0),. This state is an example of a so-called two-photon classical 
state. It gets this name because it is possible to distinguish through which 
channel the incident photons arrive. We then find 


Age 


1 ae ees 
5 (Waclttl a titi|W 20) 
3 1 
= (1—sing)” = 5 — 2sing — 5 cos2¢. (1.88) 


The classical two-photon absorption rate (1.88) has a term cos 2¢ that oscil- 
lates in space with twice the frequency as the one-photon absorption rate. 
This dependence leads to narrower interference fringes than that for the one- 
photon absorption rate. 


Fig. 1.17. The absorption rates A, as a function of the phase shift ¢ for uncorre- 
lated one-photon excitation (dashed-dotted line), uncorrelated two-photon excita- 
tion (dashed line), and quantum (entangled) two-photon excitation (solid line) 


The two-photon absorption rate can exhibit even narrower features with 
the fringe spacing reduced by a factor of two if the input state is of the form 
|Wog) = |L)all)o. The state |W2,) is an example of a ‘quantum’ state — so- 
called because there it possesses a photon in each channel, so that when a 
photon is detected, one cannot say from which channel it originated. With 
the input state |W2,), the two-photon absorption rate takes the form 


1 
Age = 5 (Wag tt! 1" Gt] Yq) =1+cos2¢. (1.89) 
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Comparing (1.89) with (1.88), we see that in the case of the input quantum 
field, the slowly oscillating term sin ¢ has been eliminated, and we are left with 
only the cos 2¢ term, giving the minimum resolution Zin = 4/4. In Fig. 1.17, 
we plot the absorption rates as a function of the phase shift ¢. It is evident 
that the classical two-photon excitation pattern has the same period but 
is narrower than the one-photon excitation pattern, and the quantum two- 
photon excitation pattern has a period half that of the corresponding classical 
interference pattern. This unusual property of the interference pattern is a 
consequence of the division of the two photons between the two channels in 
the input state |Wo,). 
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Fig. 1.18. Schematic diagram of the D’Angelo et al. [30] experiment to observe 
the spatial two-photon interference pattern. From M. D’Angelo, M.V. Chekhova, 
Y. Shih: Phys. Rev. Lett. 87, 013602 (2001). Copyright (2001) by the American 
Physical Society 


A spatial interference pattern with the modulation period reduced by a 
factor of two has been observed experimentally by D’Angelo, Chekhova and 
Shih [30]. The experimental arrangement is shown in Fig. 1.18. An argon ion 
laser was used to pump a nonlinear BBO (BaB2O,z) crystal to produce orthog- 
onally polarized pairs of signal and idler photons. Each pair was generated 
collinearly, with degenerate frequencies, ws; = w; = wp/2, where w; (j = 8,7, p) 
are the frequencies of the signal, idler and pump fields, respectively. The pump 
field was separated from the signal-idler pair by a mirror M. The signal-idler 
beam passed through a double slit and then was reflected by two mirrors 
M, and Mg onto a polarizing beam splitter PBS. The orthogonally-polarized 
signal and idler photons were separated by the PBS and next detected by 
two detectors D; and Dg. The output photocurrent was sent to a coincidence 
counter. 

Figure 1.19 shows the observed interference pattern of the two-photon co- 
incidences produced by rotating the mirror M;. The upper trace, Fig. 1.19(a), 
shows the measured two-photon coincidences with the quantum field. The 
lower trace, Fig. 1.19(b), shows the interference pattern with classical light 
in the same experimental setup. On each graph, the solid line represents the 
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Fig. 1.19. Measured (a) interference pattern of the quantum two-photon coinci- 
dences and (b) interference pattern for classical light as a function of the rotation 
angle of mirror M;. From M. D’Angelo, M.V. Chekhova, Y. Shih: Phys. Rev. Lett. 
87, 013602 (2001). Copyright (2001) by the American Physical Society 


prediction of the theory, and the good agreement indicates that the quan- 
tum two-photon interference pattern has a spatial modulation faster than the 
classical case by a factor of two. The experiment has demonstrated that the 
classical resolution limit of \/2 can be overcome and shows that one could 
write features smaller than the single photon diffraction limit. 

The resolution can even be improved beyond the \/4 limit with n pho- 
ton correlated quantum fields. In recent difficult and pioneering experiments 
based on linear optics, the Steinberg’s group at University of Toronto has 
demonstrated improved resolution to the limit of 4/6 with a quantum three- 
photon correlated field [31], and the Zeilinger’s group at Vienna University 
has demonstrated improved resolution to the limit of A/8 with a quantum 
four-photon correlated field [32]. 

This research on super resolution interferometry demonstrates that our 
understanding of quantum interference and coherence has truly developed 
to a high degree. It is now possible to observe interference fringes with a 
peridicity beyond the classical limit using correlated quantum fields. The 
developments are of fundamental interest, and they hold promise for advances 
in optical interferometry and in applications such us quantum metrology and 
gravitational wave studies. 


1.7 Three-Photon Interference 


The analysis of spatial correlations between two output fields in the Young 
type experiment can be extended to higher-order correlation functions. An 


1.7 Three-Photon Interference 43 


interesting question is the extent to which the higher-order correlation func- 
tions can distinguish between classical and quantum fields. As an example, 
we will consider the third-order correlation function in the superposition of 
two output fields in the Young type experiment. We will assume that the fre- 
quencies and polarizations of the fields are equal but their phases are random 
and uncorrelated. 


1.7.1 Three-Photon Classical Interference 


The third-order correlation function corresponding to the superposition of 
two classical fields detected at three different points and at three different 
times is defined as 


ai (R1,t1; Ro, te; Rs, tz) 
= So (EF (ti) Ej (t2) Bj (ts) Eq (ts) Ei (ta) B; (t1)) 


1,j,k,l,p,qg=1 
x exp [ik (rij : R, + TK Rp + Tpq* Rs3)] 
Xx EXD [1 i (d; F Pk =F Og= Pi — 0; a bq)| ’ (1.90) 


where E,. (t) and ¢, are, respectively, the amplitude and the phase of the rth 
field registered by a detector located at the point R, (k = 1, 2,3). 

Let us illustrate some of the properties of the equal-time third-order cor- 
relation function. In terms of the intensities of the incident fields, and after 
averaging over the random phase difference between the fields, the equal-time 
third-order correlation function takes the form 


Gi) (Rit; Ro, t; Rs, t) = ix ) + In(t))°) 
+2 ((I7 (t) Tp (t)) + (Th (t IEG ))) {cos [kro - (Ry == R»)| 
+ cos [kr - (Ri — R3)| + cos [kro + (R2— R3)]} . (1.91) 


Suppose that the detectors located at the points R; (i = 1, 2,3) are placed 
equidistantly on a straight line 


R,—R,=R,.-—R3;=AR, R,—R3=2AR. (1.92) 
In this case, the correlation function (1.91) simplifies to [33] 
Ge (R,,t; Ro, t; Rs, t) = (+ bh) 7 + 43)) 
x {1 + R cos (kro - AR) E + cos (Krai AR)| \ ; (1.93) 
where J; = J;(t), and 


4(Iy Iz (Ii + I2)) 


(hth) (E+ Ey a 


44 1 Optical Interference and Coherence 


It follows from (1.93) that the third-order correlation function attains its 
maximal value for cos(kr21; - AR) = 1, or equivalently, when 


kro1:- AR=2nn, n=0,+1,+2,... . (1.95) 


On the other hand, the third-order correlation function attains its minimal 
value for cos(kra1 - AR) = —1/2, or equivalently, when 


= 1 é 2 
kro -AR=2(n +2) x or kro AR=2(n4+2) x, 
n= 0,+1, +2,.... (1.96) 


By analogy with the visibility of the interference pattern of the first and 
second order correlation functions, we can define the visibility in the third- 
order correlations as 


3 3 
C3) = CO rise — Coe 1.97 
= AG) @ (1.97) 
G93 max - G53 min 


and find from (1.93) that the visibility of the third-order correlations is 
given by 


C8) — _8 


. 1.98 
14+2R ee 


Ke) 
olny) 


The visibility (1.98) attains its maximum possible value of C) = 0.82 when 
the intensities of the interfering fields are equal, 1) = In (R = 2). As with 
the first and second-order correlations, the visibility of the third-order corre- 
lations decreases for I; # Iz. For example, for I, = 2I2, R = 8/5 and then 
the visibility reduces to C®) = 0.75. 


1.7.2 Three-Photon Nonclassical Interference 


We now turn to the quantum treatment of third-order interference. The 
quantum-mechanical analog of the classical third-order correlation func- 
tion (1.90) is the normally ordered correlation function of the field operators 


RO and gO defined as 
ee (R1,t1; Re, te; Rs, ts) 
~(—) ~(—) ~ (—) 
=(E ((Ri,t1)E  (Ro,te) BE (Rs, ts) 
xE 


(4) CH) (4) 
(R3,t3) EB” (Ro, tz) BY” (Ry, t1)) , (1.99) 


where the positive and negative frequency parts of the total field are given 
in (1.52). 
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We now examine the third-order correlation function for fixed numbers 
of photons in the two interfering fields. If there are n photons in the mode 1 
and m photons in the mode 2, the third order correlation function takes the 
form 


Gt}, (Ri, Ro, Rs) = G3), (Ri, t; Re, t; Rs, t) 
= Ef [n(n —1)(n—2)+m(m-—1)(m—2) 


+2nm (n +m — 2) 13 + cos [kro1 - (Ri — R2)] 


+ cos [kr2; - (Ri — Rs)] 
-+ COs [kro 3 (Ry = Rs3)] } ; (1.100) 


It is to be noted that the quantum third-order correlation function depends 
crucially on the photon (particle-like) nature of the fields. The first two terms 
on the right-hand side of (1.100) correspond to the simultaneous detection of 
three photons from each of the two modes. The last term corresponds to the 
simultaneous detection of two photons from either of the two fields and one 
photon from the other field. 

If the three detectors are placed equidistantly on a straight line, the cor- 
relation function (1.100) reduces to 


G® (Ri, Ro, R3) = E3 (n +m — 2) {n(n-1) 
+m (m — 1) + 4nmcos (kro; - AR) 
x [1+ cos (kro;-AR)|} . (1.101) 


The correlation function (1.101) vanishes when the number of photons is 
smaller than three, i.e. when n+ m < 3. This simply reflects the fact that 
the detectors cannot simultaneously register three photons from fields con- 
taining in total less than three photons. For n,m > 1, we can approxi- 
mate Eg (n +m —2) by Eg(n+m) = + Ig, Ejn(n — 1) by Efn? = F, 
and E2m(m — 1) by Em? = IZ, and then the quantum correlation func- 
tion (1.101) reduces to (1.93) for classical fields. It is quite clear that the 
difference between the correlation functions is due to the difference between 
n? and n(n —1)(n—2), as well as between m? and m(m—1)(m-— 2), which is 
connected with the fact that the detectors can absorb photons as individual 
quanta only. 

The difference between the classical and quantum correlation functions is 
reflected in the visibility, which for the third-order quantum correlations is 
given by 


9nm 


Ce) = 
2(n+m)(n+m—1)+3nm 


, (1.102) 


with n+m™m > 2. 
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When n = m, the visibility (1.102) reduces to 


(1.103) 


that is always greater than 9/11, the maximal value of C) for the classical 
fields. This is again a nonclassical interference effect, as the quantum third- 
order correlation function evidently violates the classical limit of the visibility. 
For n — oo, the visibility (1.103) reduces to that of the classical fields. The 
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Fig. 1.20. The normalized third-order correlation functions plotted versus the sep- 
aration between the detectors for two quantum fields (solid line) with the number 
of photons n = m = 2, and two classical fields (dashed line) with the intensi- 
ties i, = Io — Io 


most striking feature of the quantum third-order correlations is that the 
visibility (1.103) attains its maximum possible value of C) = 1 only if there 
are two photons in each of the two fields (n = m = 2). In this case, the 
third-order correlation function (1.101) takes a simple form [33] 


G(S), (Ri, Re, Rs) = 8E3 [1 +2cos(kro,-AR)|” . (1-104) 


The correlation function (1.104) vanishes when cos (kr2; - AR) = —1/2. This 
is in contrast with the classical correlation function, which can never be 
reduced to zero. This is shown in Fig. 1.20, where we plot the normalized 
classical (1.93) and quantum (1.104) third-order correlation functions versus 
the relative position of the detectors given in terms of rg; = |r21|, normalized 
to the wavelength 4. 

To summarize, the classical limit for visibility increases with increasing 
order of the correlation functions. In particular, for the third-order correlation 
function the classical limit of the visibility is C@) = 0.82. This feature makes 
the classical limit more difficult to violate than that of C®) = 0.5 for the 
second-order correlation function. 


2 Quantum Interference in Atomic Systems: 
Mathematical Formalism 


In the preceding chapter we have shown that the correlation functions of 
the quantized field can be calculated if we know the initial pure state of 
the field or, in the more general case of an initial mixed state, the density 
operator of the field. As we shall see in this chapter, the phenomenon of 
quantum interference can be described not only for light beams but also for 
electromagnetic (EM) fields spontaneously emitted from atoms, molecules, 
or even for the EM field emitted from single multi-level systems. In this case 
the correlation functions of the EM field can be related to the correlation 
functions of the internal variables of the systems, such as the atomic dipole 
moments. 

There are a number of theoretical approaches that can be used to calcu- 
late correlation functions of the atomic variables. One such method is to use a 
standard formalism to derive the master equation, from which the correlation 
functions may be obtained. In this method, the dynamics are studied in terms 
of the reduced density operator 0,4 of a “small” system, such as an atom, that 
is interacting with a much larger system, referred to as the reservoir. There 
are many possible realizations of reservoirs. The typical reservoir to which 
atomic systems are coupled is the quantized three-dimensional multimode 
electromagnetic (EM) field. The reservoir can be modelled as a vacuum field 
whose modes are in ordinary vacuum states, or in thermal states, or even 
in squeezed vacuum states. The master equation technique can be used to 
study a wide variety of problems involving the interaction of an atomic sys- 
tem with the radiation field. The major advantage of the master equation is 
that it allows us to consider the evolution of the combined system, the atom 
plus the EM field, entirely in terms of average values of atomic operators. We 
can derive equations of motion for the expectation value of an arbitrary com- 
bination of atomic operators, and solve these equations for time-dependent 
averages or the steady-state. 

The aim of this chapter is to provide the most convenient expressions for 
the later applications to specific radiative systems. We shall describe how 
the correlation functions of the EM field can be related to the correlation 
functions of the atomic variables, such as transition dipole moments. We will 
present a derivation of the master equation for the density operator of a 
system composed of M +1 energy levels in an arbitrary configuration and 
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connected by electric dipole transition moments. The atomic transitions can 
be driven by coherent fields, and can be simultaneously coupled to the quan- 
tized three-dimensional reservoir field whose modes are assumed to be in 
a thermal state. Dipole moments corresponding to different transitions are 
assumed to oscillate with different frequencies. A knowledge of the density 
operator will allow us to calculate the correlation functions of the dipole op- 
erators that contain information about correlations and coherences between 
different atomic transitions or different atoms. 


2.1 Master Equation of a Multi-Dipole System 


Much of our subsequent development is concerned with the time evolution 
of a multi-dipole system interacting with the three-dimensional dissipative 
EM field (the reservoir). We will therefore specify the system in terms of 
the density operator and give a detailed derivation of the master equation 
describing the time evolution of the system. An example of a multi-dipole 
system is an (M +1)-level atom with an arbitrary configuration of the energy 
levels, or a set of M two-level atoms with different transition dipole moments, 
interacting with a vacuum field [34]. 

There are many techniques for deriving the master equation of a sys- 
tem coupled to a reservoir. However, most are limited to the case of a sin- 
gle two-level atom or a single-mode harmonic oscillator interacting with a 
multi-mode reservoir. For the purposes of quantum interference, we need the 
master equations of a multi-level atom and a multi-atom system interact- 
ing with the three-dimensional multimode EM field. The derivation of the 
master equation presented here has similarities with the previous treatments 
of Louisell [35], Lehmberg [36] and Agarwal [37], except that we extend the 
technique to more complicated systems of M dipole moments interacting 
with a multimode thermal vacuum field. We also include the effects of op- 
tical cavities. The formalism developed here can be directly applied to the 
case of atoms interacting with colored (frequency dependent) reservoirs such 
as optical cavities [38] or photonic band-gap materials [39], and can be easily 
extended, with only minor modifications, to the case of electric quadrupole 
transitions in atoms or molecules [40]. Some of these applications are dis- 
cussed in Chaps. 4 and 5. 


2.1.1 Master Equation of a Single Multi-Level Atom 


Let us start with the Hamiltonian of the combined system, a multi-level atom 
plus the three-dimensional multimode EM field, which in the electric dipole 
approximation is composed of three terms 


H=H,j+Aprt+Har, (2.1) 
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where 
M 
H4= > Em|m)(m (22) 
m=0 
is the Hamiltonian of the atom, with the energy eigenstates |0),|1),..., |) 


and corresponding energies Ey = hwo, Ey = huy,..., Ey = hwy, with Ep < 
Ey <...< Ey. The energy levels can be degenerate or nondegenerate. 

The second term in (2.1) is the Hamiltonian of the three-dimensional EM 
field 


a 1 
Ap — > hwks (a. ae. ar 5) ’ (2.3) 


ks 


where Gz; and ah are the annihilation and creation operators of the field 
mode k, s, which has wave vector k, frequency w,, and index of polarization s. 

The final term in (2.1) is the interaction Hamiltonian between the atom 
and the three-dimensional EM field. The interaction depends upon the total 
electric dipole operator fz of the atom, which can be written as the sum of 
an upward (raising) component j1* and a downward (lowering) component 


A 


fe as 
paprtpe. (2.4) 


With the energy-levels configuration Ey < E, <...< Ey, the total electric 
dipole moment of the atom can be written in the representation of the atomic 
energy levels as 


M 


where Unm = Mx,, = (n|p|m) is the dipole matrix element and An», = |n)(m| 

is the atomic transition dipole operator between the atomic energy levels |n) 

and |m). Here, the subscripts n and m enumerate the atomic energy levels. 
The atomic dipole operators satisfy the usual commutation relations 


[Amn Apg| = Amq9np 5 * ApnOgm ’ (2.6) 


and the closure property 


S> |m){m| = S° Amm =1. (2.7) 
m=0 m=0 


With the representation (2.5) and assuming that the EM field couples to 
all of the atomic dipole moments, the interaction Hamiltonian Hyp in the 
electric-dipole approximation takes the form 
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M M-1 


ks m=0n>m 


+ Pn Uks (7) AmnGrs — Hc] , (2.8) 
where 
3 
Wks = ik-r 
Ss = Ss ; 2.9 
Uks (1) (<5) Eks€ (2.9) 


describes the mode function of the three-dimensional multi-mode field in free 
space, V is the normalization volume, and €x, is the unit polarization vector 
of the field. The mode function is evaluated at the position r of the atom, 
and from now on we will take the atom to be stationary: the position rT is 
independent of time. 

The time evolution of the atomic dipole moments interacting with the 
three-dimensional multi-mode field can be described in terms of the density 
operator oar Characterizing the statistical state of the combined system of 
the atom and the field. The density operator of the combined system satisfies 
the Liouville—von Neumann equation 


a) 1 
Beak = ip [H, oar] - (2.10) 


While this equation is straightforward, it is often simpler to work in the 
interaction picture in which the density operator evolves in time according 
to the atom-—field interaction. 

Transforming the density operator into the interaction picture with 


olap (t) = MOP 9 ge HOFF (2.11) 


we find that the transformed density operator satisfies the equation of motion 


a, i 


where 
~ 1 
= ca 
Ay = 2, Emim){m| ae » hws (ah.ae. + 5) (2.13) 


is the Hamiltonian of the non-interacting atom and the EM field, 


M M-1 


= -in S- S- { Hnm * Uks (r) Anmbikse bees eam dt 


ks m=0n>m 


+m ¢ Uks (r) Amndkse bene tenm)t = Hc. (2.14) 
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is the interaction Hamiltonian Hy, pr in the interaction picture, and wpm = 
(E,, — Em) /h is the transition frequency between the two atomic energy lev- 
els |n) and |m), with n > m. 

In practice, many of the Aj», will correspond to dipole forbidden tran- 
sitions, i.e. transitions for which Pym = 0. These will play no role in the 
evolution of the system, and may be omitted from our description. Hence we 
may employ an alternative, single subscript notation that is also frequently 
used 

WwW; =Wnm ; chs = Anm , OF = Anes (2.15) 


6699 


where the subscript “2” represents a unique enumeration of all the dipole 
allowed transitions in the system. For example, if we have a three level system 
with only the transitions |0) — |1) and |1) — |2) allowed, the only operators 
of interest are Ajo and Agi, and their Hermitean conjugates. Instead we could 
use the operators oy = Ajo and Se = Ao», and their Hermitean conjugates. 
Using the alternative notation, the interaction Hamiltonian (2.14) reads 


Vi)= -ih S| S- {Hi - Uks (T) St apse er —w4)t 
ks 7% 


+t - tgs (7) Sy apse ieee tent — H.e.} (2.16) 


The natural procedure is to solve the equation of motion (2.12), a simple 
first-order differential equation, by for example, the iteration method. For the 
initial time t = 0, direct integration of (2.12) leads to the following first-order 
solution in V (t): 


oie) =ehe (+e fat (Ve).eke@)) Qa) 


Substituting (2.17) back into the right side of (2.12), we obtain the integro- 
differential equation 


< ohp(t) = 2 Vt) oe (0)] 
a / at (V(t), (Vit) ohe (#)]) - (2.18) 


We can continue the procedure to obtain an infinite series of integral terms, 
which can be regarded as an exact explicit solution for 04, (t). The usual 
practice however is to introduce approximations into the exact second order 
equation (2.18). By tracing (2.18) over the field states, and noting that 


Trroar (t) = oa (t) (2.19) 


is the reduced density operator of the atom, i.e. it is a function of the atomic 
variables only, we find that the master equation for the reduced atomic den- 
sity operator is 
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© ol (t) = are {[V t), gar (0)]} 


pf dt’'Trr {[V(t), [V@), ear ()|]} . (2.20) 


This equation holds for an arbitrary initial state of the combined system. We 
choose an initial state of the system that has no correlations between the 
atom and the field, which may thus be written as the tensor product 


o'sp (0) = 04 (0) @ or (0) , (2.21) 


where @(0) is the density operator of the field. 

The master equation (2.20), which has been derived without any approx- 
imations, is still a complicated equation, and at this stage some approxima- 
tions are desirable in order to simplify the calculation. 

The interaction between an atom and the three-dimensional field is typi- 
cally very weak, and then there is no back reaction of the atom on the field. 
Thus, we can make our first approximation, the weak coupling or Born ap- 
proximation, in which we assume that the effect of the atomic system on the 
field is very small, so that the state of the field, appearing as a large reser- 
voir to the atom, does not change in time. Therefore, we can write the time 
dependent density operator 0/4, , (t’), appearing under the integral in (2.20), 
as 


o'np (t') = 04 (t') @ oF (0) . (2.22) 


Thus, under the Born approximation and after changing the time variable to 
t' =t—T, the master equation (2.20) takes the form 


<0! (t) = a Tre {[V t),o' (0) er} } 


1 
-af dr Trp {[V ( ),[V (t-7), 0 (t—7) or|]} » (223) 
where, for simplicity, we have introduced a shorter notation or (0) = or 
and o/, = o!. 

Consider the trace over the field modes of the double commutator in the 
second term of (2.23), which can be written as 


sate {[V (i), [V (t-7),0! ¢—7) orl} 


= in, {V (t)V (t—7) 0’ (t—T) or} 


h2 
+ oy Ter {ol | (t—r) orV(t—7)V@)} 
—saTrr {V (to! (t= 7) orV (t-7)} 
ie {V (t—7) 0’ (t—T)orV (t)} . (2.24) 


oh 
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To calculate the first term on the right-hand side of (2.24), we substitute 
the explicit form (2.16) for the interaction Hamiltonian V (t), and obtain 


sale {V ()V(t—7)0! (t-7) 07 (0)} 


--yy [Di(t)D;(t —7)Trp {orans(t)aes(t—7)} 


ks k’s’ 
— D,(t)D! ({—7)Trp { ordns(t)aky.(t - r)} 


— DIi(t)D,(t — 7) Tre { oral. (tax (t = r)} 


where 
Dt) = S- [Mi Uns (7) Ste’ + ps ups(r)S,e"] , (2.26) 
and 

Gzs(t) = As EXP (—iwzst) . 227) 


It is seen from (2.25) that the evolution of the reduced density operator 
depends on the second order correlation functions of the field operators. In 
order to evaluate these, we assume that the modes of the three-dimensional 
EM field are in a finite temperature thermal (black-body) state. In this case, 
the field correlation functions are given by 


Tre {oraes(t)} = Trr {ord},()} =, 
Trp { orans(t)afy(t aid )} = [N (wes) + 1] exp [—i (Wes — wr's’) t] 
x exp (—iwy9/T) 5° (ke — B") disor 
Tre { onal, (t)axs(t 7 r)} = N (wes) exp [i (Wes — wes’) t] 
x exp (iwe's'T) 5° (ke — b) dss 
Trr {ord ()ah.(t—7)} = Tre {ordns(t)ans(t—7)}=0, (2.28) 


where N (wz;) = Tre { oral. .ans} is the number of photons in the mode ks 
of frequency wzs, and 6° (k — k’) is the three dimensional Dirac delta func- 
tion. 

With the aid of the correlation functions (2.28), we find that of the four 
terms in (2.25), two vanish, and then the first term on the right-hand side of 
(2.24) simplifies to 
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alr {V (t)V (t—7) 0 (t—T) or} = dot (t) Di (é—T)e Weer 


+b! (td, (t ryeiaeet | of ol (t—T) . (2.29) 


Proceeding in a similar manner, we calculate the remaining three terms in 
(2.24), and also find that with the correlation functions (2.28) the first term 
on the right hand side of (2.23) vanishes. 

With the above results for the double commutator, we now evaluate the 
sum over the field modes ks, that appears in (2.29). First, we consider all 
modes of the three-dimensional EM field available for the interaction with the 
atomic transitions, and go over to the free space continuum limit V —> oo. 
This allows us to replace the sums over the wave vectors k by frequency and 
angular integrals 


So Se dutitte f dQ, , (2.30) 
(27) 4 


ks 


where 0; = (0%, ¢x%) is the solid angle over which the modes of the EM field 
available for the interaction with the atom are distributed. 

The above expression applies for an atom in free space. For different 
environments, such as an optical cavity, an optical waveguide, or a photonic 
bandgap material, the density of modes of the vacuum field into which the 
radiating system can emit will be different. 

Next, we substitute (2.26) into (2.29) and make our second approximation, 
the Rotating-Wave Approximation (RWA) [41], in which we ignore all terms 
oscillating at time t at the higher frequencies, 2w; and w; + w; (the so-called 
counter rotating terms). Thus, with the field correlation functions (2.28) and 
under the RWA approximation, the master equation (2.23) simplifies to 


we = [57 Xu 54] + [97.4.0 57] 


UJ 


+ [s#¥,(),57]+[sh.yh@sr]}. sy 


where the summation is over the atomic dipole transitions, and the time 
dependent operators are of the form 


yf _ 
X;; (t) = dws eee OQ, FO (k 
5) one Wk Wies © eae b Fi; (ks,t) , 
v . —1(w4—-w; 
Yij (t) = aap ff dwyswe, 7 dO, FEY (ks, t) , (2.32) 
k 


with the operators aay (ks, t) involving an integral over the retarded time 7 


and the retarded density operator 
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fl 
FH) (ks,t) = i dro G7) e (was tw5)T 
0 


x STIN (Wes) + 1] [oi - Uns (7)] [15 - wis (7)] 


+ | dro’ (t—7) el We Fug)T 


x 


N (wes) [Mj Urs (1)] [My Uns (7)] - (2.33) 


w 
II 
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The master equation (2.31) is still in the form of an integro-differential 
equation, and is non-Markovian since the left side Og! (t) /Ot is related to 
the density operator on the right side at earlier times (t — 7). Here, we can 
make our third approximation, the Markov approximation, in which we re- 
place o/ (t — T) by o/ (t) in (2.33), and extend the integral to infinity. In the 
Markov approximation the integral over the time delay 7 contains functions 
which decay to zero over a short correlation time 7,. This correlation time is 
of the order of the time scale of the radiative processes in the atom, and the 
short correlation time approximation is formally equivalent to assuming that 
the bandwidth of the electromagnetic field is much larger than the atomic 
linewidths. In a typical atom, the density operator changes on a time scale 
corresponding to the spontaneous emission rate, t; ~ 107° s, and if wo is 
an optical frequency, the exponents oscillate on the time scale t, ~ 107! s, 
which is much shorter than the atomic time-scale. Thus, the Markov approx- 
imation is justified for atoms interacting with the ordinary vacuum field. For 
a thermal field, it requires the bandwidth of the thermal field to be much 
larger that the atomic linewidths. 

Under the Markov approximation, we can evaluate the integral over 7, 
appearing in (2.33) to obtain 


lim | dro’ (t—r)e'*7 = go! (t) [ra (x) + iF | (2.34) 


where P indicates the principal value of the integral. Moreover, for thermal 
field bandwidths much larger than the atomic linewidths, we can approxi- 
mate the N(w,,) by replacing them by their values evaluated at the average 
frequency wo of the atomic transitions, i.e. we take N (wz) = N (wo) = N. 

Thus, under the Born—Markov and RWA approximations, the field mode 
functions (2.33) take the form 
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+ Ee > 
FA? (ks, t) = (N +1) Yo [mi uns (7)] [15 - uke (7) 
s=l 


x iy (Wp Ew) = Pp o’ (t) 


Wks EW; 


wy tes (P)] [5 Ub (7) 


1 I 

x 8. (Wks Ws) + Cie = 5 | o (t) . (2.35) 
We now proceed to evaluate the polarization sums in (2.35), which will 
allow us to evaluate the integrals over dQ, in (2.32). The integral over dQ; 
contains integrals over the spherical polar coordinates 0, and dx. Hence, 
we will express the wave vector k, the unit polarization vector €,, and the 
atomic transition dipole moments yz; and py; in terms of the components 
of the spherical coordinates. The angle 6, is formed by the z axis of the 

Cartesian coordinates and k direction, so we can write 


k = |k| [sin 0; cos dy , sin 0, sind, ,cos Ox] . (2.36) 


In this representation, the unit polarization vectors €%; and €x%2 may be 
chosen as 


E€x1 = [—cos 6, cos dy , — cos 6; sin dz , sin Ox] , 
€n2 = [sin Pk » — COS Pk , 0 ’ (2.37) 


and for Am = 0 transitions in the atom, the orientation of the atomic dipole 
moments can be taken in the xy plane 


Li, = |p| [cos 6; ,sin 6; ,0] , 
Hj = |4;| [cosO; ,sin; ,0) . (2.38) 


With this choice of the polarization vectors and the orientation of the dipole 
moments, the summation over s in (2.35) leads to 


Det ()] [j= a PY] = Da te (7 yt 


s=1 
= sn) {cos 6; cos 0; (cos? 6;, cos? d, + sin? ox) 
+ sin 6; sin 0; (cos? 6; sin? op + cos” ox) 


—sin (0; + 0;) sin? 6), cos by sin dr} . (2.39) 
The final step is to evaluate the angular integrals over the spherical angles 6; 


and ¢, that appear in (2.32). Since the integrals over the azimuthal angle ¢, 
are 
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| ddz sin dy cos dk = 0 , 
0 
21 20 
i dd, sin? dp = | dbp cos? by = 7 , (2.40) 
0 0 
and the integral over the polar angle 6, is 
Tv : 5 8 
T d6;, sin 6; (cos 6, + 1) = 37 , (2.41) 
0 
we arrive at 
i(w4—w; 1 : = 
Xuy (€) = of (t) elle {gat Nw +i [WAP —(1+.N) AG }} | 


—i(wi-—w; 1 . _ 
Vi Q=0 Oe Mf Evy +i[wap —asmyap]}, (2.42) 


where 
wi? [ie 
ed 3TEqhc3 ( ) 
and 
JVi7j Cos (8; — 8; we : 
AG aes Hp f dws — Hs — . (2.44) 
J 27W5 0 Wks Ww; 


In the derivation of (2.44) we have replaced the transition frequencies w; 
and w,; by the average frequency wo = (1/M) aan w;, in a way consistent 
with the RWA that is already made here, as in this case the spread of the 
frequencies satisfies (w; —w;) < wo. 

The parameters Ae that appear in (2.42) will contribute to the shifts 
of the atomic levels, whereas the parameter y;, equal to the Einstein A coef- 
ficient, is the spontaneous emission rate of the 7th atomic dipole transition. 
This parameter determines the full width at half of maximum of a given 
atomic transition. The parameters y;; for 7 4 j describe the cross-damping 
between a pair of atomic transitions. They arise from decay-induced coher- 
ence (quantum interference) between atomic transitions, and are given by 


i= ie aly CON: =O) (i#j). (2.45) 


The cross-damping term (2.45) depends on the mutual orientation of the 
atomic transition dipole moments, which is represented here by the cosine 
of the relative angle between the two dipole moment vectors. If the dipole 
moments are parallel, cos (6; — 6;) = 1, and then the cross-damping term is 
maximal with yj; = ./7i7j, whilst 7; = 0 if the dipole moments are per- 
pendicular (cos (6; — 0;) = 0), and the quantum interference term vanishes. 
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Thus, decay-induced quantum interference between two transitions in a sin- 
gle multi-level atom may occur only if the dipole moments of the transitions 
involved are non-orthogonal, i.e. when 


bi pj #0. (2.46) 


To carry out the polarization sums in (2.35) we have used a linear rep- 
resentation for the unit polarization vectors €,, and Am = 0 atomic tran- 
sitions. It is not difficult to show that with a circular representation for the 
unit polarization vectors, i.e. 


_ i ee - 
e€k+ = Va (Ex1 + 1€x2) , 
1 i 
ep = Va (Ex1 — i€42) , (2.47) 


where €,4 and €,— are complex spherical unit vectors, and with dipole mo- 
ments for Am = +1 transitions 


Li; = |p| [cos 6; ,isind; ,0] , 
Hj = || [cos8; ,—isind; ,0] , (2.48) 


the calculations of the sums in (2.39) leads to the same spontaneous emission 
rates and frequency shifts as given in (2.43)—(2.44). 

With the parameters (2.43)—(2.44), the general master equation (2.31) of 
a multi-level atom in an arbitrary configuration of the energy levels takes the 
following form 


do" i Tot rd ee Ger aN 
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where 


SND NA, (2.50) 


a 
Equation (2.49) is the final form of the master equation that gives us an el- 
egant description of the physics involved in the dynamics of multi-level atoms. 
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The coefficients y;; are the spontaneous emission damping rates, whereas the 
yij for i A j are the cross-damping rates that arise from the coupling between 
the atomic transitions. The coefficients 7;; contribute to the atomic dynamics 
only if the dipole moments of the transitions are not perpendicular: then the 
spontaneous emission from one transition influences the spontaneous emission 
from the other. Moreover, their contribution is also limited by the fact that 
they appear in time dependent terms that oscillate at the frequency w; — wj. 
For a large difference between the atomic transition frequencies such terms 
are rapidly oscillating and their contributions to the atomic dynamics can be 
neglected. However, when w; — w; is small, as can occur with degenerate or 
nearly degenerate transition frequencies, such terms must be included in the 
atomic dynamics. 
The parameters 


1 1 
5) -N—+.p ia dwps 
ee “ie oe wes we Wp hw; 
5P | dws 2.51 
re [ mae an Wks = Wij ( ) 
are the amplitudes of diagonal terms ($j°S; = |i)(i|) in the master equation 


and therefore represent a frequency shift of the atomic levels, since they ap- 
pear in (2.49) as the coefficients of a term [|i)(i|, 07]. They correspond to a 
renormalization of the energies in the original system Hamiltonian (2.2). Such 
terms are familiar in atomic spectroscopy as the intensity dependent Stark 
shift. For N = 0, the Stark shift reduces to the ordinary Lamb shift [42, 43). 
It is well-known that to obtain a complete calculation of the Lamb shift, it 
is necessary to extend the calculations to higher-order terms in the multi- 
level Hamiltonian including electron mass renormalization [44]. If these are 
included the standard nonrelativistic vacuum Lamb shift result is obtained. 
Even then, an appropriate cutoff of the frequency at wes = Wmax ~ C/To 
needs to be added at an atomic dimension ro, in order for the present ap- 
proximation to be valid and to obtain an approximate analytical formula for 
the Lamb shift. In fact, it is only in the case of a fully relativistic Hamiltonian 
that the Lamb shift can be made finite, and even then, only after quantum 
electrodynamic renormalization, which involves the removal of infinities. 
The parameters 


77; cos (8; — 1 1 
5) = y VWI C08 (8: ~ 85) Hp f” dur, 
J ee Wks FW; Wks LW; 
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result from the coherent coupling between two atomic transitions. As with 
the cross-damping rates y;;, these parameters are different from zero only if 
the dipole moments of the two transitions are not perpendicular. In addition, 
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these terms appear in the master equation as off-diagonal terms and therefore 
lead not to a shift of the atomic levels but rather to a dynamical coupling 
between atomic transitions. 

We note here that the presence of the coherent terms be (tg): 1 
the master equation (2.49) depends also on the configuration of the atomic 
levels. These terms will contribute to the atomic dynamics only for those 
configurations for which the $7S> and S$; $7 combinations of the atomic 
operators are nonzero. For example, for a three-level atom in the cascade 
configuration with three energy levels, the ground level |0), intermediate level 
|1), and upper level |2), connected by transition dipole moments pug; and p12, 
we may take Sj = |1)(0| and S} = |2)(1|. Then the combinations of the 
atomic operators S/S; and S}S; are zero. This is not the case for Lambda 
and Vee configurations, where the combinations of the atomic operators of 
the two allowed dipole transitions can be different from zero. We will study 
this problem in more detail in Sects. 3.1 and 3.5.1. 


Multi-Level Atom in the Cavity Environment 


The master equation (2.49) describes the dynamics of a multi-level atom in- 
teracting with the three-dimensional thermal field in free space. In practice it 
is more likely that the interaction would take place inside frequency depen- 
dent reservoirs such as electromagnetic cavities, photonic bandgap materials 
or deposited quantum dots. If optical cavities are used, the atom-field interac- 
tion is modified since inside the cavity the atom interacts strongly only with 
the privileged cavity modes, which occupy only a small solid angle about the 
cavity axis. In other words, the cavity “tailors” the vacuum modes surround- 
ing the atom to those orthogonal to the mirrors, which modifies the structure 
of modes available to the atom for spontaneous emission, thus changing the 
spontaneous emission rates. 

Suppose we have a plane mirror Fabry—Perot cavity, shown in Fig. 2.1, 
with two mirrors that lie parallel to the xy plane. The first is a perfectly 
reflecting mirror located at z = 0, and the second a partially transmitting 
lossless mirror located at z = L, with L a distance we assume to be of 
the order of the atomic transition wavelength \;. The partially transmitting 
mirror has a real reflectivity R and transmissivity i(1— R2)"/ * the same 
for both directions. We assume that the mirrors are very large, so that end 
effects can be ignored. The coherent driving fields may be admitted through 
the open sides of the cavity. Our treatment is based on the quantum theory 
of spontaneous emission from the microscopic Fabry—Perot cavity, developed 
by DeMartini et al. [45]. 

Let k denote an incident wave mode propagating in the —z direction, and 
k’ denote a reflected wave mode propagating in the +z direction, as shown in 
Fig. 2.1. After multiple reflections at the mirrors and transmissions through 
the partially transmitting mirror, the mode function of the field inside the 
cavity can be written as the sum of incident and reflected waves as 
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z=0 z=L 


Fig. 2.1. Geometry of the microscopic plane mirror Fabry—Perot cavity. The left 
mirror is perfectly reflecting, k is an incident wave mode and k’ is a reflected wave 
mode 


Wks 2 = ik-r = ik’-r 
lth (7) = ( ) Y (0%, L) (éxs0 + €,,e* ) (2.53) 


where Y (6, L) is the cavity transfer function 


i(1—R?)'? 


Y (0%, L) = 1 — Rexp (—2ikL cos Ox) ’ 


(2.54) 


with 6; the angle between the k vector and the z-axis (cavity axis). We have 
assumed that the reflectivity R is the same for both polarizations. 

The mode function (2.53) for the cavity field is modified compared to 
that for the field in free space (2.9) by the presence of the mirrors. This is 
manifested by the function Y (0,,L). The effect of Y (0,,) on the mode 
function inside the cavity is most clearly exhibited by considering 

2 
|Y (Ox, L)|? = 2 ec = ’ (2.55) 
(1 — R)° + 4Rsin* (kL cos 6, ) 


which is identified as the Airy function of the cavity [1]. If R is close to one, 
then the Airy function displays a series of sharp peaks for angles of incidence 
such that sin (kL cos 6;) = 0. If L = /2, where 4 is the resonance wavelength, 
the Airy function will exhibit a sharp peak centered at cos 0, = 1. This means 
that the atom can be coupled only to those modes which are contained in a 
small solid angle around the cavity axis. 

The polarization unit vectors €,, and €,’, can be written as a sum of 
components parallel and perpendicular to the xy plane as 


A I 
€ks = €ks Ens > 


Enis = 6, — el; (2.56) 
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and a similar decomposition can be made for the wave vectors k and k’ 


k=kt+kll, 
ki =—kt + kl. (2.57) 


To study the behavior of a multi-level atom interacting with the multi- 
mode EM field inside the Fabry—Perot cavity, we derive the master equation 
for the reduced density operator of the system. Because of a small mirror spac- 
ing, the process of spontaneous emission inside the cavity can be regarded 
as irreversible, and we may employ the familiar Born—Markov approxima- 
tions to derive the master equation. The influence of the microcavity on the 
interaction of the atom with the vacuum field is illustrated most clearly if 
one assumes that the dipole moments of the atom are parallel to each other 
and oriented in directions parallel or perpendicular to the cavity mirrors. In 
this case, the polarization sums in (2.35) and integrals over dQ; in (2.32) 
with the cavity field mode function (2.53) lead to a master equation which is 
formally equivalent to (2.49), the master equation for the atom in free space, 
but with “cavity renormalized” parameters. The modified electromagnetic 
vacuum field inside the cavity changes the spontaneous emission rates from 
those corresponding to the normal vacuum, 7;;, into 


"N = 2 poe) if du (1 a a”) aus vor | ; (2.58) 


DR) 1+ Fsin? (koLu) 
and 
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where u = cosOz, F = 4R/(1—R)’, rz is the z-coordinate of the atomic 


position inside the cavity, yi is the spontaneous emission rate for the dipole 


moments parallel to the mirrors, and VG is the spontaneous emission rate for 
the dipole moments oriented in the direction perpendicular to the mirrors. In 
the derivation of (2.58) we have assumed with no loss of generality that the 
dipole moments are parallel to the x-axis. This is not an essential feature, 
since the cavity is isotropic in the xy plane. 

Similarly, the frequency shifts change from their free space values ALS 
into 


5 (14+R8) as ws 
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and 
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These results demonstrate that there is no essential distinction between 
the master equations of the multi-level atom in free space and inside the 
microcavity. The only difference is that the spontaneous emission rates and 
frequency shifts are now dependent on the cavity parameters. In particular, 
in the so-called good cavity limit of R > 1 with r, = L/2 and L = 0/2, the 


spontaneous emission rate yi approaches 1.57;;, which is in agreement with 
the spontaneous emission rate of a two-level atom in a cavity, predicted by 
Milonni and Knight [46] and observed experimentally by Kleppner [47]. This 
result shows that the spontaneous emission rate is three times greater than 
the free space rate, when the atom is midway between perfect plane parallel 
mirrors separated by half a wavelength. We shall approach this problem in 
another way in Sect. 4.1. 


Multi-Level Atom Driven by Coherent Fields 


In the derivation of the master equation (2.49) we have assumed that the 
multi-level atom interacts only with the vacuum modes of the quantized elec- 
tromagnetic field, with no interaction or coupling to external coherent fields. 
This master equation has limited applications to only incoherent thermal 
driving fields, and therefore we shall extend the derivation to include exter- 
nal coherent fields. These fields are assumed to be tuned near the atomic 
resonances, in the sense that the detunings are small compared to the atomic 
transition frequencies. 

To derive the master equation of a multi-level atom interacting with ex- 
ternal coherent fields, we start from the equation of motion (2.23) for the 
reduced density operator. With the interaction Hamiltonian (2.14), and af- 
ter making the rotating wave approximation in which we ignore the rapidly 
oscillating terms, the first term on the right-hand side of (2.23) becomes 


a Tr {[V (t), 07 (0) or (0)]} 
“— ittnd @).9, Gnge 


— ph ui, (r) 5; ah", 0! (0) on (0)]} . (2.62) 


This term yields zero on taking the trace over the radiation field if no exter- 
nal coherent fields are applied to the system. However, let us assume that W 
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coherent fields, described by coherent states |a;), 1 = 1,...,W, and corre- 
sponding frequencies wy, are applied. The coherent state |a;) is the eigenstate 
of a with eigenvalue a;. Then, the trace over the field states leads to 


Ww 


Trp {@zs0r (0)} = S—(ailailan) ; 


1=1 


Ww 
Trr {@h,0r (0) } = Marla} or) . (2.63) 


l=1 


With the help of (2.9), we then obtain 


a Tre {[V (i) ,0! (0) or O)]} = 5 [He (t),0] (2.64) 
where 
Ww 
Hy (t) = -sin> S- OS eeaee = H.c.| (2.65) 
| i 


is the Hamiltonian of the external coherent fields of frequencies wy;, and 
QO = 2p; E,/h (2.66) 


is the Rabi frequency of the /th coherent field of amplitude 


Ruy \? _ oe 
=e eee ier 2.67 
E| (5) Ejaje ; (2.67) 


and wave vector k;. 

The Rabi frequency is a measure of the strength of the interaction be- 
tween an atomic dipole moment and an external coherent field. For example, 
if a multi-level atom is driven by a single laser field (W = 1) and the dipole 
moments of the atom are not parallel, the Rabi frequencies (2); and Q; of two 
arbitrary dipole moments are related by 


Gx: |B, cos 6; 


rere ’ (2.68) 
|14;| cos 0; 


where 6; is the angle between the atomic dipole moment ps; and the polar- 
ization vector of the laser field. 
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Including the contribution of the external coherent fields, term (2.65), 
the master equation of a multi-level atom coupled to the reservoir of a three- 
dimensional multi-mode EM field can be written as 


de! 
at 
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where Hy (t) is given in (2.65). 

Equation (2.69) is the master equation of the atomic density operator 
in the interaction picture. One can see that the coefficients of the master 
equation depend explicitly on time. Of course, we can follow the traditional 
method and transform the master equation into the Schrodinger picture. 
However, even in this case some of the coefficients in the master equation still 
depend explicitly on time. In particular, in the Schrodinger picture the coeffi- 
cients of the Hamiltonian Hz are multiplied by factors such as exp (+iwz;t). 
We can simplify the time dependence of the coefficients in (2.69) by making 
a transformation 


o= e iH’t/h ol it’t/h (2.70) 
where 
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With the transformation (2.70), the master equation (2.69) takes the form 
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where 
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It is seen from (2.72) and (2.73) that the coefficients of the master equa- 
tion depend explicitly on time only when wy; 4 wy;, i.e. when the atom is 
driven by laser fields of different frequencies. The coefficients become time 
independent only for the case of a single driving field or when the driving 
fields have the same frequency. The situation of a master equation with time 
independent coefficients is also obtained when the atomic transitions are in- 
dependent, so that the terms os ) and ij arising from spontaneously induced 
quantum interference are equal to zero. 

The Markovian master equation (2.69) or (2.72) can also be written in the 
standard Lindblad form. It is easy to transform the master equation (2.69) 
into 
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which is the standard Lindblad form [48]. Writing the master equation in 
Lindblad form is convenient for the introduction of quantum trajectory meth- 
ods. These methods are not used in the present book, but can be used to give 
a stochastic interpretation of the system dynamics and to relate these to 
various measurement processes. 

In the following chapters, we will illustrate applications of the master 
equation (2.74) to a wide variety of cases ranging from a two-level atom to 
multi-level atoms in arbitrary configurations of the energy levels, interacting 
with the vacuum field and driven by coherent laser fields. Particular attention 
will be paid to the quantum interference effects resulting from the presence of 
the cross-damping term 7; (¢ # j) and vacuum induced coherent couplings 


i. ) (i # j). The diagonal parameters 5(t ) will be absorbed into atomic 
transition frequencies. 
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2.1.2 Master Equation of a Multi-Atom System 


Using the same procedure as for the derivation of the master equation of a 
multi-level system, we can derive the master equation for the density opera- 
tor of a multi-atom system. The only difference between these two systems 
is that non-overlapping atoms can occupy different positions r;, which intro- 
duces position dependent phase factors into the atomic dipole moments. Con- 
sider a system of M non-overlapping atoms coupled to the three-dimensional 
multi-mode vacuum field. Each atom is modelled as a two-level system, 
with excited state |1);, ground state |0); of energies BS and EB” such that 
EO = EO = hw;, where w; is the transition frequency. The energy levels are 
connected by an electric dipole transition with the dipole moment pf; = pe. 
We assume that the atoms are located at different points r1,...,raz, have 
different transition frequencies w; 4 w2 #--: A wy, and different transition 
dipole moments fy ~ Wo #--: ~ em. 

The total atomic dipole moment operator of the system of M two-level 
atoms can be written in the form 


M 
fe = > (HAG Ald + 462492) (2.75) 


w=l1 


where A @) and Aw *) are the raising and lowering operators respectively of the 


ith atom, and pe ) are the matrix elements of the transition dipole moments. 
Here, the superscript (i) enumerates the atoms, and the subscripts “0” and 
“1” indicate the atomic energy levels |0);, and |1);, respectively. Since all 
atoms are composed of only two energy states, we can drop the subscripts and 
simplify the notation of the atomic dipole moments and the dipole operators. 
Henceforth, we will use the compact notation 


wap, SPEAR, Sp SAR. (2.76) 


In the electric dipole approximation, the total Hamiltonian of the com- 
bined system, the atoms plus the EM field, is given by 


M 
a= S > iwi S? + So hwks (a. ae. =F 5) 
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where S? = (|1);;(1| — |0),;(0]) /2 is the energy operator of the ith atom, @xs 
and al. are the annihilation and creation operators of the field mode ks, and 
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is the mode function of the three-dimensional vacuum field, evaluated at the 
position r; of the ith atom. 

The avon? dipole operators satisfy the well-known commutation relations 
for the spin—4 operators 


[S75 |S 280s, [SiS | a a6 oes. (SS. | S045 (9) 


as 
with (sey = 0: 

As in our previous treatment of a multi-level atom, we study the time 
evolution of the density operator of the combined system of two-level non- 
overlapping atoms plus the three-dimensional multimode vacuum field. The 
derivation of the master equation for the reduced density operator of the 
atomic system is formally unchanged from the previous formalism up to the 
expression 
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where the time dependent operators are 
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with the sum over the polarization involving mode functions dependent on 
the positions of the atoms 
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Expression (2.80) has been derived under the Born—Markov and RWA ap- 
proximations, and we have explicitly included in (2.82) the dependence of 
the mode functions wz; (r;) on the positions of the atoms. 
Three integrals remain to be performed, over @z, 0, and wz;, and the sum- 
mation over the polarizations s. To carry out the polarization sums in (2.82), 
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we introduce Cartesian coordinates such that the direction of the z axis co- 
incides with the direction of the interatomic vector rj; = r; —r;, and assume 
that the dipole moments of the atoms are parallel and polarized in the xz 
plane as 


Mi = [Ls [sin a ,0 , cos al| ) 


LL; = |w;| [sina ,0 ,cosa] , (2.83) 


where a is the angle between the dipole moments and 7;;. 
Using the spherical representation we can choose the direction of the 
propagation vector k to form the angle 6; with r;;, so we can write 


k = |k| [sin 0; cos dy , sin Ox sind, , cos Ox] , (2.84) 


where 6; and @, are the spherical angles. Accordingly, the unit polarization 
vectors €x1 and €%2 may be chosen as 


Eki = |— cos 6; cos dz , —cosO, sin dy ,sin Ox] , 
€k2 = [sin Pk » — COS Pk , 0] ’ (2.85) 


and then we find that the polarization sums are 
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where k = |k| and r;; = |r;;| is the distance between the atoms. The polar- 
ization sums depend on the distance between two atoms. As a consequence, 
they contain contributions involving the dipole moments of two atoms, not 
just the usual single-atom terms. 

Substituting (2.86) into (2.82), we find that the angular integrals over dQ;, 
that appear in (2.81) yield 
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where #@ = fi; = ft, and 7;; are unit vectors along the atomic transition 
dipole moments and the vector r;;, respectively. 

Hence, substituting (2.82) with (2.87) into (2.81), and noting that the 
delta function 6 (wes + w ;) will yield zero in the subsequent integration over 
Wks, we obtain 
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where the diagonal term 
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is the spontaneous emission rate of the ith atom, while the off-diagonal terms 
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are collective spontaneous emission rates arising from the coupling between 
the atoms through the vacuum field. In the expression (2.91), ko = wo/c, 
where wo = (w; + w,;)/2, and we have assumed that the differences between 
atomic transition frequencies are small compared to the average atomic fre- 
quency, (w; — w;) < wo. 

The remaining parameters Aye that appear in (2.88) will contribute to 
the shifts of the atomic levels, and are given by 


VIG p [4 ORF Wrstis 
AGE) VEG pf 4,5, 2hoh Wretes/e) | (2.92) 
J 27 WG 0 Wks Wj 


where F' (wxs7ij/c) is given in (2.91) with ko replaced by wxs/c. 

With the explicit form of the operators (2.88), the master equation of the 
system of non-identical atoms interacting with a broadband thermal vacuum 
field reads 
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ij=l 
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-i) "6; (57, 0] -i>- Aa [S7S7, 07] lio? , (2.93) 
i=1 izj 
where the diagonal terms 
6 = QN +1) (08? - 9D) (2.94) 


represent a part of the intensity dependent Lamb shift of the atomic levels, 
while the off-diagonal terms 


Ag=-(AP+AD), G#I (2.95) 


represent the vacuum induced coherent (dipole—dipole) interaction between 
the atoms. 

Recall that the parameter A;; is independent of the intensity N of the 
thermal field and therefore plays the role of a coherent vacuum induced cou- 
pling between the atoms. Thus, the collective interactions between the atoms 
give rise not only to modified dissipative spontaneous emission but also lead 
to a coherent coupling between the atoms. Physically, as one deduces from 
(2.93), the parameter 7;; is the real part, and A,; the imaginary part of the 
interaction between atoms 7 and 7 mediated by the vacuum field. 

Using contour integration, we find the explicit form of A;; to be [36, 37] 


cos (kori; ) 
kori; 


Sat alate 2 sin (kori; ) cos (kori; ) 
oe E = 3 (pb Tig) | (horas)? =F (kori)? |} (2.96) 


The collective parameters y;,; and A;;, which both depend on the in- 
teratomic separation, determine the collective properties of the multiatom 
system. In Fig. 2.2, we plot y;; and Aj; as a function of the interatomic sepa- 
ration relative to the resonant wavelength Ao. For large separations (7;; >> Ao) 
the parameters are very small (yj; = Ajj © 0), and become important for 
rij < Ao/2. For atomic separations much smaller than the resonant wave- 
length (the small sample model), the parameters attain their maximal values 


Vig = J VYG ; (2.97) 


and 
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Fig. 2.2. (a) Collective damping 7;;/,/Vi7; and (b) the dipole—dipole interaction 
Ai; /./Vi75 aS a function of the interatomic separation r;;/Ao for two different orien- 
tations of the atomic dipole moments with respect to the interatomic axis: f L 7;; 
(solid line) and jt || 7;; (dashed line) 
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In this small sample model A,;; reduces to the quasistatic dipole—dipole in- 
teraction potential. 

Equation (2.93) is the final form of the master equation that provides 
an elegant description of the physics involved in the dynamics of interacting 
atoms. The collective parameters 7;; and A;;, which arise from the mutual 
interaction between the atoms, significantly modify the master equation of 
a two-atom system. The physical consequences of the presence of the col- 
lective parameters are as follows: the parameter y;; introduces a coupling 
between the atoms through the vacuum field so that the spontaneous emis- 
sion from one atom influences the spontaneous emission from the other, and 
the dipole—dipole interaction term A,; introduces a coherent coupling be- 
tween the atoms. Owing to the dipole—dipole interaction, the population is 
coherently transferred back and forth from one atom to the other. Here, the 
dipole—dipole interaction parameter A;; plays a role similar to that of the 
Rabi frequency in the atom—field interaction. 

The master equation (2.93) has been derived assuming that the atoms 
interact only with the multimode vacuum field, with no interaction with 
external coherent fields. Proceeding in a manner identical to Sect. 2.1.1, we 
easily find that in the presence of a coherent driving field the master equation 
(2.93), after transforming back to the Schrédinger picture, takes the form 
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M M 
= ps (wi + 6:)S7 +hY” AigSPS> + Hr , (2.100) 
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is the interaction Hamiltonian of the atoms with a classical coherent laser 
field of Rabi frequency 2 (r;), angular frequency w; and phase ¢;. 

Note that the Rabi frequencies of the driving field are evaluated at the 
positions of the atoms and are defined as 


Q(r;) =O) = 2p; Epe** 7 /h , (2.102) 


where €,, is the amplitude, given by (2.67), and kz is the wave vector of the 
driving field, respectively. The Rabi frequencies depend on the positions of 
the atoms and can be different for the atoms located at different points. For 
example, if the dipole moments of the atoms are parallel, the Rabi frequencies 
Q; and 2; of two arbitrary atoms separated by a distance rj; are related by 


9, = 9, Hal ieee (2.103) 
’ [ps 


Thus, for two identical atoms, |p;| = |jz;|, and then the Rabi frequencies dif- 
fer by the position dependent phase factor exp(ik, -7;;). However, the phase 
factor also depends on the orientation of the interatomic axis with respect to 
the direction of propagation of the driving field, and therefore exp(ikz - r;;) 
can be equal to one, even for large interatomic separations r;;. This happens 
when the direction of propagation of the driving field is perpendicular to the 
interatomic axis, ky -r;; = 0. For directions different from perpendicular, 
ky, -7ri; #0, the atoms are in nonequivalent positions in the driving field, 
with different Rabi frequencies (Q; 4 2;). For a very special geometrical con- 
figuration in which the atoms are confined to a volume with linear dimensions 
much smaller than the laser wavelength, the phase factor exp(iky, -rj;) * 1, 


74 2 Quantum Interference in Atomic Systems: Mathematical Formalism 


and then the Rabi frequencies are equal and independent of the atomic posi- 
tions. This specific configuration of the atoms is known as the small sample 
model or the Dicke model [49, 50]. The disadvantage of the Dicke model 
is that it does not correspond to experimentally realized spatially extended 
atomic systems such as atomic beams, trapped atoms or deposited quantum 
dots. 

In the following chapters, we will illustrate the application of the master 
equation (2.99) to the dynamics of two identical and two nonidentical atoms 
interacting with the ordinary vacuum. The effects of an applied laser field, 
and the role of quantum interference in the atomic dynamics, will also be 
investigated. 


2.2 Correlation Functions of Atomic Operators 


Where atoms or molecules act as a source of the EM field, the correlation 
functions of the emitted field can be given in terms of the correlation functions 
of the atomic variables, such as the atomic dipole operators, and hence related 
to atomic populations and coherences. Throughout this section, we present a 
derivation of the relation between the normally ordered correlation functions 
of the amplitudes of the quantized EM field and the correlation functions of 
the atomic dipole operators. 


2.2.1 Correlation Functions for a Multi-Level Atom 


The combined system of the quantum EM field and a multi-level atom can be 
described by the multi-polar Hamiltonian, and the interaction between the 
field and the atom is given to a good approximation by the electric-dipole 
interaction Hamiltonian. The total electric field operator E (R,t) evaluated 


at the position R of a detector can be expressed as the sum of the positive 


BY (R,t) and negative Be (R,t) frequency components. The positive fre- 


quency component of the EM field registered by the detector is given by 


1 

I (th) . hw s : —_ ite ik: 

E (R, tr) =1 ) Ga E€ksQAks (tr) e eas 5 (2.104) 
ks 


where V is the volume occupied by the field, €z, is the unit polarization vector 
of the field amplitude, Gz, is the annihilation operator for the kth mode with 
polarization s and frequency w,,, and tr — R/c = t is the retarded time that 
the field registered at the detector at time tr. It depends on the evolution of 
the source field at early times t. 

The starting point for relating the normally ordered correlation functions 
of the EM field operators to the correlation functions of the atomic dipole 
moments is the Heisenberg equation of motion for the annihilation opera- 
tors Ars: 
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which, after applying the Hamiltonian (2.1) and introducing the compact 
notation (2.15), takes the form 


d. Sone 
7, tks (t) = —]lWksQks (t) 


dt 
+ D0 [me tis (7) SF) + wi ks (7) SFO], (2-106) 


where we have used the operator commutation relations (1.44). 
Equation (2.106) is a simple inhomogeneous first-order differential equa- 
tion whose solution can be written in integral form as 


ans () = G0()+ YD fat (osm (7) 97) 


+ pr -ui, (rv) St(t)] eviews(t#’) (2.107) 


The first term in (2.107) represents the evolution of G,, due to the unper- 
turbed field Hamiltonian Hp, and Go (t) = Gx, exp (—iwzst) is the solution 
of the homogeneous or free-field equation of motion that characterizes the 
field without the atom. The second term in (2.107), called the “source term”, 
is proportional to the transition electric dipole moments of the atom and 
describes the radiation field created by all the dipole moments as they ra- 
diate from the initial time t’ = 0 to time t’ = t. The integral appearing in 
(2.107) cannot be calculated exactly since we do not know the explicit time 
dependence of the atomic operators. However, as far as atoms are concerned, 
spontaneous radiative decay is a very slow process, requiring on average many 
millions of cycles of dipole oscillations before it is completed. Thus, we can ap- 
ply to a good approximation the so-called harmonic decomposition, in which 
we write the time-dependent dipole operators as 


Oe 
St (t') = St (t)etolt’—) . (2.108) 


7 7 


S- (t’) aS 
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The harmonic decomposition is formally equivalent to the Markov approxi- 
mation that the system variables S¥ (t) change slowly in time compared to 
the free dipole oscillations characteristic of the exponent exp (+iwof). 

With the harmonic approximation (2.108), the integral appearing in 
(2.107) can be easily evaluated. Replacing the atomic operators oe (t’) by 
the harmonic decompositions (2.108) and removing the slowly varying atomic 
operators outside the integral, as they are evaluated at time t, we arrive at 
the following integral equation 
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dns (t) = do (t) + 5 [ma up, (vr) SF (t)J- (t) 


+ pi uKs (7) SPOIL] , (2.109) 
where 
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Ja (t) = i dt! el(westwo)(t—t) (2.110) 
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Substituting the solution for Gx, (t) into the expression for E’'’ (R,tp) and 
replacing the sum over the field modes ks by the frequency and angular 
integrals, we can write the positive frequency component of the field as 


a (+) a) pila) 


where 
1 
7 (+) : hw s 2 - A ik. 
By (Rytz)=i>, (=) Exsdks (tr) ec” ® (2.112) 
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ks 


is the positive frequency part of the free field, and 
~_(+) = 1 ne 3 ik-(R—T) 
Es (R, tr) = 167325 a dwrsWks [are 


x 2 [Eke (oi Be) SF (te) J- (8) 


+ Gks (uf Be) Sf (te) J (0) (2.113) 


is the positive frequency component of the source field, the field emitted by 
the atom. 

The sums over the polarization s involving the orthogonal unit polariza- 
tion vectors €z,, are easily evaluated as 


J eke (Hi - Gh) = wi — R(B- oes) 


So ks (Mi: Ges) = Mi — (Re ee) (2.114) 


where k is the unit vector in the direction of k, and we have used the well 
known orthogonality properties of the unit polarization vectors 


En. X Ceo =k, E€k1 X k= —€ER2 . (2.115) 


The integral over the solid angle Q; of the available EM modes remains 
to be evaluated. It can be simplified if we notice that the only important 
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contribution to the detected field comes from those directions around k = 
+ (R—r) where the phase k-(R — r) is stationary. Hence, we can replace k in 
(2.114) by Ru, where Ry is the unit vector in the direction R4 = R—r, and 
remove the factors pwi-Ra (Ra . [i) and pwe—-Ra (Ra . pL) from the integral 
over dQ;. Then, the integral over dQ, is easily evaluated. After transforming 
to spherical coordinates, the angular integrations yield the result 


T 20 
i de” = | ‘| dOndby sin Opel 4 $05 % 
0 40 


2 ; 
= “ie Ce —_ er ealale ; (2.116) 


and then the positive frequency component (2.113) becomes 


~ (+) 1 OD. a ; ae ‘ 
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x { [Mi — Ra (Ra- pi)| Sz (te) J (t) 
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Since 


Sz (tr) & S; He , 

oS Gnas He. (2.118) 
where as usual ky = wo/c, we find that there are two exponential terms 
exp [ti (Wks — Wo) Ra/c] and exp [+i (wes + wo) Ra/c] which contribute to 
the field in (2.117). Since the largest contributions come from frequencies wp 
close to the average atomic frequency wo, the terms exp [+i (wes + wo) Ra/c| 
oscillate rapidly and therefore make a negligible contribution to the field. The 
only significant contribution to the field will come from the terms oscillat- 
ing at wes — wo. Hence, we obtain the following expression for the positive 
frequency component 


~ (+) 1 me = 
BS” (Byte) = 5-3 / dispsie?, [Ex (t) — Ef (#)] , (2.119) 
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The term L; (t) is only large near wp, = wo, whereas L;*(t) is only large 
near Wes = —Wo, which is outside the integral range (0,00) for the values 
of Wes. On the other hand, the L; (t) term gives significant contributions 
near Wes = wo, which is inside the range. Thus, the Lj (t) contribution can 
be ignored. With L; (t) only being significant for w,, near wo, we can then 
approximate the term in large curly brackets in (2.121) by 276 (wes — wo), 
and obtain 


M = = 
BS? (R, tr) _ 0S- [Hi i sas . Li) | Se (t) eiko(Ra—R) (2.122) 
i=1 oe 


where 3 = we/(4me 9c). 
Finally, by adding the free-field term (2.112) and using the vectorial prop- 
erty 


[mi — Ra (Ra-pi)| =— [Ra x (Ra x wa)] , (2.123) 


we obtain the positive frequency component of the total radiation field at the 
detector as 


Go) Bute) 
E (R,tr) = Eo  (R,tr) 


M _ _ 
Ra x (Ra X Mi) o ms 
95> m ) g: (t) eto(Ra-B) | (2.194) 
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For the source field the summation is over different atomic dipole tran- 
sitions whose dipole operators 5S; (t) are evaluated at the retarded time 
t =tr— R/c. The free field term has the same time dependence that would 
apply if there were no source atom present. The expression (2.124) is valid 
for all space-time points (R,t). In the usual case where we detect the field 
at a large distance from the source atom, i.e. when R >> Xo, where Xo is 
the average wavelength of the radiation emitted by the atom, we can use the 
Taylor expansion and write 


Ra-R2-R-r. (2.125) 


Then the field component BS (R, tp) becomes 
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We now consider how to translate the relation between the radiation field 
and the atomic dipole moments into the correlation functions of the radiation 
field. The first and second-order correlation functions for the total radiation 
field can be considered in terms of the correlation functions of the free-field 
and the source field by substituting (2.126) for E (R, tr) into the ex- 
pressions for the correlation functions (1.45). For example, the first-order 
correlation function of the total field takes the on 


GO (R,t) = (BO OR) = (Bp (Rt) By” (R,0) 
(-) 


+(B, (R,t)- By? (Rb) + (BS (R,t)- phone 
ee 


(R,t)-B - 


(R,t)- BS” (Rt). (2.127) 
Thus, the first-order correlation function equals the sum of the normally or- 
dered correlation function for the free field and for the source field together 
with possible interference terms involving both the free field and the source 
field. The following question then arises: under what conditions can the first 
order correlation function for the total field be equated to the normally or- 
dered correlation function for the source atom field? In practice the atomic 
systems are driven by fields and we can choose the position R of a photode- 
tector such that it lies outside the driving field. Then the amplitudes of the 
driving fields are zero at the photodetector and ultimately this enables us to 
eliminate the free field and interference terms. 

Alternatively, we may assume that the free field is in the multimode vac- 
uum state for which 

By (Rt) {0} =0, {0} By (Rt) =0, (2.128) 

and then all correlation functions vanish except the correlation function for 
the source atom field in (2.127). 


If we assume that initially the field is in the vacuum state, then the free- 


«(+ 
field part BE (R,t) does not contribute to the expectation values of the 


normally ordered field operators, and we obtain the following expressions for 
the first- and second-order correlation functions 


GO (Rt) = o(R) > View (St 8; ) | (2.129) 


and 
G) (Ri, ti; Ro, t2) = v(Ri)o(Re) S0 > Vai Ve 
1,9 kyl 
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where 
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[cos 6;; — cos ~; cos w,| (2.131) 
is a geometrical factor, with 6;; the angle between the dipole moments 1; 
and pj, and ~, (n = 7,7) is the angle between the observation direction R 
and the atomic dipole moment p,. For parallel dipole moments, 0;; = 0,~4 = 
w; =, and then the factor u(R) reduces to 


3hwo 
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v(R) 
which is recognized as the radiation pattern of a linear dipole moment. It 
shows that the maximum of the radiation emitted by a dipole moment is in 
the direction perpendicular to the atomic dipole moments p. 

The cross-damping rate is sensitive to the mutual polarization of the 
dipole moments of the two systems, which we represent by the angle 6;;. 
If the dipole moments are parallel, 6;; = 0°, and the cross-damping rate is 
maximal, whilst y;; = 0 if the dipole moments are perpendicular (6;; = 90°). 

It is evident from (2.129) and (2.130) that the atomic dipole correla- 
tion functions with i # j represent coherence terms resulting from the 
correlations between different atomic transitions. The second order corre- 
lation function depends on various two-time dipole correlation functions of 
the form (9;* (t,) SF (t2) S; (to) $5 (t;)). The functions are proportional to 
the probabilities of detecting two photons emitted from the same (7 = 7) 
or different (i #7) bare systems. For example, the correlation function 
CSF (4) SF (t2) S5 (t2) Sz (t:)) for i A j is proportional to the probability 
of detecting a photon at time tg emitted from the jth transition if a photon 
emitted from the ith transition was detected at time f,. 

The second-order correlation function (2.130) also depends on the dipole 
correlation functions of the form (5; (t1) Sf (t2) S; (t2) Sj (t1)), which re- 
sult from correlations of photons emitted from a superposition of the atomic 
transitions. We study this phenomenon in Chap. 3.5.5, where we analyze 
the second-order correlation functions for the radiation field emitted from 
three-level atoms. 


2.2.2 Correlation Functions for a Multi-Atom System 


The formalism developed here for the relation between the radiation field 
and the atomic dipole moments can be generalized to the case of multi-atom 
two-level systems. For a system of M two-level atoms the positive frequency 
component of the electric field can be derived using the same procedure as we 
have used before in the derivation of (2.126), and is given by the expression 
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where the summation is taken over the atoms, and RF is the distance from 
the center of the atomic system to the detector. On comparing (2.133) with 
(2.126), we see that the positive frequency component of the field emitted 
by the system of M atoms can be obtained directly from (2.126) simply by 
replacing the summation over the atomic levels by the summation over the 
atoms, and changing r > 7;. 

If we assume that initially the field is in the vacuum state, then the free- 
field part ESR, tr) does not contribute to the expectation values of the 
normally ordered operators. Hence, substituting (2.133) into (1.45), we obtain 


Sp (thewitoR: | (2.133) 
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j=l 
xexp(ikR- rij) , (2.134) 


and 
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x (SH (t1) Se (t2) Sp (ta) SF (t1)) 
x exp [ik (Ri-rij + Ro-re)| , (2.135) 


where 7; is the spontaneous emission rate of the ith atom, and u(R) is a geo- 
metrical factor given in (2.132). The correlation functions (2.134) and (2.135) 
describe correlations between photons emitted in particular directions relative 
to the interatomic axis and can be used to calculate the angular distribution 
of the radiation emitted from the atoms and the spatial correlations between 
photons emitted in different directions. 

On integrating (2.134) and (2.135) over all solid angles dQz, we obtain 
the correlation functions of the total radiation emitted by the atoms as 


GY (R, Ry who )S: OY: (2.136) 
t,j=1 
Ge ) (Ri, t1; Rz,t2) = = w( (Ri) w > Vig Vel 
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x (Si (t1) Sx (ta) Sp (ta) Sj (t1)) , (2.187) 


where 7; for 1 4 7 is the collective damping rate given in (2.90), and 
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is a geometrical factor. 

The correlation functions (2.136) and (2.137) are very similar in form to 
the ones found previously for a multi-level atom. In particular, the first-order 
correlation functions (2.129) and (2.136) differ only in that the geometrical 
factor u(R) has been replaced by the factor w(R), and the cross-damping rate 
has been replaced by the collective damping rate. Thus the collective damping 
rate, that arises from the interaction between the atoms, plays a similar role 
to the cross-damping rate that arises from the interaction between two dipole 
moments in a multi-level atom. These two damping rates, if nonzero, give rise 
to vacuum induced quantum interference between dipole transitions. 


2.2.3 Spectral Expressions 


The first- and second-order correlation functions are the quantities of most 
direct physical interest, and are used to analyze various spectroscopic and 
statistical properties of the field emitted by an atomic system. The physi- 
cally measurable quantities such as radiation intensity, fluorescence spectra, 
absorption spectra and photon statistics are directly related to the field cor- 
relation functions. The fluorescence spectrum, for example, gives information 
on the first-order correlation function of the radiation field and measures the 
number of photons emitted by the system into vacuum field modes as a func- 
tion of the spectral frequency of these modes. The absorption spectrum, on 
the other hand, measures the relative number of photons absorbed by the 
system from a weak probe field as a function of the probe field frequency. 

The fluorescence spectrum is given by the real part of the Fourier trans- 
form of the two-time first-order correlation function (E)(R, t)E™ (R,t + 
T)) for the positive and negative frequency components of the electric field 
operator at the position of the detector. Since the electric field operators are 
related to the dipole operators for the system, we can write the steady-state 
fluorescence spectrum in terms of expectation values of appropriate atomic 
dipole operators as 


S(w) =Re | dr lim vis (S# ()S7 (t+7))e*7. (2.189) 
ij 


The correlation functions of the dipole operators are calculated from the 
master equation of the system. In the case of tT > 0, the two-time correlation 
functions can be calculated applying the quantum regression theorem [51]. 
According to the quantum regression theorem, for 7 > 0, the two-time corre- 
lation function (557 (t) S$ ; (t+7)) satisfies the same equation of motion as the 


one-time average (S; (t)). On the other hand, the one-time average (7 (¢)) 
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of the atomic dipole operator corresponding to a transition |m) > |n), satis- 
fies the same equation of motion as the density matrix element Qn. (t), which 
is found from the master equation of the system. 

The fluorescence spectrum can be decomposed into a coherent component, 
So with replacing the correlation function (EW~)(R, t)E™(R,t+7)) 
by (EO) (R, t)) (EO) (R,t+7)), and an incoherent component. The incoher- 
ent component of the spectrum $;(w) is then obtained by subtracting the 
coherent component from the fluorescence spectrum 


Sw) = Re f dr Jim B24 | era GE Ea) 


— (Si ()) (S; ae aa (2.140) 


The absorption spectrum of a weak probe field monitoring the system is 
given by the real part of the Fourier transform of the two-time commutator 


A (wy) = Re i= dr lim. yi ([S> (6), Sf (E+7)]) eM?” , (2.141) 


where w, is the frequency of the probe field. The term (St t) S; A (t+7 )) is 
associated with the absorption, and the term (SF ( t+7)S, (i)). with stimu- 
lated emission of the probe field. The net absorption is ecal to the difference 
between the absorption and stimulated emission by the system. 

We can also calculate the refractive index of the probe field, which is pro- 
portional to the imaginary part of the two-time commutator, and is given by 


D (wp) =Im [” dr dim, D1 (18 ey (t+7)])el’r™ . (2.142) 


The structure and population distribution of the energy levels of the sys- 
tem can also be studied by monitoring the system with a weak probe field 
coupled to an auxiliary level. It is assumed that the auxiliary level |c) is con- 
nected to an atomic level with nonzero dipole moment and the probe field 
transfers the population from the atomic level to the initially unpopulated 
level |c). The absorption spectrum is called the Autler-Townes spectrum and 
is defined as 


Ar (wp) = “h dr jim BD Ye 
x (We ) wh (t+7)]) el?" , (2.143) 


where W,* = (w;)! = |c)(i| is the dipole operator of the |c) — |i) transition 
and |z) is the ith atomic level. The parameter y.;; with i = 7 is the spon- 
taneous emission rate of the |c) — |i) transition, and y.;; for i A j is the 
cross-damping rate between |c) > |2) and |c) — |7) transitions. 
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Alternatively, we can include the auxiliary level and the probe field in 
the atomic dynamics, and then the Autler-Townes spectrum is obtained by 
monitoring the population of the level |c) as a function of the probe field 
frequency. 

The intensity of emitted light and the total absorption rate are given in 
terms of the one-time first-order correlation functions, which can be calcu- 
lated directly from the master equation of the system, or can be obtained 
from (2.139) and (2.141) by integrating over the spectral frequencies. The 
time-dependent intensity and the absorption rate are given by 


T(t) = Drs (Si (O57) | (2.144) 
A(t) = divi (57 O57) | (2.145) 


and the steady-state values are obtained by taking t > oo. The absorption 
rate involves the one-time commutator, which, if different from zero, is given 
in terms of the diagonal (population) operators. The average value of the 
population operators is equal to the diagonal density matrix elements of the 
system. 

The analysis of the field correlation functions can be extended to the 
second-order correlation functions, which provide further information about 
photon statistics and nonclassical properties of the radiation field. The one- 
time (7 = 0) second-order correlation function, for example, gives informa- 
tion about the photon statistics of the radiated field, whereas the two-time 
(7 £ 0) second-order correlation function describes photon bunching and the 
nonclassical photon antibunching effects. 


3 Superposition States and Modification of 
Spontaneous Emission Rates 


In this chapter we use the formalism developed in the last chapter to con- 
sider how quantum interference can modify spontaneous emission rates, and 
we illustrate its role in atomic dynamics. Simple examples of spontaneous 
emission from initially excited atomic systems will be analyzed in the con- 
text of which-way information, quantum beats and quantum erasure. We will 
analyze the coherence properties of light emitted by different kinds of source 
systems, and will study second-order correlation processes in which two or 
more photons are simultaneously emitted. 


3.1 Superposition States in a Multi-Level System 


To illuminate the basic ideas of quantum interference and in order to link the 
concept of quantum interference with the existence of correlations (coher- 
ences) between atomic dipole transitions, we will first study the master equa- 
tion in terms of superposition states of different atomic transitions or different 
two-level atoms. This method will also allow us to explore the physical sig- 
nificance of the multi-level and collective parameters 7;;, 6;;, and Ajj (¢ 4 J), 
and to gain insight into the underlying dynamics of the systems. To make our 
discussion more transparent, we concentrate on quantum interference effects 
in multi-level systems composed of only two dipole transitions, and ignore all 
the remaining nonparticipating atomic transitions. Examples of such systems 
are three-level atoms or two two-level atoms [52]. In addition, we assume that 
the atomic transitions are damped by the ordinary vacuum field, N = 0. 

There are a number of theoretical approaches that can be used to calculate 
quantum interference effects in atomic systems. The traditional method to 
analyze the dynamics of atoms interacting with external fields is to derive 
equations of motion for the probability amplitudes or density matrix elements 
in the bare atomic basis and to solve them by direct integration, or by a 
transformation to easily solvable algebraic equations [35, 36, 37, 50]. 

There is an important and interesting way of rewriting the master equa- 
tion (2.75) in terms of superposition operators that, in many respects, is more 
useful than the master equation we have derived. This form of the master 
equation is obtained by transforming the system operators into an appropri- 
ate basis of superposition states. The new basis forms a complete set of states 
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and thus allows for a full description of the physics, and enables one to iden- 
tify quantum interference effects directly in the master equation of a system 
composed of two dipole transitions. For the simple example of a system com- 
posed of two atomic dipole transitions, we introduce linear superpositions of 
the dipole operators, defined as 


Si =uSy +uSz , S, =u'Sy; +u"Sy , 
oe =U = UD: S, =v" Sy, —u'Sy , (3.1) 


a 


where u and v are the transformation coefficients which are in general complex 
numbers. The coefficients form a complete and orthonormal set 


lel? + fol? =1, (3.2) 


which ensure that the transition to the superposition operators is an unitary 
transformation. 
If the superpositions are induced by spontaneous emission, the coefficients 


can be chosen as 
"u= a a ; i pee, ; (3.3) 
Vu+7 V v1+ 2 


where 7; and yz are the spontaneous decay rates of the two dipole transi- 
tions. The parameters u and v given in terms of the decay rates reflect the 
superposition states induced by spontaneous emission, due to the two atomic 
transitions being coupled to each other through the vacuum field. 

Alternatively, in the presence of external fields driving the atomic transi- 
tions, the superposition states can be defined in terms of the Rabi frequencies 
of the driving fields as 


Q Q 
U= : v= (3.4) 


Ji? + [Q2)2 ’ J\Or\2 + [Q2/ 


where Q; and Q2 are the Rabi frequencies of the laser fields driving the atomic 
transitions. 

The operators S and S* represent respectively symmetric and anti- 
symmetric superpositions of the dipole moments of the two bare systems. 
In particular, for a three-level Vee-type atom with ground level |0) and two 
upper levels |1) and |2), the superposition operators are of the form 


st =(sz)'=|s)(0], St = (87)! =|a)(O], (3.5) 


and correspond to dipole transitions between the symmetric and antisym- 
metric superposition states 

|s) = ull) + v2) , 

ja) = v[1) — ul2) , (3.6) 
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and the ground state |0). In this case, the parameters 71, y2 in (3.3) are 
the spontaneous emission rates of the |1) — |0) and |2) — |0) transitions 
respectively. 

Similarly, for a three-level Lambda-type atom with the lower levels |0), 
|1), and upper level |2), the superposition operators take the form 


st = (sz)! =|2)(s], St = (Sz)! =I2)(a1, (3.7) 


where the superposition states are linear combinations of the lower atomic 
states 


|s) = ull) + v0) , 
|a) = v|1) — uO) , (3.8) 


and now 7, Y2 are the spontaneous emission rates of the |2) — |0) and 
|2) — |1) transitions respectively. 

Applying the transformation (3.1) to a Vee-type atom, and assuming that 
the superposition states are induced by spontaneous emission, the dissipative 
part of the master equation (2.69) takes the form 


Lao = —Yss (SIS; 0+ oS; Ss mw oss) 
—Yaa (SiS 0+ 0S2 De = 254 oS) 

—Ysa (S7S, 07-08; Sa = 25, ost) 
) 


as (S55 0+ 05, 5, = 28, 082) (3.9) 
where the damping coefficients are 
vss = ful?ya + lvl? yo + (uo* + u*v) YH , 
Yaa = wl? Ser jul? Yo — (uv* + u*v) V2 , 
Yas = Uy — UV 2 — ((1? — ol?) ne, 
Ysa =U VY, — UW" 72 — ((1? — jw?) 712 - (3.10) 


The first two terms in (3.9) are the spontaneous emission terms of the sym- 
metric and antisymmetric transitions, and the parameters y,, and Yaq are the 
spontaneous emission rates of the transitions, respectively. The last two terms 
are due to coherence between the superposition states and the parameters 
Yas and ysq describe cross-damping rates between the superpositions. 

The dissipative part of the master equation is quite generally independent 
of the configuration of the atomic levels. 


3.1.1 Superpositions Induced by Spontaneous Emission 


Although the two forms (2.69) and (3.9) of the master equation look similar, 
the advantage of the transformed form (3.9) over (2.69) is obtained when the 
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superpositions are induced by spontaneous emission. In this case, the coeffi- 
cients u and v are given by (3.3), and then the damping coefficients (3.10) 
simplify to 


ne 1 (2 +93 + 2112/7172) 


2 Vio ye 
as (/17%2 — V12) /1172 
aa V1 Dts Yo p) 
_ it (y1 — Ya) (/1172 = V12) 
Ysa = Yas = . (3.11) 
2 Vase Yo 


In general, all the damping coefficients are different from zero, but the 
cross-damping rates vanish when the damping rates of the original systems 
are equal (71 = y2 = 7). In this case Ysa = Yas = 0, and then the transitions 
out of or into the symmetric and antisymmetric superposition states decay in- 
dependently with the decay rates (y + 712) /2 and (7 — 712) /2, respectively. 
In other words, for y; = y2 the transformation (3.1) diagonalizes the dis- 
sipative part of the master equation. Furthermore, if 712 = \/7172, which 
corresponds to the case of parallel dipole moments of the two atomic transi- 
tions, the damping parameters Yaq = Ysa = Yas = 0 regardless of the ratio 
between 7; and 7. In this case, the antisymmetric superposition state does 
not decay. This implies that spontaneous emission can be controlled and even 
suppressed by appropriately engineering the cross-damping rate 712 arising 
from the dissipative interaction between two atomic transitions. 

The basic feature induced by the cross-damping rate 7; (¢ A j) on the 
atomic dynamics is the existence of an antisymmetric superposition state 
whose decay rate may be greatly reduced or even completely suppressed. 
The modification of the spontaneous emission rates is an example of quantum 
interference between two atomic transitions in that the spontaneous emission 
from one of the transitions modifies the spontaneous emission from the other. 

The preceding discussion focused on the dissipative part of the mas- 
ter equation, and explored the physical significance of the cross-damping 
term 7;;. Consider now the coherent part determined by the Hamiltonian Hy, 
given in (2.73), which contains the contribution from the vacuum induced co- 


herent couplings 5(P) In terms of the superposition operators hg and ea 
the Hamiltonian (2.73) takes the form 


Hr = —h{[Az + (ul? - Me A] StSz + [Ar — (lul? — |u|?) A] StSz 
+Az, (uv* — u*v) (SS7 — S785) 
} 
S 


+A (uv* + u*v) (SPS, “LE gts: 


+n? [(uv* + u*v) (SPS> —S 
— (lul? — lol?) (S385 + S735) 


a) 


s 


} 


_ {(uQy a vQ2) Si + + (VQ == uQz2) Ge — H.c. } F (3.12) 
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where Ay = wy — (w1 + w2) /2 is the detuning of the laser frequency from 
the average of the atomic transition frequencies, and A = (wz —w}) is the 
frequency splitting of the upper energy levels. 

The first term in (3.12) arises from the Hamiltonian H, and shows that 
the energies of the symmetric and antisymmetric superpositions, as given by 
the coefficients of the S/S; and SS, terms, depend on the spontaneous 
emission rates y; and the splitting A between the atomic transition frequen- 
cies. (The terms in Ay, represent an equal shift of the |s) and |a) levels.) In 
addition, the splitting A introduces a direct coupling between the superposi- 
tion states, which is characterized by the terms involving the cross products 
StS, and S}S>. If the atomic transitions are degenerate, A = 0, and the 
spontaneous emission rates are equal (y; = 72) so that u = v, then the su- 
perposition states have the same energy and there is no contribution to the 
direct coherent evolution from the Hamiltonian H,. 

The second term in (3.12), proportional to the vacuum induced coupling 
it) has two effects on the dynamics of the symmetric and antisymmetric 
superpositions. The first is a shift of the energies and the second is a direct 
coupling between the superpositions. It is seen from (3.12) that the contribu- 
tion of 6(t) to the coherent coupling between the superpositions vanishes for 
V1 = Y2 (u = v) and then the effect of 5(t) is only a shift of the energies from 
their unperturbed values. Note that the parameter 5{t) shifts the energies in 
opposite directions. 

The remaining term in (3.12) represents the interaction of the superpo- 
sitions with the driving laser field. We see that the transition involving the 
symmetric superposition couples to the laser field with an enhanced Rabi 
frequency proportional to uQ, + vQ2, whereas the Rabi frequency of the 
transition involving the antisymmetric superposition is reduced and vanishes 
for vQ, = uQe. 

We may rewrite the Hamiltonian (3.12) in a physically transparent form 
which shows explicitly the physical significance of the vacuum induced cou- 
pling 6{3” 

Hr =-h{(Ar,+ A‘) 87S; + (Ar — A’) SPS, + ASTS7 + AST Ss; } 
_ {(uQy + vQ2) St + (VQ i uQz2) Se = HG} 5 (3.13) 


where A’ and A, are given by 


A! 


1 
5 (lel? — ol?) A — (wo* + uv) 533? , 


1 
(lu? — |v|?) 613? + 5 (uo* +uto) A+ (uo —utv) Az. (3.14) 


A. 


The parameters A’ and A, allow us to gain physical insight into how the 


) 


vacuum induced coupling 5 (t and the frequency difference A can modify the 
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dynamics of the Vee-type atom. The parameter A’ appears as a shift of the 
energies of the superposition states, whereas A, determines the magnitude 
of the coherent coupling between the superposition states. Regarding the 
vacuum induced coupling 5) its effect on the atomic dynamics depends on 
whether y, = y2 or ¥1 # Yo. For 71 = y2 the parameters (3.14) reduce to 


VSG B= sa | (3.15) 


whereas for 7, 4 y2, the parameters become 


1 = 2 
Re s(t) | 
271+ Y2 V1 +2 
Ro VE (3.16) 
ol maa 2 5 aaa 


Thus, for 7; = y2 the vacuum induced coupling appears only as a shift of the 
superposition states. However, for 7, # 7y2, the parameter 5h) affects both 
the shift and the coupling of the superposition states. The vacuum coupling 
6() can have a constructive as well as destructive effect on the parameters 
A’ and A,. For example, if the atomic transitions are degenerate, A = 0, 
then the parameters A’ and A, are nonzero only if the vacuum coupling is 
included. On the other hand, for nondegenerate atomic transitions, A 4 0, 
the vacuum coupling can have a destructive effect on A’ and A,, in that the 
parameters can vanish. The shift A’ vanishes when 


A) 
a VE (3.17) 
Vie Y2 


whereas the coherent coupling A, vanishes for 


A= ae 5h) (3.18) 


Obviously, with the condition (3.18) and 72 = \/7172, the antisymmetric 
state completely decouples from the remaining states and therefore becomes 
a non-interacting (dark) state. In this case, the dynamics of the three-level 
atom reduces to that characteristic of a two-level atom. 

Thus, the condition 712 = ,/7172 for suppression of spontaneous emission 
from the antisymmetric state is valid for degenerate as well as nondegen- 
erate transitions, whereas the coherent coupling between the superposition 
states appears only for nondegenerate transitions with different transition 
frequencies. 

Following our procedure, we can also analyze the dynamics of a Lambda- 
type atom in the basis of the superposition states. Hence, consider a three- 
level Lambda-type atom composed of a single upper level |2) of energy E2 = 0, 
and two ground levels |1) and |0) of energies Ey = —hw, and Ey = —hwy, 
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respectively. The upper level is connected to the ground levels via transition 
dipole moments f42; and pa9, and the transition between the lower levels is 
forbidden in the electric dipole approximation. Applying the transformation 
(3.1) to the master equation (2.69), we obtain the master equation with the 
dissipative part of the same form as (3.9), but with the Hamiltonian Hy of 
the form 


Hp Shy Apt AS: 6) Ape na) SoS) ASS) 4 AS, Ss. 
—ih {(uQy + v2) SF + (vO, — uN.) SF —He.} . (3.19) 


Comparing (3.19) with the Hamiltonian (3.13) for the Vee-type atom, one 
notices that the master equations of the two systems are of the same type. 
The only difference is that the ordering of the superposition operators in 
(3.19) is the reverse of that for the Vee system. Thus, we expect that the 
dynamics of a three-level Lambda-type atom are similar to the dynamics of 
a three-level Vee-type atom. 

In the following chapters, we illustrate various spectroscopic effects in 
three-level atoms paying particular attention to effects arising from the pres- 
ence of interference terms in the master equations. 


3.2 Multi-Atom Superposition (Entangled) States 


The quantum phenomenon of entanglement is the one that is most at odds 
with classical mechanics. The term was introduced by Schrodinger in his 
discussions of the foundations of quantum mechanics [3]. Entanglement is 
a property of two or more systems that has no analogue in the classical 
theory. It is also a topic of great current interest, because it provides the 
basis for many new applications, ranging from quantum information pro- 
cessing, cryptography and quantum computation to atomic and molecular 
spectroscopy. Information encoded in entangled states may be transmitted 
with absolute safety against eavesdropping, processed in massively parallel 
ways by a quantum computer, or used for quantum teleportation, the repro- 
duction of an object at a different place in space and time. These practical 
implementations all stem from the realization that we may control and ma- 
nipulate quantum systems at the level of single atoms and photons to store 
and transfer information in a controlled way and with high fidelity. 

In this section, we consider multiatom superposition states, which are also 
entangled states, as a basis for representing the density operator. 


3.2.1 Entanglement 


Consider a quantum system that is composed of two subsystems A and B 
(which need not interact). We first suppose that the composite system is 
in a pure state: that is, it can be represented by a single wave function. If 
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the wave function of the composite system can be written as the product 
of a wave function for system A with a wave function for system B, the 
state of the composite system is said to be separable; if the wave function 
cannot be written in this form, the state of the composite system is said to 
be nonseparable, or more commonly, entangled. As a simple example we may 
consider two subsystems such that each consist of two states — for example, 
two-level atoms. Another example of a suitable subsystem is that of a photon 
in which the two states are the horizontal (H) and vertical (V) states of its 
polarization. Taking the the latter case to be definite, examples of separable 
and entangled states are: 


|Ha)|Hp) — separable , 
|Ha)|Vp) — separable , 
(\H4)|Hg) + (/Va)|Ve))/V2 — entangled , (3.20c 
((H4)|Ve) + (\Va)|Hp))/V2  — entangled . (3.20d 


States having the structure of the last four states, (3.20c) and (3.20d), are 
called Bell states, and are examples of maximally entangled states. 

For a composite system which must be described by a density matrix, 
rather than a pure state, the system is said to be separable if the composite 
density matrix can be written in the form 


oan => DroKOR (3.21) 
k 


otherwise the system is said to be entangled. The p; are constants, and of 
and @P are the reduced density matrices for subsystem ‘A’ and subsystem 
‘B’ respectively. 

Entangled states of a multi-partite system have the astonishing property 
that the results of a measurement on one subsystem cannot be specified inde- 
pendently of the results of measurements on the other subsystems, even when 
the subsystems are noninteracting, and may be very far from one another: in 
other words, for entangled states, the subsystems can no longer be considered 
as independent. 

When we study decoherence, we are looking at a composite system con- 
sisting of the ‘system of interest’ (usually just called the ‘system’) and a 
‘reservoir’ with which the system interacts. The properties of the reservoir 
are usually of no interest, or cannot be measured in practice. It is the en- 
tangling of the degrees of freedom of the system with the unobserved (or 
unobservable) degrees of freedom of the reservoir that leads to decoherence. 
(We include in our use of the term decoherence dissipative processes, such as 
spontaneous emission, in which energy is lost from the system to the reser- 
voir.) 

We shall illustrate entanglement creation in a simple system of two two- 
level atoms and explore its relation to quantum interference [50]. The pro- 
cedure can be easily extended into multi-atom systems or multi-level atoms. 
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A single two-level atom is an example of the simplest quantum bit of infor- 
mation, or qubit, the basic building block in quantum information processing. 


3.2.2 Two Interacting Atoms 


The modification of spontaneous emission by collective damping and in par- 
ticular the presence of the dipole—dipole interaction between atoms suggests 
that the bare atomic states are no longer eigenstates of the atomic system. 
We illustrate this on a system of two atoms, identical as well as noniden- 
tical, and present a general formalism for the diagonalization of the atomic 
Hamiltonian with respect to the dipole—dipole interaction. 

In the absence of the dipole—dipole interaction and the driving laser field, 
the space of the two-atom system is spanned by four product states 


[0)110)2,  |1)1/0)2, |O)ildj2,  [1)il1)o, (3.22) 


with corresponding energies 
1 1 
Foo = —hwo , Fig = —5hA » fo = ghA » Ey, =hwo, (3.23) 


where, as usual, wo = (W1 + we) /2 and A = (we — w}). 

The product states |1)1|0)2 and |0);|1)2 form a pair of nearly degenerate 
states with the energy splitting 2hA. When we include the dipole—dipole 
interaction between the atoms, the product states combine into two linear 
superpositions (entangled states), with their energies shifted from the unper- 
turbed values thA/2 by the dipole—dipole interaction energy. To see this, 
we begin with the Hamiltonian of the two atoms including the dipole—dipole 
interaction 


2 
Hoa = > hw,SP +h YS” Aig SPS; . (3.24) 
i=1 iAj 
In the basis of the product states (3.22), the Hamiltonian (3.24) can be writ- 
ten in matrix form as 


—w 0 0 0 
= 0 —sA Aj. 0 

Haa=h} g 42, LA 9 (3.25) 
0 0 0 uw 


Evidently, in the presence of the dipole—dipole interaction between the 
atoms the matrix (3.25) is not diagonal, which indicates that the product 
states (3.22) are not the eigenstates of the interacting atoms. We will diag- 
onalize the matrix (3.25) separately for the case of identical (A = 0) and 
nonidentical (A # 0) atoms to find eigenstates of the interacting system of 
atoms and their energies. 
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3.2.3 Entangled States of Two Identical Atoms 


Consider first a system of two identical atoms (A = 0). In order to determine 
the energies and corresponding eigenstates of the system, we diagonalize the 
matrix (3.25). The resulting eigenstates of the system, first introduced by 
Dicke, are the so-called collective states or “molecular eigenstates” [49] 


g) = |0)1|0)2 , 
1 
s) = 75; ([1)1|0)2 + |0)1|1)2) , 
1 
a) = 55 ({1)1|0)2 — |0)1/1)2) , 
e) = [1)i[L)2 , (3.26) 


with corresponding nondegenerate eigenvalues (energies) 
E,=—hwo, E,=fAy, E,=—hAi, Ee = hwo. (3.27) 


The eigenstates (3.26) form a complete set of states. The ground state 
|g) and the upper state |e) are not affected by the dipole—dipole interaction, 
whereas the states |s) and |a) are shifted from their unperturbed energies by 
the amount +Aj2, the dipole—dipole energy. The most important property 
of the collective states |s) and |a) is that they are maximally entangled states 
of the two-atom system. The states are linear superpositions of the product 
states that cannot be separated into product states of the individual atoms. 


s> 


A 


Fig. 3.1. Collective states of two identical atoms. The energies of the symmetric 
and antisymmetric states are shifted by the dipole—dipole interaction A12. The 
solid arrows indicate one-photon transitions, and the dashed arrows indicate a two- 
photon transition 
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We show the collective states of two identical atoms in Fig. 3.1. It is seen 
that in the collective states representation, the two-atom system behaves as a 
single four-level system, with the ground state |g), the upper state |e), and two 
intermediate states: the symmetric state |s) and the antisymmetric state |a). 
The energies of the intermediate states depend on the dipole—dipole interac- 
tion and suffer a large shift when the interatomic separation is small. There 
are two transition channels |e) + |s) — |g) and |e) > |a) — |g), each with 
two cascaded, nondegenerate transitions. For two identical atoms, these two 
channels are uncorrelated, but the transitions in these channels are damped 
with significantly different rates. To illustrate these features, we transform 
the master equation (2.99) into the basis of the collective states (3.26). We de- 
fine collective operators A;; = |¢)(j|, where i, 7 = e, a, 8, g, that represent the 
energies (i = j) of the collective states and coherences (i 4 7). Using (3.26), 
we find that the collective operators are related to the atomic operators S; 
through the following identities 
i| 
Sy = V2 (Aes _ Aca =F Ay i Aag) ’ 

i 
Ss = Va (Agen Acar Asp aceie! 5 (3.28) 

Substituting the transformation identities into (2.99), we find that in the 
basis of the collective states the master equation of the system can be written 
as 


O i O 0 
He = ~zlHonel+ (se) +(e) (3.29) 


where 


Has =f [wo (Age = Aya) + Aye (Ass _ Aaa)| 
h ; 
3/8 (Q1 + Q2) (Aes + Agg) eetten) 4 H.| 
h 
"25 (Q2 — 91) (Aca —Ag,)eleet tee) 4 H.c.| , (3.30) 


is the Hamiltonian of the interacting atoms and the driving laser field, 


ate 9 
VARA So Anta) (3.31) 


(5) eget Mee ree eee ee 


describes dissipation through the cascade |e) + |s) — |g) channel involving 
the symmetric state |s), and 


O 1 
(5) = =) (7 _ 712) [(Ace ate Aaa) o+eo (Ace =f Aaa) 


=o (Age ~~ Aga) Q (Ags ae Aag)| ’ (3.32) 
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describes dissipation through the cascade |e) + |a) — |g) channel involving 
the antisymmetric state |a). 

We will call the two cascade channels |e) + |s) + |g) and |e) > |a) — |g) 
symmetric and antisymmetric transitions, respectively. The first term in Ha; 
is the energy of the collective states, whereas the second and third terms 
are the interactions of the laser field with the symmetric and antisymmet- 
ric transitions, respectively. The symmetric state couples to |g) and |e) with 
an enhanced Rabi frequency (Q1 + Q2)/ V2, whereas the antisymmetric state 
couples to |g) and |e) with a reduced Rabi frequency (Q2—4)/V2. The most 
important property arising from the master equation (3.29) is that the sym- 
metric and antisymmetric channels are uncorrelated and decay with different 
rates; the symmetric transitions decay with an enhanced (superradiant) rate 
(y + y12), while the antisymmetric transitions decay with a reduced (subra- 
diant) rate (y — 712). For y12 = 7, which according to (2.91) appears when 
the interatomic separation is much smaller than the resonant wavelength, 
the antisymmetric transition decouples from the driving field and does not 
decay. In this case, the antisymmetric state is completely decoupled from the 
remaining states and the system decays only through the symmetric chan- 
nel. Hence, for 712 = y the system reduces to a three-level cascade system, 
referred to as the small-sample model or two-atom Dicke model [49, 50]. The 
model assumes that the atoms are close enough for us to ignore any effects 
resulting from different spatial positions of the atoms. In other words, the 
phase factors exp(ik - r;) are assumed to have the same value for all the 
atoms, and are set equal to one. This assumption may prove difficult to real- 
ize experimentally as present atom trapping and cooling techniques can trap 
two atoms at distances of the order of a resonant wavelength. At these dis- 
tances the collective damping parameter 712 differs significantly from y (see 
Fig. 2.2), and we cannot ignore the transitions to and from the antisymmetric 
state. We can, however, employ the Dicke model to spatially extended atomic 
systems. This could be achieved assuming that the observation time of the 
atomic dynamics is shorter than y~!. The antisymmetric state |a) decays on 
a time scale ~ (y — y12)~', which for 712 ~ y is much longer than y~*. On 
the other hand, the symmetric state decays on a time scale ~ (y + Y12)71, 
which is shorter than y~!. Clearly, if we consider short observation times, 
the antisymmetric state does not participate in the dynamics and the system 
can be considered as evolving only between the Dicke states. 

Although the symmetric and antisymmetric transitions of the collective 
system are uncorrelated, the dynamics of the four-level system may be sig- 
nificantly different from the three-level Dicke model. 


3.2.4 Entangled States of Two Nonidentical Atoms 


The dipole—dipole interaction between two identical atoms leads to the max- 
imally entangled symmetric and antisymmetric states that decay indepen- 
dently with different damping rates. Furthermore, in the case of small sepa- 
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rations between the atoms, the antisymmetric state decouples from the exter- 
nal coherent field and the environment, and consequently becomes optically 
inactive. The decoupling of the antisymmetric state from the coherent field 
protects the state from external perturbations. This is not, however, an useful 
property from the point of view of quantum state manipulation and quantum 
computation where it is required to prepare entangled states that are decou- 
pled from the external environment, but should be simultaneously accessible 
by coherent processes. This requirement can be achieved if the atoms are not 
identical, and we discuss here some consequences of the fact that the atoms 
could have different transition frequencies or different spontaneous emission 
rates. To make our discussion more transparent, we concentrate on two spe- 
cific cases: (1) A #0 and 7 = 72, and (2) A=0 and y, ¥ 72. 


The Case A # 0 and y1 = 72 


When the atoms are nonidentical with different transition frequencies, the 
states (3.26) are no longer eigenstates of the Hamiltonian (3.24). The diago- 
nalization of the matrix (3.25) with A ¥ 0 leads to the following eigenstates 
of the interacting nonidentical atoms 


lg) = |0)1|0)2 , 
|s’) = Bl1)1|0)2 + a@|0)i|1)2 , 
|a") = al1)1|0)2 — B|0)1|1)2 , 
e) = [1)i|L)2 , (3.33) 
with corresponding energies 
Ey = —hwo 5 Ew = —hw 5 Es = hw 5 Ee = hwo 5 (3.34) 


where 


ar _e C= Ain | w—=./ A2 44K (3.35) 
ae Na = Naan as © tre eC ayer. Ne 
1 lies 
d=5A+ /Aj, + 7A?. (3.36) 


The energy level structure of the collective system of two nonidentical 
atoms is similar to that of the identical atoms, with the ground state |g), the 
upper state |e), and two intermediate states |s’) and |a’). The effect of the fre- 


quency difference A on the collective atomic states is to increase the splitting 
1/2 


and 


between the intermediate levels, which now is equal to w = (A?, + A?/4) 
However, the most dramatic effect of the detuning A is on the degree of 
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entanglement of the intermediate states |s’) and |a’), in that for the case 
of nonidentical atoms the states are no longer maximally entangled states. 
For A = 0 the states |s’) and |a’) reduce to the maximally entangled states 
|s) and |a), whereas for A >> Aj2 the entangled states reduce to the product 
states |1)1|0)2 and —|0)1|1)2, respectively. The less than maximally entangled 
states (3.33) can be represented in terms of the maximally entangled states 
(3.26) as 


Ja’) = 5 [(6 + a) la) — (8 — a) |)] - (3.37) 


Using the same procedure as for the case of identical atoms, we rewrite 
the master equation (2.99) in terms of the collective operators A;; = |¢)(j], 
where now the collective states |i) are given in (3.33). First, we find that in 
the case of nonidentical atoms the atomic dipole operators can be written in 
terms of the linear combinations of the collective operators as 


Sy = aAes — BAea! oF BAs'g ap aAa'g ) 
Ss = BAes! + aAea! + aAs'g — BAa'g . (3.38) 


Hence, in terms of the collective operators A;;, the master equation takes the 
form 


1 


where 
Ay) = hi [wo (Ace = Agg) + w (Ags _ Aa'a’)| 
h 
—5 {[(a%1 + 8%) Aes + (8M + aM) Agia] elette) 
f [((aQe — BQ) Aea! 
— (BMz — AM) Agrgleetten) 4 H.c.} (3.40) 
is the Hamiltonian of the system in the collective states basis, and the Liou- 


ville operator Lo describes the dissipative part of the evolution. The dissipa- 
tive part is composed of three terms 


c= (30) +(B3). (8), 


where 
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—N 
2|& 
Loa) 
NY 
D 
| 


= —~Ys! {(Ace ae Asg’s) Q Si Q (Ace =F Asg'5') 


=z (Ag c0Aes! 5 Ags'QAs'q)} 
~~ (aby aE 712) (Asrc0As'g + Ags’ 0Aes') 5 (3.42) 


O 
(5) = —Ya’ {(Ace a Aa'a') Q et Q (Age as Aa'a') 


=2 (Age0Aea! I Alga oAa'g)} 
_ (apy = 712) (AgeoAatg + Aigé?0Acat) 5 (3.43) 


O 
(52) = —~Ya! 8! {(Aars lk Asia’) O+ @ (Aas: + Asia’) 
I 


Ot 
= 2 (Aga 0As'g = Ags! 0Aa’g ale Age 0Aca! Fle Agq'eoAes’)} 
4 (a? _ G7) a {Age0As'g + Ags! 0Aea’ 
+Asre0Aa'g F Agee oAes’} ’ (3.44) 


with the damping coefficients 


1 1 
= 5 (y + 203712) 5 Val = 9 (y = 2a8712) ) 
1 
Ya's! = 5 (a? = Oe) Y12 - (3.45) 


The dissipative part of this master equation, unlike the case of identical 
atoms, contains an interference term between the symmetric and antisymmet- 
ric transitions. The terms (3.42) and (3.43) describes spontaneous transitions 
in the symmetric and antisymmetric channels, respectively. The coefficients 
ys and Yq are the spontaneous emission rates of the transitions. The interfer- 
ence term (3.44) results from spontaneously induced coherences between the 
symmetric and antisymmetric transitions. This term appears only in systems 
of atoms with different transition frequencies (A # 0), and reflects the fact 
that, as the system decays from the state |s’), it drives the antisymmetric 
state, and vice versa. Thus, in contrast to the case of identical atoms, the 
symmetric and antisymmetric transitions are no longer independent and are 
correlated due to the presence of the detuning A. Moreover, for nonidentical 
atoms the damping rate of the antisymmetric state cannot be reduced to 
zero. In the case of interatomic separations much smaller than the optical 
wavelength (the small sample model), the damping rate reduces to 


1 


Yar = 570-8) (3.46) 


which is different from zero, unless A = 0. 
Figure 3.2 shows the damping rate 7,’ as a function of A for different in- 
teratomic separations. The damping rate attains a minimum at A = 0, which 
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Fig. 3.2. The spontaneous emission damping rate y, as a function of A for w L 
712, and different interatomic separations: r21/A0 = 0.05 (solid line), r21/Ao = 0.1 
(dashed line), r21/Ao = 0.25 (dashed-dotted line) 


is close to zero for very small interatomic separations. For larger separations, 
the damping rate is reduced only in a very narrow range of A. However, for 
small interatomic separations there is a significant range of A for which the 
spontaneous emission rate in the antisymmetric channels Yq < ¥. 


The Case A = 0 and 1 F 72 


The Hamiltonian (3.24) for two atoms with equal transition frequencies (A = 
0) is diagonal in the basis of the collective states of two identical atoms. This 
suggests that the dynamics of two nonidentical atoms with equal transition 
frequencies but different transition rates can be completely described in terms 
of the collective states of two identical atoms. However, for 71 #4 y2, the 
dissipative part of the master equation of the system is not diagonal in the 
basis of the collective states (3.26), and can be written as 


1 
Lo= 5 (v1 +2 + 2y12) (SP SF 0+ oSTST — 2S; 0ST) 


1 
5 (¥1 +72 — 212) (STS7 0+ oSTS, — 257 0ST) 
1 
a5 eae) (SIS, 0+ oS}Sz — 257 0S; 
1 
5 = 2) (STS; 0+ oStS; =25;, ost) ’ (3.47) 


where St = (S$ +S¥)/V2 and St = (S$ — S$) /V2 are the symmet- 
ric and antisymmetric combinations of the atomic operators, respectively. 
There are four terms in the dissipative part of the master equation. The first 


nd 
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two terms describe dissipation through the symmetric and antisymmet- 
ric channels, and the remaining two terms are due to coherences between 
those two channels. The damping rate of the transitions involving the an- 
tisymmetric state is nonzero, even for small interatomic separations, where 
io (y172)'/”. 

We can simplify the dissipative part (3.47) by introducing new basis 
states, which allow us to obtain a simple physical interpretation of the differ- 
ent processes involved in the dynamics of two nonidentical atoms. This can 
be done by choosing the following collective basis states 


la) = |0)110)2 
I+) = ciao (/7l1)110)2 + V710)111)2) 5 
le) = Sale (3.48) 


The collective states (3.48) differ from those for identical atoms in that the 
states |+) and |—) are non-maximally entangled states. For y1 = 72, the 
states coincide with the maximally entangled states of two identical atoms, 
whereas for either y,; >> y2 or 71 < yo, the entangled states reduce to the 
product states |1),;|0); (¢ # j). In the general case of 71 # 7y2, the states 
|+) and |—) can be represented by linear superpositions of the maximally 
entangled states (3.26) as 


(2 al a 


2 (y1 + 42) 
a er lon ele. OS) 
2 (yi + Y2) 


which clearly shows that in the case of identical atoms (71 = y2), the states 
|+) and |—) reduce to the maximally entangled states |s) and |a), respectively. 
We can also introduce superposition operators 


Sp Fare vst + /7253) ’ 


SS (3.50) 


— (7287 - - Vn Sz) ’ 


which in the basis of the collective states (3.48) take the following form 
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St = (Sy)' =I+)(91 


= 2 Vya7ale)(+| — (91 — 72) le)(-I] 


st = (87) =|-)4al 


+e RV TBO-1+ wll. 51) 
Before proceeding further, it is worth pointing out the physical significance of 
the various terms in (3.51) to gain insight into the underlying dynamics of the 
two nonidentical atoms. We see that as in the case of identical atoms, there 
are two excitation channels: the symmetric channel |g) — |+) — |e) and the 
antisymmetric channel |g) + |—) > |e). The channels are correlated in such 
a way that unequal damping rates correlate transitions only from the upper 
state to the intermediate states, while the transitions from the intermediate 
states to the ground state are independent of each other. 

Next, we write the dissipative part of the master equation in terms of the 
superposition operators (3.38). From the master equation (2.99), or trans- 
forming the dissipative part (3.47) into the representation in terms of the 
superposition operators (3.51), we obtain 


Lo=—-Y44 (STSpo+ O87 Si. — 25. 05. 
—y__ (STS 0 + 0S! S~ —2S7 0S 
—y4_ (SPST o+ eSTS_ — 2S_ 0S) 


SS a a Ss 


—y_4 (STSY 0+ oSTSY — 287 0ST) , (352) 
where the damping coefficients are 
1 V 172 (12 — V1 72 
ee Ss ra) + ( Mi, 
2 Sis ye 
= (/117%2 — 12) /772 
_ oie ane) : 
1 yn =e) 11792 = Fe 
Yt- = Y-+= Pie) Wai i) (3.53) 
2 Sie V2 


The damping rates y__, y_+ and y,_ are of importance only for systems of 
atoms separated by intermediate or large distances relative to the resonance 
wavelength, where 712 < \/7172- For small atomic separations, 712 = \/7172; 
and then the spontaneous emission rates y__, y_4 and y,_ vanish regardless 
of the ratio between 7, and 7. In this case, the antisymmetric state |—) 
does not decay and also decouples from the symmetric state |+). Thus, for 
nonidentical atoms the state |—) behaves similarly to the antisymmetric state 
|a) characteristic of two identical atoms. 

The above analysis show that in the small sample model, the transitions 
|+) — |g) and |—) —> |g) are not correlated by spontaneous transitions. 
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However, the transitions can be correlated by coherent processes contained 
in the system Hamiltonian (2.100). These processes can coherently couple the 
symmetric entangled state |+) to the nondecaying antisymmetric state |—). 
To check this, we write the Hamiltonian (2.100) in terms of the Se and S* 
operators as 


H, = —hA, (StS; + StS7) 


A ; 
+h— 4 [2, arya (SEST — STST) + (11 — ») (SPST + STSz)] 
ata 90 
=; (Q,Sf+0_St+H.c.) , (3.54) 


where 


eae (/m01 oF W722) ’ 


Fire 


Q CFO = OD + (3.55) 


= 


are the Rabi frequencies of the symmetric and antisymmetric transitions, 
respectively, and A; = wy — wo is the detuning of the laser field from the 
atomic transition frequency. 

The first term in (3.54) arises from the atomic Hamiltonian and shows that 
in the absence of the interatomic interactions the symmetric and antisym- 
metric states have the same energy. The second term in (3.54), proportional 
to the dipole—dipole interaction between the atoms, has two effects on the 
dynamics of the symmetric and antisymmetric entangled states. The first is 
a shift of the energies and the second is the coherent interaction between the 
entangled states. It is seen from (3.54) that the dipole—dipole interaction 
shifts the energies in the opposite directions. The third term in (3.54) rep- 
resents the interaction of the superpositions with the driving laser field. We 
see that the symmetric transitions couple to the laser field with an enhanced 
Rabi frequency 92,, whereas the antisymmetric transitions are coupled with 
the reduced Rabi frequency Q_. 

It is convenient to reparametrize the Hamiltonian (3.54) in order to ex- 
plore the presence of the coherent coupling between the symmetric and anti- 
symmetric states 


H, = —h|(Ar — A’) STST + (A, +A’) SST] 


—hA, (STS + STS) — sh (0,57 +Q_S*+H.c.) , (3.56) 


where the parameters A’ and A, are given by 


2 = 
A NES 9 De he (3.57) 
oes cat 9) es Be 
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The parameters A’ and A, allow us to gain physical insight into how the 
dipole—dipole interaction A;z and the unequal damping rates 71 # yo can 
modify the dynamics of the two-atom system. The parameter A’ represents 
a shift of the energies of the entangled states due to the dipole—dipole inter- 
action between the atoms. The shift depends on Aj2 and the ratio 72/71. For 
yo = 1 the shift is maximal and equal to Aj2, and decreases with increas- 
ing or decreasing 72/71. The parameter A, determines the coherent coupling 
between the entangled states, and is nonzero only for nonidentical atoms. In 
contrast to the frequency shift, the coherent coupling increases with increas- 
ing or decreasing 2/71. 

We conclude that spontaneous emission from the antisymmetric state can 
be suppressed for both identical and nonidentical atoms, whereas the coherent 
interaction between the entangled states appears only for nonidentical atoms 
with different spontaneous damping rates. Thus, in two atom systems one 
may create an entangled antisymmetric state, which could be decoupled from 
the external environment and, at the same time, the state could exhibit a 
strong coherent coupling with the remaining states. This coupling can be 
used as a coherent channel for decoherence free transfer of entanglement to 
the antisymmetric state, where it can stay unchanged for a long time. 

The treatment presented in this section can be extended with only a 
minor modification to a number of other schemes of two-atom systems. For 
example, it can be applied to the case of two atoms that experience different 
intensities and phases of the driving field. 


3.3 Experimental Evidence of the Collective Damping 
and Frequency Shift 


The prediction of collective damping resulting from the interaction between 
two atoms separated by a small distance rz; has been realized in very elegant 
experiments performed in the late sixties by Drexhage [53]. The principle of 
the experiments was to observe the effect of a reflecting surface, a so called 
half-cavity, on the spontaneous emission rate of a radiating atom or molecule. 
It was the first step in the study of controlled collective effects in atomic and 
molecular spectroscopy. Typically, an experimental observation of the col- 
lective modification of the spontaneous emission rate, such as superradiance 
and subradiance, requires a large number of atoms confined to a very small 
region, of the order of the resonant wavelength of the atomic transitions. The 
experiments of Drexhage were the first which demonstrated a modification 
of the spontaneous damping rate of a single two-level atom kept at a fixed 
distance r from a metallic mirror. This system is formally equivalent to two 
identical atoms separated by the constant distance rg; = 2r, where the role 
of the second atom is played by the mirror image, located at a distance r 
behind the mirror, of the physical atom. In the experiments, they studied the 
fluorescence from a thin layer of optically excited organic-dye molecules that 


3.3 Experimental Evidence of the Collective Damping and Frequency Shift 105 


were separated from a metallic mirror by a dielectric layer of known thick- 
ness. The sample was composed of a glass plate with a gold coating covered 
with a certain number of CdCg9 spacer layers on top of which a monomolec- 
ular layer of the dye (europium) molecules was deposited. In order to avoid 
the refraction at the layer-air interface, the sample was placed at the cen- 
ter of a cylindrical cell filled with a liquid whose refractive index matches 
the index of the layer system. The sample was excited with ultraviolet light 
from a high-pressure mercury arc, which was chopped by a rotating disc into 
pulses with a sharp cutoff. The fluorescence field emitted by the sample was 
detected by a photomultiplier tube and the fluorescence intensity recorded 
by a sampling technique. These experiments showed variations in both the 
spontaneous emission rate and the angular distribution of the fluorescence 
due to the spatial variation and anisotropy of the vacuum field. 

The experimental results were compared to the theoretical formulae for 
the spontaneous emission rate of an atom radiating in front of a mirror. The 
theoretical formulae for the modified spontaneous emission rate of an atom 
whose transition dipole moment is parallel or perpendicular to the perfectly 
reflecting mirror plane can be found from (2.58) and (2.59) by removing the 
partly reflecting mirror. This is realized by taking the limits R — 0 and 
L — o while maintaining a fixed distance r, from the atom to the perfectly 
reflecting mirror. In this limit, with the dipole moments oriented parallel to 
the perfectly reflecting mirror plane, the spontaneous emission rate (2.58) 
reduces to 


3 il 
yi = ta ff du (1 + u*) sin? (kor zu) ; (3.58) 
0 


whereas for dipole moments oriented perpendicular to the mirror plane, (2.59) 
reduces to 


1 
Vij = 37% | du (1 —u*) cos? (korzu) . (3.59) 
0) 


The integrals that appear in (3.58) and (3.59) can be evaluated analyti- 


cally, and we find that the expression for yi 


x oepeaed ged, | OR eNO) 
me 2 Chore? 


sin (2korz) 1 
Sn hor (: ae) |} (3.60) 


and Vij take the form 


and 


cos (2kor2) | 4 sin a) (3.61) 


ee an: 
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Thus, even in the presence of a single mirror, the spontaneous emission rate 


of the atom is altered from its free space value. For very small distances from 


the mirror, where 2kor, < 1, the spontaneous emission rate yi is suppressed 


(v1, ~ 0), whereas V5 is enhanced (15 ~ 27;;). As the distance from the 
mirror becomes large compared to the radiation wavelength (2k9r, > 1), 
the spontaneous emission rates both tend to the free-space value y;;. The 
vanishing of the spontaneous emission rate from a parallel dipole is due to 
cancellation between the physical dipole and its inverted image. Similarly, the 
doubling of the spontaneous emission rate from a dipole normal to the mirror 
is due to constructive interference of the radiation fields when the image 
dipole is included. The results (3.60) and (3.61) have been obtained from the 
three-dimensional and fully quantum treatment of the interaction, and are 
in perfect agreement with the fully classical treatment of Drexhage [53] and 
Morawitz [54]. 
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Fig. 3.3. Measured spontaneous decay time (solid circles) of the europium complex 
as a function of the distance from a gold mirror. The solid line indicates the the- 
oretical average spontaneous decay time T/Tiree = Yij/Vij;, Where Tiree is the decay 
time in the absence of the mirror 


Since in the experiments the radiating dipole moments had isotropic spa- 
tial distributions, the combined expressions (3.60) and (3.61) give the average 
spontaneous emission rate 

ati 2 
Vij = 3 Vii a3 3 lt ‘ (3.62) 

Figure 3.3 shows the experimental data (solid circles) together with the 
theoretical predictions for the average spontaneous decay time t = 1/77. For 
large distances of the atom from the mirror, the experimental results agree 
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with the theoretical predictions, but they disagree for small distances. As ex- 
plained by Drexhage, the deviations occurring at small distances were caused 
by energy transfer to the metallic mirror plate, the probability of which is 
very large at small distances. This process is absent for dielectric mirrors. 
The experiments showed clearly that the rate of spontaneous emission near 
a mirror is a function of the distance from the mirror. 

The dependence of the spontaneous emission rate on the distance from 
the mirror can be explained in terms of quantum interference between re- 
flected and unreflected beams of the emitted light. The amplitude of the field 
detected by a detector located in the far field zone from the system is a su- 
perposition of the reflected and unreflected fields, and the superposition of 
the fields depends on the path difference between those two fields. 

The modern technology of radio-frequency ion traps has made it possi- 
ble to observe superradiant and subradiant spontaneous emission rates with 
two laser-cooled trapped ions. The interest in experimental testing of multi- 
atom effects using two trapped ions began with the work of Eichmann et 
al. [10]. In the experiment, discussed in the context of complementarity in 
Sect. 1.1.4, they also demonstrated interference fringes in the radiation scat- 
tered by two trapped ions in analogy to the interference fringes in Young’s 
double slit experiment. However, they did not observe collective effects be- 
tween the ions due to large ion—ion separations, r23 > 15A 9, where Xo is 
the resonant wavelength of the radiation. At these separations, the collective 
parameters yi; ~ Ajj © 0. 

The modifications of the spontaneous emission rate due to the collective 
interaction between atoms were first observed by DeVoe and Brewer [55]. In 
their experiment, two barium Bat ions were confined in a spherical Paul trap 
and kept for a long time at constant distances of the order of the resonant 
wavelength, r21 > 2A 9. Because of the small separation between the ions, 
they were able to observe a modification of the spontaneous emission rate of 
the two-ion system due to the presence of the collective interaction between 
the ions. To achieve such small separations between the ions, they developed 
microscopic, strongly confining ion traps of “planar” geometry (80 um ra- 
dius), which are strong enough to bring the ions to separations within 1 um, 
or equivalently in terms of the resonant wavelength, to separations ~ 2p. 

The principal elements of the experimental setup are shown in Fig. 3.4. 
The central element is the planar ion trap producing a quadrupole field from 
flat electrodes with concentric circular apertures. Two identical ions (a two- 
ion crystal) were trapped at a nominal ion—ion spacing of rg; = 1470 nm 
when driven with an 500 V peak field at 93.5 MHz. The ions were laser cooled 
using two frequency stabilized cw dye lasers. In their experiment, the trapped 
ions were essentially motionless and lay at a known and controllable distance 
from one another, permitting the measurement of the collective damping rate 
yi2 as a function of the ion—ion separation r2,. The ion—ion distance was 
varied by changing the de voltage on the trap. The spontaneous emission 
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Fig. 3.4. Experimental setup of DeVoe and Brewer [55] to observe the variation of 
the collective damping rate with the distance between two trapped ions 


rate was measured by a transient technique in which the ions were excited 
by a short pulse and the time of arrival of the fluorescence photons to the 
detector PM was recorded on a time-to-digital converter (TDC). The short 
pulses were generated by two nonlinear electro-optic modulators. 
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Fig. 3.5. Experimental results of DeVoe and Brewer showing the observed sponta- 
neous emission lifetimes of the two-ion system at three different separations between 
the ions with the dipole moments perpendicular to the ion—ion axis. The solid line 
is the theoretical prediction and the dashed line indicates the lifetime of a single 
ion, measured in the same apparatus. The crosses are the measured lifetimes for 
the dipole moments of the ions parallel to the ion—ion axis. From R.G. DeVoe, 
R.G. Brewer: Phys. Rev. Lett. 76, 2049 (1996). Copyright (1996) by the American 
Physical Society 
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Figure 3.5 shows the experimental results and the corresponding theoret- 
ical prediction of the spontaneous emission lifetime 7,5 = 1/712 as a function 
of the ion—ion separation r2;. The experimentally observed lifetime was ob- 
tained for three different separations adjusted by varying the dc voltage on 
the trap. The variation of 75, from enhanced (superradiant) to reduced (sub- 
radiant) values relative to the lifetime of independent atoms was observed 
when the separation was decreased from 1540 nm to 1380 nm. The experi- 
mental results clearly indicated the dependence of the spontaneous emission 
rate on the ion—ion separation, and were in excellent agreement with the 
theoretical predictions. 

The first experimental evidence of the collective dipole—dipole interaction 
between two molecules has been observed in a difficult and pioneering exper- 
iment by Hettich et al. [56]. In practice, it is difficult to bring two atoms or 
molecules close enough to observe the effect of the dipole—dipole interaction 
on the atomic dynamics. As evident from Fig. 3.1, the dipole—dipole interac- 
tion is significant only for interatomic separations r21 < Ag. In addition, two 
trapped ions cannot be kept for long at such small separations due to the re- 
pulsive ion—ion interaction. Therefore, it has been suggested to perform such 
experiments on molecules located in a solid matrix, where it is relatively easy 
to deposit molecules at very small separations, but it still could be difficult 
to locate such molecules for experiments. However, by performing cryogenic 
laser spectroscopy under a scanning probe electrode that induces a local 
electric field, the experimental team resolved a pair of nonidentical molecules 
separated by a distance much smaller than the resonant wavelength. At such 
small separations, the main interaction between the molecules is the collec- 
tive dipole—dipole interaction A;;. In the experiment, fluorescence excitation 
spectroscopy was performed at T = 1.4 K to detect single terylene molecules 
embedded in an organic para-terphenyl crystal with a thickness of about 250 
nm. By monitoring the fluorescence from the molecular pair as a function 
of the detuning of a driving laser whose frequency was scanned through the 
inhomogeneous absorption band of terylene, the team observed a new peak 
in the fluorescence intensity spectrum arising from the two-photon excitation 
of the molecules [57]. 

The experimental results are shown in Fig. 3.6. The observed excitation 
spectrum was composed of three lines; two sideband lines located at the tran- 
sition frequencies of the individual molecules, and a central line located at 
the average transition frequency of the molecules. The sideband lines arise 
from absorption of the excitation field at frequencies equal to the molecular 
transition frequencies, whereas the central line arises from the simultane- 
ous two-photon excitation of the molecules. The central line results from the 
presence of the dipole—dipole interaction between the molecules, which shifts 
the energy levels of the combined molecular system. The shift suppresses the 
probability of one-photon absorption, so that the two-photon transition be- 
comes the dominant radiative channel, which is manifested by an enhanced 
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Fig. 3.6. First experimental evidence of the dipole—dipole interaction potential 
between two molecules observed in the excitation spectrum. From C. Hettich, C. 
Schmitt, J. Zitzmann, S. Ktihn, I. Gerhardt, V. Sandoghdar: Science 298, 385 
(2002). Copyright (2002) AAAS 


simultaneous two-photon absorption by the two molecules. This two-photon 
process, predicted theoretically but not observed in earlier optical studies, 
can only arise in a strongly interacting pair of atoms or molecules. The ex- 
perimentally observed changes in the excitation spectrum confirm that for 
nonidentical atoms the two-photon transitions become important and mani- 
fest the presence of the dipole—dipole interaction between the atoms. 


3.4 General Criteria for Interference in Two-Atom 
Systems 


Here, we derive general criteria for first- and second-order interference in the 
fluorescence field emitted from two identical two-level atoms. Using these 
criteria, we can easily predict conditions for quantum interference in the two- 
atom system. In this approach, we apply the collective states of a two-atom 
system, and write the atomic correlation functions in terms of the density 
matrix elements of the collective system as 


(St Sz) ar (S785 ) = Oss + Coa + 20ee ; 


i ee 1 
(Sy S5 ) = 9 (Gag — Oaa of Qas — Daa) ) 
(8; S38; O3.) = Cee ; (3.63) 
where 0;;(¢ = a, 5,e) are the populations of the collective states and @sa, @as 
are the coherences between the symmetric and antisymmetric states. 


From the relations (2.135) and (3.63), we find that in terms of the density 
matrix elements the first-order correlation function can be written as 
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GO (R,t) = yu(R) {20¢c (t) + Oss (t) + Gaa (t) 
+ [Oss (t) — aa (t)] cos (KR - 721) 
+i [0sa (t) — as (t)] sin (kKR-1a1)} , (3.64) 


and the second-order correlation function (2.136) takes the form 


G) (Ry, t; Ro, t) = 47°v(Ri)u(R2) 
X ee (t) {1 + cos [k (Ri — Re) - rail} . (3.65) 


It is seen from (3.64) that the first-order correlation function can exhibit an 
interference pattern only if 05, # @aq and/or Im(o;,) # 0. This happens 
when the matrix elements (e1| @ (g2|o|e2) ®|g1) and (g1| ® (e2|0\g2) ® |e1) are 
nonzero, i.e. when there are nonzero coherences between the atoms. Note that 
the second-order correlation function is independent of the populations of 
the entangled states 05s, Qaq and the coherences, and exhibits an interference 
pattern when Qee(t) 4 0. 


3.4.1 Interference Pattern with Two Atoms 


We now examine some specific processes in which one could create unequal 
populations of the |s) and |a) states. Consider first the simple process of 
spontaneous emission from two identical atoms, with initially only one atom 
excited. In this case, 0¢-(0) = 0 and 055(0) = @aa(0) = @sa(0) = @as(0) = 1/2. 
In order to find the time evolution of the first-order correlation function, we 
will use the master equation (2.99) and find the time evolution of the relevant 
density matrix elements. From the master equation (2.99) with Q; = Q2 = 0, 
we find that dsa(t) = @Qas(t) = O for all t, and the time evolution of the 
populations @,,(t) and @aqa(t) is given by 


Oss (t) = Oss (0) exp[—(y¥+ N12) #] , 
Caa (t) = Oaa (0) exp [- (y >, 12) t] ; (3.66) 


Since the populations decay with different rates, the symmetric state decays 
with an enhanced rate y +712, whereas the antisymmetric state decays with 
a reduced rate y — y12, and the population @,q_(t) is larger than o,,(t) for 
all t > 0. Hence, an interference pattern can be observed in the first-order 
correlation function for t > 0. Note that this effect arises from the presence 
of the interatomic interactions (yi2 4 0). Thus, for two independent atoms 
the populations decay with the same rate resulting in the disappearance of 
the interference pattern. 

When the atoms are driven by a coherent laser field, an interference pat- 
tern can be observed even for large distances between the atoms [58]. To 
show this, consider two identical atoms driven by a laser field propagating in 
the direction perpendicular to the interatomic axis (kz | 12). In this case, 
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Fig. 3.7. The steady-state population difference 0s; — Qaa as a function of the Rabi 
frequency 2 for r21 = 5Xo and different Az: Ax = 0 (solid line), A, = 2y (dashed 
line), and Ay, = 4y (dashed-dotted line) 


the master equation (2.99) leads to the following steady-state values of the 
relevant density matrix elements 


4 
Qce = Caa = WwW ’ 
04 + 20? (7? + 447) 
Oss = Ww ) 
Cas = Osa = 0 ; (3.67) 


where 
W = 40% + (77 + 4A7) [40? +(y+12)° +4(Ar - Ayo)?| . (3.68) 


It is evident from (3.67) that 0,, > @aa even in the absence of the in- 
teratomic interaction: (yi2 = Ai2 = 0). Hence, the first-order correlation 
function can exhibit an interference pattern, even for large distances between 
the atoms. In this case the interference pattern results from the coherent 
synchronization of the oscillations of the atomic dipole moments by the con- 
stant coherent phase of the driving laser field. In contrast, the second-order 
correlation function can exhibit an interference pattern for an arbitrary exci- 
tation process. The only requirement is to produce a nonzero population in 
the state |e). 

Figure 3.7 shows the steady-state population difference 0,, — Ogq as a 
function of the Rabi frequency for a large interatomic separation rg; = 5Ao 
and different detunings A;. The population difference is large for weak driv- 
ing fields, and reduces to zero for Q >> y. This indicates that no interference 
pattern is observed when the atoms are driven by a strong laser field. For 
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Fig. 3.8. Schematic diagram of the Eschner et al. experiment to observe the in- 
terference pattern in the fluorescence field emitted from a barium ion trapped at 
a fixed distance from the mirror. The insert shows the relevant energy levels of 
the ion. From J. Eschner, Ch. Raab, F. Schmidt-Kaler, R. Blatt: Nature 413, 495 
(2001), with permission 


moderate Rabi frequencies, 2 + 7, the interference pattern may be improved 
by detuning the laser field from the atomic resonance. This is easy to un- 
derstand. For a weak driving field, the fluorescence field is predominantly 
composed of an elastic component and therefore the atoms behave as point 
sources of coherent light producing an interference pattern. Under strong 
excitation the fluorescence field is mostly composed of the incoherent part 
and consequently there is no interference pattern. Kochan et al. [59] have 
shown that the interference pattern of the strongly driven atoms can also 
be improved by placing the atoms inside an optical cavity. The coupling of 
the atoms to the cavity mode induces atomic correlations which improve the 
fringe visibility. 


3.4.2 Experimental Observation of the Interference Pattern in a 
Two-Atom System 


The interference pattern in the first-order correlation function was studied 
experimentally by Eschner et al. [60]. They observed interference fringes in 
the fluorescence intensity from a barium Bat ion trapped at a fixed distance 
from a mirror. As we have shown in Sect. 3.3, this system is formally equiv- 
alent to a system of two atoms (or ions) separated by 2r,, where r, is the 
distance of the atom (ion) from the mirror. The apparatus and partial level 
scheme of the Bat ion are shown in Fig. 3.8. In the experiment, a single 
barium ion was confined in a Paul trap and cooled by narrow band lasers 
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at 493 nm and 650 nm tuned to the 781 /2 >?P1/2 and ?D3/2 +?P1/2 tran- 
sitions, respectively. A macroscopic lens L1 was employed to achieve small 
distances of the ion from the mirror and to enhance the effect of the mirror 
in the neighborhood of the ion. The mirror was located 25 cm away from 
the ion and reflected only the 493 nm part of the fluorescence field. The 650 
nm part was completely transmitted through the mirror and recorded by 
the photomultiplier PM2. The lens L1 was located 12 mm from the ion such 
that it created an image of the mirror at the position of the ion, effectively 
changing the ion-mirror distance. The reflected field together with the field 
emitted by the ion were collected by the second lens L2 and detected by a 
photomultiplier PM1. In order to trace out the dependence of the fluores- 
cence intensity on the distance of the ion from the mirror, the position of the 
mirror was varied. 


493 nm photon counts in 0.2 s 


-200 -100 0 100 200 
Mirror shift (nm) 


Fig. 3.9. Experimentally observed interference pattern as a function of the mirror 
shift. The solid line is the prediction of the theory. From J. Eschner, Ch. Raab, F. 
Schmidt-Kaler, R. Blatt: Nature 413, 495 (2001), with permission 


Figure 3.9 shows the experimental results for the intensity of the 493 nm 
fluorescence field detected by the PM2 as a function of the mirror shift. The 
solid line indicates the prediction of the theory and its shape is determined 
by the cos(2kr,) function. The theoretically predicted interference fringes are 
clearly in agreement with measurement. In addition, it was observed that the 
visibility of the interference pattern (the magnitude of the oscillations) was 
significantly reduced when the Rabi frequency of the laser field driving the 
493 nm transition was increased from a value below saturation to threefold 
saturation. This experimental observation confirms the theoretical prediction, 
shown in Fig. 3.7, that the visibility of the interference fringes decreases with 
increased Rabi frequency of the driving field. 
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In a modified version of the experiment, Eschner et al. [60] trapped two 
ions and adjusted the mirror such that the mirror image of each ion was 
superimposed with the real image of the other ion. This system is formally 
equivalent to a four-atom system, but the adjustment of the images allowed 
them to measure direct coherence between the trapped ions maintained by the 
mirror. Indeed, the experimental team observed interference fringes with the 
same period of oscillation as that for the single ion. The experimental results 
are shown in Fig. 3.10. Evidently, the fluorescence intensity from two trapped 
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Fig. 3.10. Experimentally observed interference pattern with two trapped ions. 
From J. Eschner, Ch. Raab, F. Schmidt-Kaler, R. Blatt: Nature 413, 495 (2001), 
with permission 


ions exhibits interference fringes. However, the amplitude of the oscillations is 
reduced compared to that of a single ion. It was explained that the reduction 
of the amplitude of the oscillations was mainly due to thermal motion and 
the repulsive interaction of the ions in the Paul trap. 

In summary, the experiment clearly demonstrated that light scattered 
by a driven ion and its mirror image, that is, light scattered by two co- 
herently driven atoms, is coherent and can therefore exhibit an interference 
pattern. The experimental observation agrees perfectly with the above the- 
oretical analysis involving the simplified system of two identical two-level 
atoms. A complete theoretical analysis of the experimental system involving 
a three-level Lambda-type atom, was presented by Dorner and Zoller [61] and 
Beige et al. [62], who arrived at the same conclusions as the above predictions 
based on properties of two two-level atoms. 


3.5 Quantum Beats 


To investigate further the role of quantum interference in the dynamics of 
multi-level and multi-atom systems, we consider the phenomenon of quan- 
tum beats, the most familiar of oscillatory phenomena. One could state that 
whenever two sources of quasimonochromatic radiation have slightly different 
center frequencies, there is the possibility of observing in their combined (su- 
perposed) field a periodic modulation of intensity with modulation frequency 
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given by the difference of the two source frequencies. Though this condition 
is a necessary one for quantum beats, it is not in general sufficient, since 
the phenomenon of quantum beats requires a coherence between the radi- 
ating sources. The required coherence between two completely independent 
sources can be induced by external coherent fields, for example when two, ini- 
tially independent, atomic states are coupled by a short coherent pulse, which 
introduces a fixed phase relation between the initial atomic excitations. The 
coherences can be induced even when the initial atomic excitations have no 
special phase relations. In this case the coherences can develop spontaneously 
during the radiation process because photons emitted spontaneously by each 
source of radiation can be absorbed by the other source, forcing the source to 
oscillate at the frequency of the absorbed radiation. The oscillations induced 
in each source are partially coherent with their own spontaneous oscillations 
and can thus lead to quantum beats with well-defined phases. 

The quantum beats just described are observed in the average radiation 
intensity at different space-time points and involve the first-order correlation 
functions of the superposed fields. However, there remain a number of quan- 
tum beat phenomena associated with the superposition of radiation fields 
which are observable even with completely independent radiation sources. 
These phenomena are observed in the intensity—intensity correlations and 
involve the second-order correlation functions of the combined fields. 

The subject of quantum beats has provided an important method to study 
atomic spectra and various quantum mechanical interactions that lead to dif- 
ferent types of splittings and shifts of the atomic energy levels [63]. Therefore, 
we will introduce the theory of quantum beats in multilevel atomic systems 
and next discuss them in detail in simple specific models, such as three-level 
atoms and two nonidentical two-level atoms. Our interest will be centered 
principally on quantum beats in spontaneous emission from an initially pre- 
pared excited state and from incoherently driven atomic systems. For this 
reason, we shall apply the master equations (2.75) and (2.99) to calculate 
the time-dependent first and second-order correlation function of the atomic 
dipole operators. 


3.5.1 Theory of Quantum Beats in Multi-Level Systems 


To describe the quantum beats that can occur in spontaneous emission we 
require two radiating systems of slightly different frequencies. When these 
systems are coupled to the electromagnetic vacuum field, they radiate spon- 
taneously and their radiation field decays exponentially. At the same time 
they exert a strong dynamical influence on one another through their cou- 
pling to the electromagnetic modes of the radiation field. This influence can 
be felt, as we shall show, either through the spontaneously induced super- 
positions of the energy states of the systems or through the beating of their 
amplitudes. 
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The interest in quantum beats in radiation from multilevel systems lies 
in their direct connection with quantum interference between the amplitudes 
of different atomic transitions. As with the Young’s double slit interferome- 
ter, the uncertainty in nondegenerate atomic transitions leads to interference 
between the amplitudes of the two atomic transitions, whose oscillations are 
analogous to quantum beats. Another intrinsic feature of quantum beats in 
the radiation from a multi-level system is that they provide information about 
the internal structure of the system, such as the splittings and shifts of the 
energy levels. The frequency of quantum beats oscillations is equal to the fre- 
quency difference between the two atomic transitions and their experimental 
observation provides a direct method to study the internal energy structure 
of an atom. Therefore, we will illustrate how the interference terms in the 
master equation of a three-level atom and two nonidentical atoms result in 
quantum beats in the time and spatial evolutions of the intensity and the 
second-order correlation functions of the radiated field. 

Quantum beats that result from quantum interference between two atomic 
transitions can only occur if the atom is left in a final state devoid of infor- 
mation as to which transition the atom made. Otherwise, at some time, con- 
ceivably much later, one could probe the populations of the atomic energy 
levels to determine along which path the transition occurred. The discus- 
sion of quantum beats in atomic systems has centered around two types of 
atoms: one in which the transitions occur between each of two or more closely 
spaced upper levels and a single ground level (type I), and another in which 
the transitions occur between a common upper level and each of two or more 
closely spaced lower levels (type II). An example of type I and type II atoms 
is shown in Fig. 3.11. 


(b) 


Fig. 3.11. Energy-level structure of (a) type I and (b) type II atoms 


A qualitative difference in the theoretical prediction of beats in sponta- 
neous emission from the two types of atoms was first noted by Breit [64]. 
If the upper levels of a type I atom are initially prepared in a linear super- 
position, quantum beats in the intensity of the emitted field are predicted. 
This is easily understood, since both transitions lead to the same final state, 
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a detector monitoring the population of the ground state cannot determine 
along which transition path the atom decayed. On the other hand, no beats 
are predicted from excitation and decay of type II atoms. Again, this is easily 
understood: the possible transition paths in type II atoms are distinguish- 
able by a subsequent experiment designed to measure the populations of the 
lower atomic levels. The result of the experiment would then tell us by which 
transition the atom decayed. The difference between these two types of atoms 
has been the subject of many experiments. 

To illustrate the difference in more detail, consider first a type I atom, a 
three-level Vee-type atom with two upper levels |1) and |2), and the ground 
level |0). The transitions |1) — |0) and |2) — |0) are dipole allowed and 
occur with frequencies w; and w2, respectively, while the transition |1) — |2) 
is forbidden in the electric dipole approximation. This does not exclude the 
possibility of exchanging the population between the upper states through 
other processes not involving the atomic dipole moments. The atom initially 
excited, e.g. by a short laser pulse, into one of the upper levels or into a linear 
superposition of the levels will quickly decay into its ground level emitting a 
photon of a frequency w or wa. We may then detect the photon by measuring 
the intensity of the radiation field falling on a detector located at a point R. 
The radiation intensity registered by the detector is given by (2.144), and for 
the Vee-type atom takes the form 


T(t) = (ST (Sy (#)) + 12 (82 ()5z (#)) 
+2y9Re {(S7 (t) Sy (t))} . (3.69) 


Since S* = S* exp (Fiw;t) (i = 1,2), and S}Sz = |1)(2| = Ap, the radia- 
tion intensity can be written as 


T(t) =y1 (SPST) + y2 (Sz Sz) + 2y12Re { (Az) } cos (At) 
= I, + Tp + 2712Re {(Ai2)} Cos (At) : (3.70) 


where A = wy — w is the frequency difference between the upper atomic 
levels, and I; = 7% (Sj; ) is the intensity of the field emitted on the ith 
transition. 

The radiation intensity (3.70) clearly shows oscillations (quantum beats) 
at the frequency difference A, and there are no quantum beats if there is no 
quantum interference (712 = 0) between the transitions. In the later case, 
the radiation intensity is just the sum of the radiation intensities of the in- 
dividual |1) + |0) and |2) > |0) transitions. Note the analogy of (3.70) with 
the two-slit interference intensity (1.6). We see similar mathematical struc- 
tures: one term describing a field intensity from one slit, a second describing 
a field intensity from the other, and finally an interference term involving 
their product. Therefore, quantum beats are due to the interference between 
amplitudes describing the two decay paths. 

The intensity can be written in terms of the density matrix elements of 
the system, and from (3.70), we find that in the case 7; = 72 = y and perfect 
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interference, 712 = y, the intensity is simply proportional to the population 
of the symmetric state |s), as 


F(t) = Vous (6) 2 (3.71) 


To see how the interference terms depend on the configuration of the 
atomic levels, we now consider a type II atom. For example, a three-level 
Lambda-type atom with the upper level |2) and two lower levels |0) and |1) 
with the dipole allowed transitions |2) — |1) and |2) — |0). An identical 
procedure to the above leads to a quantum interference term of the form 


Qy12Re { (S/S; )} cos (At) . (2.72) 


Since S7.Sy = |2)(0|2)(1| and the atomic states are orthogonal, (0|2) = 0, 
the interference term vanishes. Therefore, there are no quantum beats in this 
system, and this conclusion holds regardless of whether the measurement of 
the final state of the system is actually carried out. In this case the intensity 
is given by 


T(t) = (SPSy) +72 (8282) , (3.73) 


which is the sum of the intensities of the two atomic transitions, or in terms 
of the density matrix elements 


I(t) = (M1 + 72) 022 (t) , (3.74) 


showing that the intensity is simply proportional to the population of the 
upper level. This was to be expected as the initially excited atom decays 
to one of its ground states and then residual information exists after the 
emission process as to which transition the atom made, |2) — |1) or |2) > |0). 
Mathematically, the residual information left in the system after the decay 
results from the orthogonality of the two possible final states of the atom. 

In the type II atom considered above, the residual information was in the 
atomic ground levels. Of course, this does not imply that it is impossible to 
observe quantum beats in a type II atom. In Sect. 3.5.2, we will show that 
quantum beats can be observed in the radiation intensity from a type II atom 
continuously driven by an incoherent field. In this case, the incoherent field 
drives the atom into a linear superposition of the atomic levels, and a detector 
cannot distinguish which way the atom decays to the lower levels. In addi- 
tion, we will show that quantum beats can be observed in different processes 
involving higher-order correlation functions such as the intensity—intensity 
correlations. This type of quantum beats can be observed even if the first- 
order correlations disappear. We will investigate this type of quantum beats 
in more detail in Sect. 3.5.5. 
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3.5.2 Quantum Beats in the Radiation Intensity from a 
Multi-Level Atom 


We investigate in detail the phenomenon of quantum beats in examples of the 
radiation emitted from a type I system (Vee-type atom), and from a type II 
system (Lambda-type atom). In both examples, we will consider the time 
evolution of the radiation intensity for two different sets of initial conditions 
at t = 0. In the first example, the atom is assumed to be prepared in one 
of its excited levels or in a linear superposition of the levels. In the second 
example, the atom is assumed to be prepared in one of the lower levels, or in 
a superposition of the levels. However, we will assume that the Lambda-type 
atom is continuously driven by an incoherent field. 


Quantum Beats in the Decay of a Type I System 


The radiation field emitted by an atom results from spontaneous emission 
from initially excited atomic levels. Consider the process of spontaneous emis- 
sion from a Vee-type atom composed of two excited states |1), |2) and the 
ground state |0). For simplicity, we assume that spontaneous emission oc- 
curs from the excited states to the ground state with the same decay rates 
1 = 72 = y, and the spontaneous transitions between the excited states are 
forbidden in the electric dipole approximation. 

We start from the master equation (2.69), which in the absence of the 
driving field (Q; = Q2 = 0), leads to the following equations of motion for 
the density matrix elements 


: 1 
O11 = —YO11 — =712 (O12 + 021) , 


2 
, 1 
Ooo = =9,0599= 9712 (O12 + @21) , 
. ; 1 
O12 = —(7 + iA) O12 - 9 112 (011 + G22) , 
; : 1 
021 = —(y¥— iA) @21 - gV12 (011 + @22) , (3.75) 


where, for simplicity, we have ignored the small coherent coupling terms 5b). 

The time evolution of the density matrix elements depends on the fre- 
quency splitting A, which introduces oscillations in the coherence between 
the upper levels. This time evolution also depends on the cross-damping 712 
which results from the quantum interference (coherences) between the two 
atomic transitions. 

We solve the set of coupled equations (3.75) for maximal quantum inter- 
ference 712 = y and the initial condition that at time t = 0 a short laser pulse 
is applied to the system to produce the desired population of the upper lev- 
els. By proper state preparation, any set of initial conditions can be achieved 
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and the general solution for the total intensity of the radiation field of such 
a system can be written as [65] 


I(t) = y[o11(¢) + @22(t) + 2Reoi2(t)] 
= ai |-24oAe~™ + Bo(y — d)e7 75 
+Do(y+ se +0" (3.76) 


where 


Ao = {A [011(0) + @22(0)] + iy [e12(0) — @21(0)]} , 
Bo = {7 [@11(0) + @22(0)] — (6 + iA) @21(0) — (6 — iA) @12(0)} , 
Do = {7 [@11(0) + @22(0)] + (6 — iA) @21(0) + (6 +iA) @12(0)} , (3.77) 


with 6 = ,/y2 — A?. Depending on the splitting A, the parameter 6 can be 
a real or a complex number. A threshold at which the parameter 6 changes 
character is A = y. Below the threshold, A < y, the parameter 6 is real and 
contributes to the damping rates of the system. In this case the intensity 
(3.76) exhibits pure exponential decay with three different decay rates, and 
no quantum beats are present. Above the threshold, A > y, and then the 
parameter 6 is a purely imaginary complex number. In this case, the intensity 
shows quantum-beat oscillations superimposed on a smooth exponential de- 
cay. The frequency of the oscillations depends on the ratio y/A and reduces 
to A for A > ¥. In the following, we concentrate on the case of A > 7+, so 
that quantum beats occur. 

The nature of quantum beats is very dependent on the initial conditions. 
For example, if the atom is initially prepared in one of the excited states 


011(0) = 022(0) = 012(0) = 021 (0) =0, (3.78) 


WS» —r~ 


or in a uniform incoherent mixture of the excited states 


EM. waa 0s (3.79) 


9) 5) 
the radiation intensity (3.76) takes a simple form 


I(t) = ap [A? — +? cos (|d]¢) — 716] sin (|6]t)] e-% , (3.80) 


where |6| = \/A? — 72. 

The intensity shows a sinusoidal modulation (quantum beats) superim- 
posed on the exponential decay of the initial population. Note that the am- 
plitude of the modulation is proportional to 1/|6| and decreases with increas- 
ing A. 

When the atom is initially prepared in the symmetric superposition state 
|s) = (1) + |2)) //2, the intensity (3.76) reduces to 
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2 1 1 a 
Lt) = a2 i cos Gu) — ysin (slek)| mae (3.81) 


and with the atom initially prepared in the antisymmetric superposition state 
ja) = (|1) — |2)) /V2, the intensity (3.76) takes the form 


I(t)=y7 (=) [1 — cos (|6|t)]e7™ . (3.82) 


The intensity here also displays quantum beats and even more interestingly, 
the amplitude of the modulation decreases slowly with increasing A and 
attains a constant value for A > ¥. In order to understand why the amplitude 
of the oscillations depends strongly on the initial conditions, it is helpful to 
recall the relationship between interference and coherence. When the atom 
starts from one of the excited levels or from an incoherent mixture of the 
excited levels, there is no coherence between the two atomic transitions, and 
then spontaneous transitions occur independently until the coherence builds 
up during the spontaneous emission. However, if the atom starts from a linear 
superposition of the excited levels, there is a nonzero initial coherence between 
the transitions, which is manifested in a large amplitude of the oscillations. 

An additional interesting effect of quantum interference is that the ra- 
diation intensity can be completely quenched at some discrete times. For 
the initial antisymmetric state, the quenching occurs approximately at times 
tg = 2nr/|d|, (n = 0,1,2,...), whereas for the initial symmetric state the 
quenching occurs at tg = (2n+ 1)7/|d|, (n =0,1,2,...). 


Fig. 3.12. Time evolution of the radiation intensity for A = 5y and two different 
initial conditions: @55(0) = 1 (solid line), Qaa(0) = 1 (dashed line) 


Figure 3.12 shows the time evolution of the radiation intensity for two 
different initial atomic states at t = 0. As predicted by (3.80)—(3.82), the 
intensity exhibits quantum beats, and intensity quenching occurs. Moreover, 
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the oscillations are shifted in phase: the maximum of the intensity for the 
initial state |s) corresponds to the quenching of the intensity for the initial 
state |a), and vice versa. 

The transient behavior of the intensity and, in particular, the intensity 
quenching can be explained in terms of the superposition states induced by 
quantum interference. Following the procedure outlined in Sect. 3.1, we in- 
troduce superposition states |s) and |a) and find from (3.75) the following 
equations of motion for the populations of the superposition states 


: dl Es 
Oss = =) (y + 712) Oss — 5iA (Osa _— Daa) ’ 


Caa = -5 (y 712) Oaa + sia (sq — as) . (3.83) 
A number of interesting conclusions follow from (3.83). As predicted by the 
general analysis of Sect. 3.1, the superposition states decay at different rates: 
the symmetric state decays with an enhanced rate (7 + 712), whereas the an- 
tisymmetric state decays at a reduced rate (7 — 712). For maximal quantum 
interference, 712 = y, and then the antisymmetric state does not decay at all. 
In this case the antisymmetric state can be regarded as a dark state in the 
sense that the state is decoupled from the environment. Secondly, we note 
from (3.83) that the state |a) is coupled to the state |s) through the split- 
ting A, which plays here a role similar to the Rabi frequency of the coherent 
interaction between the symmetric and antisymmetric states. Consequently, 
an initial population in the state |s) can be coherently transferred to the non- 
radiative state |a), and then the intensity quenches at a time t, corresponding 
to half of the Rabi cycle between |s) and |a). For t > tg, the intensity reap- 
pears again and attains a maximum value at a time corresponding to the 
Rabi cycle of the |a) — |s) transition. 

For the atom initially prepared in the antisymmetric state, the radiation 
intensity is zero for t = 0. This reflects the fact that the antisymmetric state 
does not decay. However, as time develops, the intensity builds up and attains 
the maximum at a time corresponding to half of the Rabi cycle between |a) 
and |s). The physical understanding of the delayed emission from the an- 
tisymmetric state can be achieved by considering the equations of motion 
(3.83) for the populations of the superposition states. The intensity builds 
up in time because the coherent coupling A transfers the population from |a) 
to |s), and in a time equal to half of the Rabi cycle of the |a) > |s) transi- 
tion, all the population is in the symmetric state which rapidly decays to the 
ground state. 


Quantum Beats in a Continuously Driven Type II System 


In Sect. 3.5.1, we have shown that no quantum beats can be observed in a 
type II atom initially prepared in its upper level and spontaneously decaying 
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to one of its lower levels. We show here that quantum beats can be observed 
in the radiation intensity from a type II atom if the atom is continuously 
driven by an incoherent field [66]. 

To illustrate this, consider a Lambda-type atom with the upper level |2) 
and two lower energy levels |0) and |1). The atom is continuously driven 
by an incoherent thermal field of intensity N. As before, we assume that 
spontaneous emission occurs from the upper level to the lower levels with 
the same decay rates y1 = y2 = y. We include the incoherent driving field to 
obtain a continuous emission of photons and to show that quantum beats can 
be observed even if the atom is driven by an incoherent field. Quantum beats 
in type II atoms can be attributed to the fact that atomic transitions are 
correlated through the coupling to the vacuum field (712 4 0) which, in turn, 
can be associated with the fact that the two excitation pathways |0) — |2) 
and |1) — |2) are not distinguishable when they are coupled through the 
cross-damping term 712. In this case, we use the master equation (2.69) and 
find the following equations of motion for the density matrix elements 


1 
611 = —Nyo1u + (N +1) yo22 — aNM2 (210 + 01) , 


022 = Ny — (3N + 2) yo22 + N12 (010 + 201) ; 


1 1 1 
O10 = =e = (589 - is) O10 + 3712 (3N + 2) 022 , 


1 1 ; 1 
001 = Tig = (581 as ny go. + V2 (3N +2) 022, (3.84) 


where, for simplicity, we have ignored the coherent coupling terms 5h) 

We solve the set of equations of motion (3.84) for 022(t) with two different 
initial conditions to see whether one can observe quantum beats in the radi- 
ation intensity from the type II atom where the interference term is zero. To 
keep the mathematical complications to a minimum, we solve the equations 
for perfect correlation between the atomic transitions, 712 = y, and large 
splittings A >> y, which allow us to obtain simple analytical expressions for 
the time evolution of the density matrix elements. 

The evolution of the population 022(t) in time generally consists of oscil- 
latory and non-oscillatory components. The degree of oscillatory behavior is 
a sensitive function of the initial atomic conditions. In order to study this de- 
pendence, we first consider the time evolution of the population with an initial 
condition in which the atom was in the state |0) at t = 0, ie. @99(0) = 1. In 
this limit, the time evolution of the population of the upper level is given by 


022 (t) = at a (1 Tar) evontant 


Ny\* 4 
+() eat" cosGAT) 4 (3.85) 
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For the initial condition of @,,(0) = 1, we find from (3.84) that 


N 
(BN +2 


029 (t) = 5 [t en Onsaiat) 5 Te EN sin (At) (3.86) 
From the above solutions and (3.74), it readily follows that the radiation 
intensity will exhibit quantum beats resulting from the oscillations of the 
population of the upper level. When the system starts from the ground state 
|0), the amplitude of the oscillations is rather small, proportional to 1/A?, 
whereas if it starts from the superposition state |s), the amplitude of the 
oscillations is much larger and proportional to 1/A. Figure 3.13 shows the 
time evolution of the radiation intensity for VN = 1, A = 5y and two different 
initial states. We see that the amplitude of the oscillations depends strongly 
on the initial conditions, and with the initial superposition state |s), the 
amplitude of the oscillation is more pronounced than for the initial bare 
state |0). 


Fig. 3.13. Time evolution of the radiation intensity for N = 1,A = 5y, and 
different initial states: o;;(0) = 1 (solid line), g00(0) = 1 (dashed line) 


Finally, we would like to explain in physical terms why the amplitude of 
the oscillations strongly depends on the initial conditions. Here it is instruc- 
tive again to recall the relationship between interference and indistinguisha- 
bility. There are two transition channels |0) — |2) and |1) — |2), and with 
the initial condition of go9(t) = 1, the amplitude of the |0) — |2) transition 
is much larger than the amplitude of the |1) — |2) transition. This partially 
destroys the indistinguishability of the two paths resulting in a reduced am- 
plitude of the oscillations. On the other hand, with the initial state |s), both 
amplitudes contribute equally to the transition probability. With continuous 
driving of the atomic transitions, the emission time is random and unknown 
and there is no way to distinguish between the emission paths. This indistin- 
guishability is manifested in an enhanced amplitude of the oscillations. 
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3.5.3 Quantum Beats in the Radiation Intensity from Two 
Nonidentical Atoms 


The model for quantum beats that we wish to discuss here concerns two 
separate radiation sources such as two two-level atoms of different transition 
frequencies [67]. Unlike single-atom quantum beats, where a multi-level atom 
was initially prepared in a coherent superposition of its excited levels and 
beating was due to internal interference, here we deal with quantum inter- 
ference in spontaneous emission from two different atoms. The atoms, as in 
the case of two isotopes, have slightly different resonance frequencies and/or 
spontaneous emission rates. 

For two nonidentical atoms (A 4 0 and/or 7; 4 y2) and in the absence 
of the driving field (Q; = 0), the master equation (2.99) leads to a closed 
set of five equations of motion for the density matrix elements. This set of 
equations can be written in matrix form as 


—X (t)=AX(t) , (3.87) 


where X (t) is a column vector with components 


X1=(SP(H)ST(t)), Xe = (ST (Sz) 
X3 = (SP(t)Sz(t)), Xs =(S7)STO), 
Xs = (ST STS; (OS; @) , (3.88) 


A= v vu -¢ 0 Aye] , (3.89) 


with v = —(y12 + iAj2)/2, ¢ = (yo — iA), and yo = (71 + Y2)/2. 

It is seen from (3.89) that the equation of motion for the population @¢¢ is 
decoupled from the remaining four equations. This allows for an exact solu- 
tion of the set of equations (3.87). To simplify the mathematics, we consider 
separately the two special cases of A # 0,7, = yo and A= 0,y1 4 72, 
and calculate the time evolution of the total fluorescence intensity, defined 
in (2.144). We assume that initially (¢ = 0) atom “1” was in its excited 
state |1); and atom “2” was in its ground state |0)o. 


The Case A 40, y¥1 = yo = y and Ai2 > A 


In this case the atoms have the same spontaneous damping rates but different 
transition frequencies that, for simplicity, are taken much smaller than the 
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dipole-dipole interaction potential. In this limit, the approximate solution 
of (3.87) leads to the following total radiation intensity 


A 
I(t)=e"% To cos(2wt) + y cosh(742t) — 12 sinh(y12t)| , (3.90) 
12 


where w = \/Af, + A?/4. 

From the above equation it is seen that the total radiation intensity ex- 
hibits sinusoidal modulation (beats) superimposed on an exponential decay 
with the rates y +712. The amplitude of the oscillations is proportional to A 
and vanishes for identical atoms. The damping rate y+712 describes the spon- 
taneous decay from the state |s’) to the ground state |g), whereas y—712 is the 
decay rate of the |a’) > |g) transition. The frequency 2w of the oscillations is 
equal to the frequency difference between the |s’) and |a’) states. The oscil- 
lations reflect the spontaneously induced correlations between the |s’) — |g) 
and |a’) — |g) transitions. According to (3.45) the amplitude of the sponta- 
neously induced correlations is equal to Yq’5/, which in the limit of Ajzg > A 
reduces to Ya's) = Ayi2/(4Ai2). Hence, the amplitude of the oscillations 
appearing in (3.90) is exactly equal to the amplitude of the spontaneously 
induced correlations. Figure 3.14 shows the temporal dependence of the total 
radiation intensity for interatomic separation ro; = A/12,71 = yo, @ 1 far, 
and different A. As predicted by (3.90), the intensity exhibits quantum beats 
whose amplitude increases with increasing A. Moreover, at short times, the 
intensity can become greater than its initial value I (0). The enhancement of 
the intensity is known as a superradiant behavior and is absent in the case of 
two identical atoms. Thus, the spontaneously induced correlations between 
the |s’) — |g) and ja’) — |g) transitions can induce quantum beats and a 
superradiant effect in the intensity of the emitted field. 


Fig. 3.14. Time evolution of the total radiation intensity for ro; = A/12,71 = 72 = 
y, & L f21, and different A: A = 0 (solid line), A = —3y (dashed line), A = —6y 
(dashed-dotted line) 
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Superradiant effects are usually discussed for systems consisting of a large 
number of atoms, but here we obtain them in a system of only two atoms. 
Coffey and Friedberg [68] and Richter [69] have shown that the superradiant 
effect can be observed in some special cases of the atomic configuration of a 
three-atom system. Blank et al. [70] have shown that this effect, for atoms 
located in an equidistant linear chain, appears for at least six atoms. Recently, 
De Angelis et al. [71] have experimentally observed the superradiant effect in 
the radiation from two identical dipoles located inside a planar symmetrical 
microcavity. 

The quantum beats predicted here for spontaneous emission from two 
nonidentical atoms are fully equivalent to the quantum beats predicted in 
Sect. 3.5.2 for a single three-level Vee-type atom with correlated spontaneous 
transitions. For the initial conditions used here that initially only one of 
the atoms was excited, the initial population distributes equally between the 
states |s’) and |a’). Since the transitions are correlated through the dissipative 
term Yq’s’, the system of two nonidentical atoms behaves as a Vee-type atom 
with spontaneously correlated transitions. 


The Case of A = 0,71 4 y2 and Ay2 > 1, 72 


We now wish to show how quantum beats can be obtained in two nonidenti- 
cal atoms that have equal frequencies but different damping rates. According 
to (3.52) and (3.56), the symmetric and antisymmetric transitions are corre- 
lated not only through the spontaneously induced coherences y,;, but also 
through the coherent coupling A;. One sees from (3.53) that for small inter- 
atomic separations y,_ ~ 0. However, the coherent coupling parameter A,, 
which is proportional to Ajg, is very large, and we will show that the coher- 
ent coupling A, can also lead to quantum beats and the superradiant effect. 
In the case of A = 0,91 4 yo and Ayg > 91,72, the approximate solution 
of (3.87) leads to the following expression for the total radiation intensity 


1 
£8) = oe a(ntya)t 13 (v1 -_ +2) cos(2Aj2t) 


+5 (11 =F 2) cosh(712t) = 12 sinh(nat)} : (3.91) 
It is seen that the total radiation intensity displays quantum-beat oscillations 
at frequency 2A;2 corresponding to the frequency splitting between the |s’) 
and |a’) states. The amplitude of the oscillations is equal to (y1 — 72) /2 that 
is proportional to the coherent coupling A,. For 7, = 72 the coherent coupling 
parameter A, = 0 and no quantum beats occur. In this case the intensity 
exhibits pure exponential decay. This is shown in Fig. 3.15, where we plot the 
time evolution of I(t) for interatomic separation rg; = A/12, and different 
ratios y2/71. Similarly to the case of A 4 0 and 7, = 7, the intensity exhibits 
quantum beats and the superradiant effect. For ro; = A/12 the collective 
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damping 712 © ,/7172, and then the parameter ya; ¥ 0, indicating that the 
quantum beats and the superradiant effect result from the coherent coupling 
between the |s’) and |a’) states. 


Fig. 3.15. Time evolution of the total radiation intensity for rai = 4/12,A = 
0, L foi, and different y2/y1: y2/y1 = 1 (solid line), y2/71 = 2 (dashed line), 
2/71 = 4 (dashed-dotted line) 


3.5.4 Experimental Observation of Quantum Beats in a Type I 
System 


From the many experimental studies of quantum beats with an initially 
excited type I system, we draw on the experiment proposed by Walther’s 
group [72]. The experiment involved a beam of barium atoms interacting with 
a weak magnetic field and excited by a short laser pulse. The magnetic field 
was applied perpendicularly to the direction of the atomic beam, and split 
the upper triply degenerate 'P,-level into three Zeeman sublevels, separated 
by the Larmor precession frequency wz 4. These sublevels were excited by a 
short 1.5 ps pulse of broadband laser light with the middle frequency tuned 
to the barium resonance line 'Sg—!P and linearly polarized perpendicularly 
to the magnetic field direction. The pulse was broad enough to excite all the 
upper levels, but because of the selection rules governing the atomic transi- 
tions, the pulse excited only two of the Zeeman sublevels, those with magnetic 
quantum numbers m = —1 and m = +1, and produced linear superpositions 
of these levels. The superpositions reflect the presence of coherence between 
the upper atomic levels, crucial for the creation of quantum beats. The time 
dependence of the emitted fluorescence field was observed in the direction 
perpendicular to the atomic beam and the laser pulse directions. A polarizer 
with polarizing direction parallel to the direction of the atomic beam was 
placed in front of the photodetector to ensure that the detector was equally 
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Fig. 3.16. Observation by Hellmuth et al. [72] of the time evolution of the fluo- 
rescence from pulse-excited barium atoms when (a) Pockels cell voltage was zero, 
and (b) a nonzero voltage was applied to the Pockels cell. From T. Hellmuth, H. 
Walther, A. Zajonc, W. Schleich: Phys. Rev. A 35, 2532 (1987). Copyright (1987) 
by the American Physical Society 


sensitive to both of the atomic decay channels | — 1) > |0) and |+ 1) — |0). 
The results illustrating the time decay of the emitted fluorescence field are 
shown in Fig. 3.16(a). The observed signal exhibits a sinusoidal oscillation, 
with frequency 2w;, 4 corresponding to the splitting of the upper levels, super- 
imposed on the exponential decay. Evidently, the quantum beats arise from 
the indistinguishability by the detector from which transition the detected 
photons came. 

In a modified version of the experiment, the photodetector was made sen- 
sitive to the polarization of the incoming field. It was done by applying a 
Pockels cell which changed the circular polarization o~ of the field emitted 
from the |—1) — |0) transition into a linearly polarized field with a polariza- 
tion direction perpendicular to that of the filter, and was therefore blocked. 
This resulted in the detection of only the o* polarized field emitted from 
the |+ 1) — |0) transition, and the disappearance of the quantum beats, 
as is shown in Fig. 3.16(b). The experimental results are another confirma- 
tion of the principle of complementarity, that quantum interference, which 
is here manifested by the presence of quantum beats, and which-way infor- 
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mation contained in the atom or in the emitted field, are mutually exclusive 
concepts. 


3.5.5 Quantum Beats in the Intensity—Intensity 
Correlations 


In the last few sections, we have examined many different schemes for pro- 
ducing quantum beats in the radiation intensity. We have also shown that no 
quantum beats can be observed in the radiation intensity from type II atoms 
initially prepared in their upper levels. An initially excited type II atom (e.g. 
a Lambda-type atom) decays to the lower energy levels and a measurement 
of the populations of these levels could determine along which transition 
pathway the atom decayed. However, quantum beats in this system can be 
observed by “erasing” the which-path information. Simply re-excitating the 
atom by sending in a second laser pulse to scramble the information will not 
be sufficient: in general, the information will only be transferred, for example, 
to the scattered second photon. Instead, if one detects two photons emitted 
by the system simultaneously excited by two short pulses and measures the 
second-order correlation function, all information can be erased as to along 
which transition pathway the photons were emitted, since detectors cannot 
distinguish between two photons registered in a very short interval of time. A 
similar situation appears in a system of two two-level atoms initially prepared 
in their upper levels. 


Quantum Beats in an Initially Excited Type IT System 


Let us examine quantum beats in the intensity—intensity correlations of spon- 
taneous emission from an initially excited type II atom. This problem was 
originally treated by Zajonc [73] and his results are quoted here. A slightly 
more complicated system is considered in this model, a four level atom com- 
posed of a single upper level and three lower levels, as shown in Fig. 3.17. An 


Fig. 3.17. Energy-level structure of a type II four-level system with a single upper 
level and three lower levels 
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example of such an atom is the energy level configuration of the barium reso- 
nance line 'S9 — 'P; with an upper singlet level J = 0, m = 0, and a triplet 
of lower levels composed of three degenerate Zeeman sublevels m = 0, +1 of 
a J = 1 energy level. A magnetic field applied to the atom splits the lower 
sublevels into a triplet with the separation between the sublevels given by 
the Lamor precession frequency. The three atomic transitions are excited by 
two linearly polarized short laser pulses with wave vectors k; and k3 propa- 
gating in opposite directions. We choose the polarizations of the pulses such 
that the pulse k, is polarized parallel to the direction of the magnetic field, 
whereas the pulse k3 is polarized perpendicularly to the magnetic field direc- 
tion. Because of the selection rules governing atomic transitions, the pulse ky 
can excite only the |1) — |3) (Am = 0) transition, whereas the pulse ks 
can excite only the |0) — |8) and |2) — |8) transitions. The radiation field 
emitted by the atom is registered by two photodetectors arranged with lin- 
ear polarizers orthogonal to one another such that one detector registers the 
radiation field emitted from the |3) — |1) transition, and the other registers 
the field emitted only from the |3) — |2) and |3) > |0) transitions. When 
we apply the two pulses, there are two distinguishable paths which the emit- 
ted photons can follow. In Fig. 3.18, we illustrate the two paths separately. 


(a) 
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Fig. 3.18. The two distinguishable paths in the type II four-level system 


The pulse k; transfers the population from |1) to |3), which then can decay 
to any of the three lower levels. The decay from |3) to |2) distinguishes the 
path A, whereas the decay from |3) to |0) distinguishes the path B. The decay 
to |1) is uninteresting since the second pulse will not be able to transfer the 
population from |1) to |3) due to the dipole selection rules. The two decay 
paths are distinguishable in a one-photon detection, since one could probe 
the population of the lower levels to determine in which level the atom was 
before the second pulse was applied. However, this information can be erased 
by a simultaneous detection of two photons rather than a single photon be- 
cause one cannot distinguish between two simultaneously detected photons. 
Important here is that one of the photodetectors, say D, can detect only the 
photon k4, and the other photodetector, say D2 is broad enough so that it 
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will be equally sensitive to the photon ky emitted from either |3) — |2) or 
|3) + |0) transition, but will not be sensitive to the photon ky. 

The above considerations are supported by a simple calculation of the 
second-order correlation function of the fields registered by the two photode- 
tectors. If the photodetectors are adjusted such that D, can register only the 
photon k4, and D2 can register only the photon kg, the electric fields at the 
detectors are 


ae) pase) 


E, (Ri, t1) = Es; (Ri, t1) ) 
(+) 1 pat) = (+) 
By (Rata) = [E59 (Ro, tz) + By, (Ro, t2)| _ (3.92) 


Let us introduce the state of the system describing the two paths just before 
detection 


Oy = OO Miles ta) POO ea) 5 (3.93) 


where C, and C2 are complex amplitudes, |1,1,;,14;) = |1) ® |1ij) ® |1i,), 
and |1,;) is the one-photon number state of the mode |i) > |j). 
Hence, the second-order correlation function of the detected fields will 
contain cross-terms. For example, there will be a term 
a) a « (+) «_(+) 
(UW (t)| By. (Re, te) 3; (Ri, ti) E3;° (Ri, t1) B39 (Re, te) |V (t)) 
= (132, 131| @f24!, 431430 |130, 131) CT ()Ca(t) 
x exp [i (w32t2 — k- Re)) exp [—i (wsot2 — k- Ra) 
= CT (t)C2(t) exp [i (w32 — w30) ta] , (3.94) 


which oscillates with the frequency difference (w32 — w3q). Therefore, we ex- 
pect quantum beats to appear in the time evolution of the second-order 
correlation function. This example is an analog of the Young’s double slit ex- 
periment in which quantum interference effects appear subject to the erasure 
of which-way information in the atom or in the emitted field. 


Quantum Beats with Initially Excited Two-Level Atoms 


We have shown that first-order coherence is sensitive to the interatomic in- 
teractions and the excitation field. In contrast, the second-order correlation 
function can exhibit an interference pattern independent of the interatomic 
interactions and the excitation process. According to (3.65), to observe an 
interference pattern in the second-order correlation function, it is enough 
to produce a nonzero population in the state |e). This can be achieved by 
preparing both atoms in their upper levels. The interference results from the 
detection process in that a detector does not distinguish between two simul- 
taneously detected photons. As an example, consider spontaneous emission 
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from two identical as well as nonidentical atoms with both initially atoms 
excited [74]. 

For two identical atoms, we easily find from (2.99), (3.65), and the quan- 
tum regression theorem, that the two-time second-order correlation function 
is given by 


1 
GO) (Ry,t; Ro,t+7) = 57 v(R1)v( Re) exp [—7 (2t + 7)| 
x {(1 + cos ®; cos ®2) cosh (7127) 


— (cos ®; + cos ®2) sinh (y12T) 
+ sin ® sin ®2 cos (2Aj2T)} , (3.95) 


where ®; = kR; ‘T21 (i = 1 2); 

This equation shows that the two-time second-order correlation function 
exhibits a sinusoidal modulation in space and time. This modulation can 
be interpreted both in terms of interference fringes and quantum beats. The 
frequency of quantum beats is 2A;2 and the amplitude of these beats depends 
on the direction of observation with respect to the interatomic axis. The 
quantum beats vanish for directions 0; = 90° or 02 = 90°, where 0;(02) 
is the angle between rz; and R,(Rz), and the amplitude of the beats has 
its maximum for two photons detected in the direction 6; = 02 = 0°. This 
directional effect is connected with the fact that the antisymmetric state |a) 
does not radiate in the direction perpendicular to the interatomic axis. For 
independent atoms, 712 = Aj2 = 0, and then the correlation function (3.95) 
reduces to 


GO (R,,t; Ro,t+7)= 570 Ri)o( Rs) exp |[—7y (2t+ T)] 
x {1+cos|k(Ri— Rz)-raij}, (3.96) 


which shows that the time modulation vanishes. This implies that quantum 
beats are absent in spontaneous emission from two independent atoms, but 
the spatial modulation is still present [74, 75]. 

Quantum interference is observed even though the photons arrive at the 
detectors at very different times. This effect can also be related to the prin- 
ciple of complementarity, in that the detectors cannot distinguish between 
two identical photons even if the photons are detected at significantly dif- 
ferent times and places. Therefore, even though the different optical paths 
leading to each individual detector are completely distinguishable, they are 
completely indistinguishable in the coincidence detection, and we then see 
quantum interference between them. 

The situation is different for two nonidentical atoms, which for w, 4 we 
emit photons of different frequencies, or when 7; 4 72, emit photons at differ- 
ent times. In this case, the two-time second-order correlation function exhibits 
quantum beats even if the atoms are independent. For yj2 = 0 and Aj = 0, 
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which corresponds to two independent atoms, the master equation (2.96) 
leads to the following correlation function 


GO) (Rt; Ra,t +7) = 57° (Ri)o(Ra) exp [7 (2 +7) 
x {eos |; (v2 - 71) 7 + cos [k (R, — R2) To — 2A } . (3.97) 


Thus, for independent nonidentical atoms, the correlation function shows a 
sinusoidal modulation both in space and time. However, the visibility contrast 
is reduced and the correlation function is always different from zero, unless 
T = 0. It is interesting to note that the modulation term in (3.97) is of the 
same form as that obtained by Mandel [76], who considered the second-order 
correlation function for two beams emitted by independent lasers. 


3.6 Interference Pattern with a Dark Center 


As we have seen in Sect. 1.1.3, the Young’s interference experiment can be 
modified by replacing the slits by two atoms and still interference effects can 
be observed between coherent or incoherent fields scattered by the atoms. The 
advantage of using atoms instead of slits is that at a given time each atom 
cannot emit more than one photon. Therefore, the atoms can be regarded as 
sources of single photon fields and quantum interference effects at the level 
of single photons can be studied. 

In Sect. 2.2.2, we have shown that the correlation functions of the radia- 
tion field emitted from single atoms can be related to the correlation functions 
of the atomic dipole moments. It means that interference effects can be stud- 
ied in terms of the atomic correlation functions. Using the relation (2.135), 
we can write the visibility of the interference fringes produced by the field 
emitted from two atoms as 


2, (StS; + SPST) 


C= 
(ST Sy + S785 ) 


(3.98) 


As an application, consider a two-atom system driven by a coherent laser 
field propagating in the direction perpendicular to the interatomic axis. In 
this case, we can use the steady-state solutions (2.99) and obtain an analytical 
formula for the fringe visibility of the steady-state fluorescence field as 


(7? + 4A?) 


C= GF 4A?) 4 


(3.99) 


It is seen that in this specific case, the visibility is positive (C > 0) for all 
parameter values and is independent of the interatomic interactions. 

Meyer and Yeoman [77] have shown that in contrast to coherent exci- 
tation, an incoherent field can produce an interference pattern with a dark 
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center, C' < 0. To show how a two-atom system can produce this effect, we 
rewrite the visibility (3.98) in terms of the density matrix elements of the 
collective atomic system, and obtain 


— Oss — Oaa 
Oss =F Qaa = 2 Oce 


(3.100) 


This simple formula shows that the sign of C’ depends on the population 
difference between the symmetric and antisymmetric states. For 055 > Qaa the 
visibility C’' is positive, and then the interference pattern exhibits a maximum 
(bright center), whereas for 0s; < Qaq the visibility C’ is negative and then 
there is a minimum (dark center). The optimum positive (negative) value is 
C =1(C = -—1), and there is no interference pattern when C' = 0. The latter 
happens when 0ss5 = Oaa- 

One notices from (3.66) and (3.100) that spontaneous emission from two 
undriven atoms, with initially only one atom excited, can produce an inter- 
ference pattern with a dark center [78]. This happens for 712 4 0, i.e. when 
the symmetric and antisymmetric states decay with different rates. 

An interference pattern with a dark center can also be obtained with two 
atoms driven by a coherent laser field [79]. This happens when the atoms ex- 
perience different phases and/or intensities of the driving field. To show this, 
we solve numerically the master equation (2.96) for the steady-state density 
matrix elements of the driven system of two atoms. The visibility C’' is plotted 


Fig. 3.19. The visibility C as a function of Ay for rai = 0.1A, @ L 12,9 = 0.57 
and various angles 6,; 06, = 0 (solid line), 6, = 1/4 (dashed line), 0, = 1/2 
(dashed-dotted line) 


in Fig. 3.19 as a function of the detuning A; for ro; = 0.14, 2 = 0.25y and 
various angles 6; between the interatomic axis and the direction of propaga- 
tion of the laser field. The visibility C' is positive for most values of A;,, except 
A, & —Ajg. At this detuning the visibility factor C is negative and reaches 
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Paa’ Ps 


Fig. 3.20. Populations of the antisymmetric (solid line) and symmetric (dashed 
line) states as a function of A; for ro; = 0.1A, @ L f12,Q = 0.57 and 6, = 0 


the optimum negative value C' = —1, indicating that the system produces an 
interference pattern with a dark center. Figure 3.20 shows the populations 
of the symmetric and antisymmetric states for the same parameters as in 
Fig 3.19. It is evident from Fig. 3.20 that at A; = —Aj2 the antisymmet- 
ric state is significantly populated, whereas the population of the symmetric 
state is close to zero. This population difference leads to negative values of C, 
as predicted by (3.100) and seen in Fig. 3.19. The experimental observation 
of an interference pattern with a dark center would be an interesting demon- 
stration of the controlled excitation of a two-atom system with the entangled 
antisymmetric state. 

The interference technique can be used as a way to detect entangled states 
of a two-atom system. This technique is particularly useful for detection of 
the symmetric or antisymmetric states. For example, when the system is pre- 
pared in the antisymmetric state or in a superposition of the antisymmetric 
and ground states, 055; = Oce = 0, and then the visibility has the optimum 
negative value C = —1. On the other hand, when the system is prepared in 
the symmetric state or in a linear superposition of the symmetric and ground 
states, the visibility has the maximum positive value C' = 1. Thus, the visibil- 
ity can provide information about the entangled states of a two-atom system. 


4 Quantum Interference as a Control of 
Decoherence 


In this chapter we consider how to modify and control spontaneous emission 
in simple atomic systems by means of quantum interference. Spontaneous 
emission occurs when an atom, prepared in an excited state, decays to a 
lower atomic level by emitting a photon, in the absence of any externally 
applied field. This process takes place by means of the vacuum interaction 
of quantum electrodynamics. (The word ‘vacuum’ emphasizes that the inter- 
action is present even when there is no applied field.) In the applications of 
laser physics, this basic interaction often gives rise to undesirable noise. For 
example, it limits the precision to which the position of spectral lines can 
be measured in spectroscopy. In the fields of quantum communication and 
quantum computing, the fundamental operations are carried out on coher- 
ent superpositions of atomic states, and spontaneous emission results in this 
coherent superposition being gradually destroyed (a process known as “deco- 
herence” ) in a time of the order of the spontaneous lifetime (the time it takes 
the excited state to decay to (1/e)x its initial value by spontaneous emis- 
sion). The control, and particularly the suppression of spontaneous emission, 
is therefore a matter of great importance in the context of quantum computa- 
tion, teleportation, and quantum information processing. However, there are 
a few situations in which one would wish to increase the rate of spontaneous 
emission. For example, it may govern the rate of approach to equilibrium of 
nuclear magnetic spins, and one may wish this to be rapid. Thus much inge- 
nuity has been expended in finding ways to manipulate spontaneous emission. 

In the case of single atoms, there are several ways to achieve this end, 
including changing the atomic transition frequencies involved, or modifying 
the environment surrounding the atom, by such methods as placing the atom 
into an cavity, waveguide or photonic bandgap material. Spontaneous emis- 
sion may also be changed by quantum interference effects, and that is our 
main concern here. Before discussing this method, for completeness, we briefly 
consider some alternative approaches. 


4.1 Modified Spontaneous Emission 


Radiative properties of atomic systems can be modified by changing the mode 
structure of the electromagnetic field to which the systems are coupled. If we 
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consider, for example, a two-level atom in its excited state |1), the rate of 
spontaneous emission from this level to the ground state |0) may be calculated 
by the “Golden Rule”! of perturbation theory 


21 
Wio = = Mol’ Pa(Fr — Eo) , (4.1) 


where Vig is the interaction Hamiltonian between the atom and the vac- 
uum electromagnetic field, and Dg(F) is the energy density of states, i.e. 
Dp(E)dE is the number of final states available in the energy range from E 
to E+ dE. It is this factor that interests us here. We may therefore mod- 
ify the emission rate Wj9 if we can change the density of states available to 
the atom for emission. This can be achieved by changing the environment in 
which the atom is situated. In the next few sections, we give some examples 
of different environments which can strongly modify spontaneous emission. 
Perhaps the simplest way, in principle, to modify the structure of the modes 
available for spontaneous emission is to place the emitting atom close to a 
mirror. This is discussed in the next sub-section. Then we consider placing 
the atom in a cavity, and finally we place it in a photonic bandgap structure. 


4.1.1 Effect of Environment on Spontaneous Emission 


The rate of spontaneous emission of an atom or molecule depends upon the 
nature of the emitter’s local environment — a fact that some people find 
surprising on first consideration, as there is a tendency to consider the spon- 
taneous emission rate as a fundamental — and immutable — property of the 
emitting species. A simple example may illustrate the environmental depen- 
dence. Consider a two-level atom, with excited state |1) and ground state |0), 
placed a distance x from a perfectly reflecting plane mirror [54]. According 
to the method of images, described in texts on electromagnetism, to describe 
a charge in front of such a mirror we may replace the mirror by a charge 
of equal but opposite sign an equal distance the opposite side of the mir- 
ror plane. In our case, we may thus replace the mirror by a fictitious image 
atom, but with the dipole of the image rotated through 7 rad. with respect 
to the dipole of the atom. A photon with wave-vector k and polarization s 
may be considered to be emitted either by the atom or by the image of the 
atom in the mirror. The processes are shown in Fig. 4.1. The photon carries 
no information as to whether it is emitted by the actual dipole or its mir- 
ror image, and so the initial wave-function of the composite system must be 
appropriately symmetrized. For simplicity, we consider the case where the 
atomic transition dipole is either parallel or perpendicular to the plane of the 
mirror. If the atom is initially in its excited state, the initial wave-function 
of the composite system is thus 


' The use of the Golden Rule to calculate the spontaneous emission rate is dis- 
cussed in more detail in Sect. 4.1.2. The spontaneous emission rate was calculated 
directly from the master equation in Sect. 2.1.1. 
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Fig. 4.1. (a) A photon considered as being emitted by the atom, or (b) its image 


1 
v2 


where A indicates an atom state and J an image state. The ‘plus’ subscript 
in (4.2) indicates the wave function to be used when the atomic transition 
dipole is perpendicular to the plane of the mirror, as the dipole then has the 
same phase as its image. However, if the dipole is parallel to the plane of the 
mirror, the phase of the image is 7 out of phase with that of the atom, and 
then |W_) should be used. The state (4.2) corresponds to one in which one 
photon may be produced by spontaneous emission, which may be emitted by 
either the atom or its image. 

The following important results may be deduced. As x —> 0, the entangled 
state (4.2) implies that for a perpendicular dipole, the spontaneous emission 
rate is doubled, whereas for a parallel, dipole, it tends to zero. In the latter 
case, the atom does not radiate at all! This observation agrees perfectly with 
the exact calculations presented in Sect. 3.3. 

The x — 0 results may be considered as a special case of the situation 
treated by Dicke [49], who considered a system of M two-level atoms located 
within a volume of dimensions much less than a wavelength. He showed that 
cooperative initial states existed (of which (4.2) is a special case), some of 
which are superradiant (spontaneous emission rate equal to M?x the single 
isolated atom rate) and some of which are subradiant (spontaneous emission 
rate zero). We may regard Dicke’s work as an example of a situation in 
which an atom’s decay rate is affected by its environment. In this case, the 
environment is provided by the other M@ — 1 atoms. (Superradiant states are 
not possible in our system, because they would take the form |1) 4|1)7, which 
does not describe our situation.) The atom—image theory of Morawitz [54] 
agrees well with experiment [80]. 

Stehle [81] has employed the image method to discuss the spontaneous 
emission of a two-level atom placed between two plane mirrors. This situation 
has been further developed by Milonni and Knight [46], and is in fact an 


|Ws) = —s ([1)4|0)7 + [0)al1)r) , (4.2) 
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example of an atom in a bad cavity, considered in Sect. 3.3. However, it is 
instructive to treat the cavity environment in the different manner described 
in the next sub-section. 


4.1.2 Modification by a Moderate Q Cavity 


The suggestion that spontaneous emission could be enhanced by the use of 
a resonant circuit was first made in a short note as long ago as 1946 by 
Purcell [82] with the object of increasing the rate at which a nuclear mag- 
netic resonance system approaches equilibrium. It was observed, together 
with inhibition of the spontaneous emission rate, by Kleppner in 1981 [47]. 
Further demonstrations using Rydberg atoms were reported shortly after- 
wards [83, 84]. 

The analysis of Sect. 2.2 showed that the spontaneous emission radiated 
from an atom in an excited state is due to the interaction of the atom with 
all the modes of the electromagnetic field that the environment of the atom 
supports. As we have seen in Sect. 4.1, an expression for y, the spontaneous 
emission rate from the atomic level |1) to the level |0) whose energies are 
Ey = hw, and Eo = 0 respectively, may be obtained from Fermi’s Golden 
Rule, which gives 


v= (F) Cato Mole, Pater —wy), 9 


where Vio is the interaction between the atom and the radiation field, which 
we here assume to be the dipole interaction. The matrix element is taken 
between states of the whole system: |1, {0}) is the state where the atom is 
in the excited state |1) and the electromagnetic field is in its vacuum state 
|{0}) with no photons present, whilst |0, {1})) is the state where the atom is 
in the state |0) and the electromagnetic field is in the state in which just one 
photon is present, in the mode X. 

In many cases, the matrix element in (4.3) is a slowly varying function of 
W) = Wz,s) and may be taken out of the summation as a constant, so that 
the expression (4.3) reduces to the form 


7 = KioP(1) , (4.4) 


where Ky is a quantity which depends upon the atomic states |1) and |0) and 
D(w1) is the density of electromagnetic field modes — the number of modes 
per unit volume of frequency space per unit volume of the space occupied 
by the electromagnetic field, evaluated at the frequency w;. The latter is the 
important quantity for our present purposes, for it shows that the sponta- 
neous emission rate depends upon the nature of the environment in which 
the atom is situated, as this affects the density of states. In free space, the 
photon density of states is given by the expression 
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Ww 


Dy(w) = (4.5) 


m2¢3 ” 
where a factor of two has been included to take account of the fact that there 
are two independent modes of polarization. (See Sect. 2.1.1 for a detailed 
derivation of the spontaneous emission rate in free space.) In such materials 
as photonic bandgaps, the slowly varying assumption which has been used 
to obtain (4.5), is not justified, as we discuss in Chap. 6. 

The dependence of the spontaneous emission rate on the photon density 
of states suggests that spontaneous emission may be modified by changing 
the nature of the electromagnetic modes available to the atom for radiation. 
This can be done by suitably changing the environment. Suppose we place 
the atom in a cavity whose dimensions are of the order of the wavelength of 
the resonant transition. If the cavity is resonant with the atomic transition, 
there is essentially only one mode present, the cavity mode, distributed over 
the cavity width Aw,, the frequency range supported by the cavity. The latter 
is equal to Aw. = w/Q where Q is the cavity Q factor. Taking the volume of 
the cavity to be of the order V ~ (\/2)? = (c/w), and assuming the cavity 
to be doubly degenerate, the density of states is essentially 

1 I 2 w? 
XG = TK Ox ez ~ QDs (uv) . (4.6) 


D. =2 
(~) - Aw, V m2¢3 


Thus the photon density of states in the resonant cavity is larger than the 
density of states in free space by a factor of the order of the cavity Q factor. 
Since Q can be very large (e.g. Q ~ 10°), the spontaneous decay rate can be 
greatly increased. 

Conversely, the spontaneous emission decay rate can be reduced if the 
cavity is detuned. If the atomic resonant frequency lies below the fundamental 
frequency of the cavity, spontaneous emission is greatly inhibited. For the case 
of an ideal cavity, no mode is then available into which the atom can emit a 
photon, and the spontaneous emission rate is zero. 

This is all very well — in principle. The practical difficulty in achieving 
complete inhibition of spontaneous emission is that all the modes with which 
an atom can interact must be eliminated, and in general, this can only be 
achieved by using a completely enclosed, perfectly conducting cavity. The 
simplest kind of cavity is that consisting of two parallel conducting plates, 
but one would normally expect this to reduce the spontaneous emission rate 
by only a factor of two, because of the existence of transverse electromagnetic 
modes which are independent of the separation. An exception was reported in 
the experiments of Hulet et al. [84], who employed Rydberg atoms prepared 
in a “circular” state? using two parallel conducting plates with separation 
d ~ 4/2. The reason that such a state is used is that it has only one decay 


? This is a single-electron state with large principal quantum number n and mag- 
netic quantum number |m| =n -— 1. 
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channel. Using a result of Milonni and Knight [46], it was shown that the 
spontaneous emission rate was 


y=1.5y for d>X/2, 


y=0 for d< 4/2, eo 


where yo is the free space spontaneous emission rate. In the experiments of 
Hulet et al. [84], the inter-plate distance was set at \/2 and then an electric 
field was used to change the value of the wavelength of the resonant transition 
so that A < 2d or A > 2d. Excellent agreement with theory was obtained. 
Figure 4.2 shows their results for enhanced spontaneous emission. 
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Fig. 4.2. Time of flight signals for various spontaneous decay rates. Mean time of 
flight = 1.5/yo, where yo is the free-space radiative decay rate. In frame (a) are 
the calculated signals. Curve A is for an enhanced decay rate y = 3y0/2. Curve 
B is for no radiative decay, and curve C is for free space, y = yo. In the latter 
case, the measured signal is the solid line and the calculated is the dashed line 
(so close to the solid line as to be hardly visible). The frame (b) gives the mea- 
sured data for inhibited spontaneous emission (A/2d > 1, curve B) and enhanced 
spontaneous emission, (A/2d < 1, curve A), taken simultaneously by modulation 
of the wavelength with an applied electric field. From R.J. Hulet, E.S. Hilfner, and 
D. Kleppner: Phys. Rev. Lett. 55, 2137 (1985). Copyright (1985) by the American 
Physical Society 


To investigate inhibited spontaneous emission they used the operating 
conditions A > 2d, and found results consistent with the spontaneous emission 
rate y = (0 + 0.05)yo. Thus the spontaneous emission rate was reduced by a 
factor of at least twenty. 

It is obvious that inhibited/enhanced spontaneous emission becomes more 
difficult to observe as the wavelength of the resonant transition decreases — 
simply because it becomes more and more difficult to make a cavity with 
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dimensions of the order of the resonant wavelength. For this reason, the first 
observations were made on transitions in the microwave regime. However, 
in the late 1980s, these effects were observed in transitions in the optical 
region [85, 86]. 


4.1.3 Modification by Photonic Crystals 


A photonic crystal, or a photonic bandgap material, is an artificially prepared, 
regularly structured material whose unit cell dimensions are comparable to 
the wavelength of light. If this structure has an appropriate symmetry, and 
is composed of material of sufficiently high refractive index, it can exhibit a 
complete photonic bandgap for light within a well-defined frequency range 
(say A,.): that is, the photon density of states is zero for light frequencies 
within the range A,, for all directions of propagation. A plot of the photon 
density of states for a highly idealized photon bandgap material is presented 
in Fig. 4.3. Ifan atom with a transition frequency falling within this forbidden 


photon density 
of states 


photon frequency 


Fig. 4.3. The photon density of states for an ideal photonic crystal 


range is placed inside the photonic crystal, its spontaneous emission is com- 
pletely inhibited. Even if a complete gap does not exist, the photon density 
of states may be greatly modified from its free space form, and thus the spon- 
taneous emission may be greatly modified. Photonic crystals are a subject 
of great current interest: one reason being that the bandgap in the photon 
energies is analogous to the electron energy gap in semiconductors. There is 
much fundamental physics to be understood as well as potentially exciting 
applications to be investigated. (We give just one sample application here. 
An antenna mounted on a conventional dielectric substrate emits much of its 
radiation into the substrate, rather than the intended direction. If the sub- 
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strate is replaced by a photon crystal with a gap at the radiation frequency, 
light is inhibited from entering the substrate, and losses are minimized.)°® 

We will consider quantum interference in photon bandgap materials later 
in Sect. 6.8. 


4.2 Quantum Interference in Vee Systems 


We begin our study of the control of spontaneous emission via quantum 
interference by considering a three-level Vee system as shown in Fig. 4.4. The 
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Fig. 4.4. The three-level Vee system with two dipole allowed spontaneous transi- 
tions of decay rates 7; and y2. The frequency separation of the excited state doublet 
is A and the states are mutually coupled through the cross damping rate 12 


ground state |0) is connected to the closely-spaced excited states |1) and |2) 
whose energies are Ey = hw, and Ey = hw2 respectively, by nonzero dipole 
moments [419 and {499. The frequency separation of the excited state doublet 
is A = wo — w,. Direct transitions between the excited levels are assumed to 
be forbidden in the electric dipole approximation, and are ignored here. The 
system interacts with the vacuum so that spontaneous decay may take place 
from the two excited levels to the ground state. The rate of the transition 
from |i) to the ground state is equal to the spontaneous transition rate ¥;. 

If the system is such that the dipole moments for the two principal tran- 
sitions are parallel or nearly so, then, in addition to this direct decay process, 
the interaction with the vacuum leads to an indirect coupling between the two 
excited states, as discussed in Sect. 2.1.1. This kind of coupling was noted 
by Landau as far back as 1927 [87]. Interest in such systems was renewed 
when Agarwal [37] showed that spontaneous emission could be controlled by 
means of the quantum interference displayed by such systems. 


3 For further information on photon bandgap materials and references, see for 
example the Web site of Sajeev John: http://www.physics.utoronto.ca/john. 
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We follow the notation of Sect. 2.1.1 and denote the cross-damping rate 7;; 
between the two atomic transitions as 


3.45 
WW 


= ee eS 4.8 
i eoeane ba 3nephcea 120 (4.8) 


We introduce the important parameter 3, which is the cosine of the angle 
between the two dipole moments {419 and [229, 


_ Ho ° 20 (4.9) 
|H10||H20| 
so that 
Y12 = BV V172 . (4.10) 


It is only when 712 4 O that quantum interference occurs: it results from 
vacuum induced coherences between the two atomic transitions: the sponta- 
neous emission from one of the transitions modifies the spontaneous emission 
of the other transition. It is therefore essential that the dipole moments be 
non-perpendicular for the quantum interference effects to be evident. This 
can be difficult to arrange in practice. We return to this point in Chap. 6. 

The dynamics of a multi-level system are governed by the master equation 
(2.72), which for the three-level undriven system in an ordinary vacuum (N = 
0) and in the Schrédinger picture reads as 


' 1 
where 
faly = A(w Aq + w2A2) (4.12) 


with A;; = |z)(j| is the Hamiltonian of the atom, and the damping term (the 
term describing spontaneous decay), arising from the vacuum interaction, is 


1 
Lo= 971 (2Ap1@A10 — Ai1@ — 0A11) 


1 
15% (2Aq20A20 — A220 — 0A22) 


1 
+5712 (2Ap1@A20 — A210 — 0A21) 


1 
+5712 (2A920A10 — A120 — @A12) - (4.13) 
It is evident from the form of the Liouvillean L that the spontaneous 
decay in this system is off-diagonal — that is, the equation of motion for the 
density matrix element 0;; will contain damping terms that are proportional 
to 0x; and/or 0;,, in addition to the diagonal damping terms proportional 
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to 0;;. This makes the physical interpretation of the density matrix equations 
difficult. If we transform to a new basis characterized by the following sym- 
metric and antisymmetric superpositions of the excited levels, suggested by 
the analysis of Sect. 3.1: 


) . VI) + vaP) : 
5) = oe (4.14a) 
) . Vel!) = VR) 

a= as , (4.14b) 


the off-diagonal damping terms become proportional to 7, — 72, and vanish 
for ¥1 = 72. 

Consider the effect of quantum interference on the intensity of the ra- 
diation field emitted from the Vee system. According to (2.5) and (2.144), 
the total intensity of radiation emitted by the atom is proportional to the 
expectation value of the square of the total atomic dipole moment 


ft = Moi Ao1 + Mo2Aoz - (4.15) 


If the dipole moments are equal and parallel, 01 = UWo2 = ps, and the decay 
rates are equal, 7, = 72, then 


ju = V2pApz , (4.16) 
since Ap, + Apo = V2Ap;. Hence 
T = 2\p|?(AsoAos) = 2|1|?Qss 5 (4.17) 


where @,, is the population of the symmetric state |s). 

Thus, if there is no population in the symmetric state |s), there is no 
atomic fluorescence. Moreover, if there is some population in the antisymmet- 
ric state, it will stay there for all times. This effect is known in the literature 
as coherent population trapping. 

However, if the dipole moments are equal and perpendicular, then 


T = |p\?((Asr) + (Aaz)) = |e?((Ass) + (Aaa)) 
= |w?(011 + @22) = |MI? (Oss + Qaa) - (4.18) 


Thus any population in any of the excited states, whether in the original 
atomic states or in the superposition states, will result in a nonzero atomic 
fluorescence. 


4.2.1 Population Trapping and Dark States 


In the literature, population trapping is often said to be a consequence of the 
cancellation of spontaneous emission. Here, we illustrate that cancellation of 
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spontaneous emission from an atomic state does not always lead to trapping 
of the population in that nondecaying state, by considering the process of 
spontaneous emission from a Vee-type atom. For simplicity, we assume that 
spontaneous emission occurs from the two excited states to the ground state 
with the same decay rate yj = yo = y, and the transition between the 
excited states is forbidden in the electric dipole approximation. The allowed 
transitions are represented by the dipole operators Ap; = |0)(1| and Aog = 
|0)(2|. The master equation (4.11) leads to the following equations of motion 
for the density matrix elements 


1 


011 = —You1 — 9722 (012 + 021) , 


; 1 
039 = =F 002 = 9722 (O12 + @21) , 
Goo = ¥ (@11 + @22) + Y12 (O12 + O21) , 


. 1 ; 1 
012 = — & =F is) O12 — =712 (O11 + 022) , 


2 
ae 1 
621 = — (5 = ny g21 — 5712 (e11 + 022) - (4.19) 


In addition, the equations for 09; and go2 form a separate closed set: 


; . 1 1 
001 = — @ =F 51) ot = Vis 003s 


2 2 
; : if 1 
002 = — | lw2a+ 57 002 — 9 712001 ‘ (4.20) 


There are two different steady-state solutions of (4.19) depending on whether 
the transitions are degenerate (A = 0) or nondegenerate (A 4 0). This fact 
is connected with the existence of a linear combination of the density matrix 
elements 


a(t) = 11 (t) + @22 (t) — @12 (t) — 021 (¢) , (4.21) 


which, for A = 0 and 712 = 7 is a constant of motion. 
In the case of A = 0 and 712 = 7, the steady-state solution of (4.19) is 


011 (©) = Q22 (co) 70 (0); 
12 (00) = on (00) = ~ja(0) , 
000 (00) = 50 (0) (4.22) 


It is seen that the steady-state population distribution depends on the initial 
population. When a(0) #4 0, a part of the population can remain in the 
excited states. 
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On the other hand, for A ¥ 0 and/or yi2 4 y, the linear combina- 
tion (4.21) is no longer a constant of the motion, and then the steady-state 
solution of (4.19) is 


(4.23) 


In this case the population distribution does not depend on the initial state 
of the atom and in the steady-state the entire population is in the ground 
state. 

The properties of this system can be understood by transforming to the 
linear superpositions (4.14), when from the master equation (4.11) we find 
the following equations of motion for the populations of these superposition 
states 


. 1 1, 
Oss = FZ (y a 712) Oss — ~iA Gare = Bax) ; 


2 2 
: i! ft}, 
Caa = =) (y —_ 712) Qaa = 3iA (Osa = Bas) . (4.24) 


It is seen that the antisymmetric state decays at the reduced rate (y — 712), 
and for 712 = y the state does not decay at all. In this case the antisymmetric 
state can be regarded as a dark state in the sense that the state is decoupled 
from the environment, and produces no spontaneous emission. Secondly, we 
note from (4.24) that the population oscillates between the states with the 
amplitude A, which plays here a role similar to that of the Rabi frequency 
of a coherent interaction between the symmetric and antisymmetric states. 
Consequently, if A 4 0, an initial population in the state |a) can be coherently 
transferred to the state |s), which decays rapidly to the ground state. There 
is cancellation of spontaneous emission, but no population trapping. When 
A = 0, the coherent interaction does not take place and then any initial 
population in |a) will stay in this state for all times. In this case we can say 
that the population is trapped in the state |a). 

We conclude that cancellation of spontaneous emission does not neces- 
sarily lead to population trapping. The population can be trapped in a dark 
state only if the state is completely decoupled from any interactions. 


4.2.2 Probing Quantum Interference in a Vee System 


The quantum interference effects discussed in the previous section can be 
observed in the absorption spectrum of a weak, tunable probe beam mon- 
itoring a Vee-type atom. A variety of effects, including narrow resonances, 
transparency and gain without inversion, occur in this system [88]. Exper- 
iments involving probe absorption in undriven systems should be easier to 
perform than those involving resonance fluorescence from driven systems. 
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The two-time correlation functions for the atomic dipole operators, re- 
quired to calculate the absorption spectrum (2.141) are found from the equa- 
tions of motion of the reduced density matrix elements (4.19) and (4.20) and 
the quantum regression theorem [51]. In our simple situation, with a slight 
change of normalization, the absorption spectrum (2.141) reduces to 


A(w,) = Re / =e im {v1 ([8r@ ote +r)]) 
+72 ( Es (t), S(e+ r)| ) +712 ( Sr) Stet r)| ) 
ae ( ExG Stet r)| } ele (4.25) 


where S*(t) = S¥ exp(+Fiwot) are the slowly varying parts of the atomic op- 
erators S;* = |i)(0|, 9; = |0)(i|, and wo = (w; + we)/2 is the mean atomic 
transition frequency. In this case, w = wy, — wo, so that the spectrum is 
centered on wo. The first two terms in (4.25) represent the incoherent con- 
tribution to the probe absorption spectrum, whilst the second two are the 
contributions due to quantum interference. 

Since the quantum regression theorem is frequently used in the following 
pages, we present a statement of it here. It enables us to calculate correlation 
functions involving two time variables by solving the equations of motion for 
an operator involving only a single time variable. The theorem states that if 
T > 0, the correlation function (A(t + 7)B(t)) obeys the same equations of 
motion as (A(T)), as obtained from the reduced density matrix equations, but 
with the initial density matrix replaced by e(0) > Bo(t). Usually, we are in- 
terested in the steady state spectrum, when o(t) is given by @ = lim;-, o(t). 
Similarly, the correlation function (A(t)B(t + 7)) obeys the same equations 
of motion as (B(r)), as obtained from the reduced density matrix equations, 
but with the initial density matrix replaced by 0(0) > o(t)A. 

We indicate how to proceed by calculating the first term in (4.25), first 
introducing the Laplace transform by the definition 


0(z) = / “de e *To(r) . (4.26) 


We calculate the Laplace transform of (2.141), and then obtain the spectrum 
by changing the Laplace variable z to —iw. Applying the quantum regression 
equation to the first term of (4.25), we see that we need the equation of motion 
for (S7(7)) = @o1(7). This can be obtained from the set (4.20). Noting that 
the Laplace transform of 6(t) is z6(z) — @(0), we easily find the solution of 
the Laplace transform of the set (4.20) to be 


e (z + iwe + $4) 001(0) — $712002(0) 
001 (2) = : I F 1 19 
(z +1w,+ $7) (z + iws + $7) — 4712 


(4.27) 
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with a similar equation for 692(z), except that the subscripts ‘1’ and ‘2’ are 
interchanged. Note that yo, = 712. 

According to the quantum regression theorem, to evaluate the first term 
in the commutator of the first term of (4.25) we make the replacement 
o(0) + aS; = @|0)(1|, where @ = lim:_,~ a(t) is the steady-state den- 
sity matrix. Thus, we replace 0091(0) by @o9 and @92(0) by O in (4.27). To 
evaluate the second term in the commutator of the first term in (4.25) we 
make the replacement 0(0) > S| @ = |0)(1|@, necessitating the replacements 
001(0) + 011 and @92(0) > O12 in (4.27). The remaining six terms in (4.25) 
are similarly evaluated. 

By these means, we obtain the following expression for the absorption 
spectrum 


T/2—iyw_)P iy Daan P 
A(wp) = Re (I'/ : nw ) ot hil / at) 0,2 
(51 = iw+) (572 = iw_) — 4712 
i W402, +W_oO 
— V12( ade 012) - (4.28) 
(511 — w+) (572 — iw_) — 37% 
where w4 = Wp — Wo £ sA, and 
T= 172 — Yi2 = W2(1 — 8) (4.29) 


measures the degree of quantum interference. Note, = 0 for maximal quan- 
tum interference, and [ = 1 for no quantum interference. The parameter 


Po = O00 — 0;;, (j = 1,2), and 
2 Y12(011 + 022) 


—_ ; O19"= Po. 4 4.30 
O21 ee Oe Q12 021 ( ) 


are the steady-state atomic coherences, induced by quantum interference. 

Expression (4.28) is our basic result and clearly demonstrates that the 
absorption spectrum consists of three parts, the first two originating from 
the direct atomic transitions |0) > |j), (7 = 1,2) and proportional to the 
population difference 099 — 0;; between the states |0) and |j), whilst the final 
one stems from quantum interference between the two absorption channels, 
and is proportional to 712, and the coherences 02; and 612. If yj2 = 0 — that 
is, there is no quantum interference — the probe absorption spectrum (4.28) 
reduces to the sum of two Lorentzians with linewidths 7; and 7y2 located at w1 
and w2 respectively. Without population inversion, it is impossible to amplify 
the probe field. However, if quantum interference occurs, this conclusion is 
dramatically modified. 

First we consider the degenerate case, with A = 0. For no quantum in- 
terference, 712 = 0, the absorption spectrum consists of a single, Lorentzian 
peak for 71 = y2 = y. For a = \/71/72 = 0.25, the single peak is no longer 
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Lorentzian — a sharp peak of width 7, is symmetrically superimposed upon 
the broader peak of width 72. The situation is illustrated in Fig. 4.5(a), where 
we plot the absorption spectrum as a function of v = (wy, — wo)/72. 
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Fig. 4.5. The absorption spectrum A(v) as a function of v = (wp — wo)/72. In (a) 
and (b), we have A = 0 (the degenerate case) with G = 0 (no quantum interference) 
in (a) and 6 = 0.99 in (b). Note the change of frequency scale in frame (b). In all 
the frames, the solid line is for a = \/y1/7y2 = 1, and the dotted line for a = 0.25. 
In (c), we have A = 0.572, G = 0.99 and in (d) A= 72, B=1 


With maximal quantum interference and equal decay rates, y; = y2 = 
Y = 712, and thus [ = 0. As we saw in Sect. 4.2.1, the steady-state solutions 
in this situation are surprisingly dependent on the particular initial states of 
the atom, due to quantum interference. We consider the following cases. 


(i) If the atom is initially in the antisymmetric state |a) = (|1) — |2))/V2, 
then the steady-state solutions are 099 = 0, 011 = @22 = 1/2 and 62; = —1/2. 
(ii) If the atom is initially in the symmetric state |b) = (|1) + |2))/V2, or in 
the ground state |0), then @99 = 1, 011 = 022 = 0 and 62; = 0. 

(iii) If the atom is initially in one of the excited doublet states |1), |2), then 
Ooo = 1/2, 011 = O22 = 1/4 and 0g; = —1/4. 

The case (i) is the most interesting, because the absorption is zero for all 
frequencies of the probe beam: A (w,) = 0, and the medium is transparent 
for the probe field. This effect is attributed to population trapping, and is 
also an example of population inversion without lasing: although there is a 
strong inversion between either of the excited doublet states and the ground 
state, there is no amplification of the probe beam. Again, this effect is due 
to quantum interference. 
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For the case (ii), the probe absorption spectrum is a single Lorentzian 
with linewidth 27, and for the case (iii), the probe absorption spectrum is 
also a Lorentzian with linewidth 27, but the maximum value is only half 
the value of case (ii). This is because half the population is trapped in the 
antisymmetric state |a), which is totally decoupled from the probe field. 

We next consider imperfect quantum interference, [ 4 0, when 099 = 1 
and 041 022 021 0, independent of the initial atomic states. Fig- 
ure 4.5(b) shows the probe absorption spectrum for wi2 = 0 and 2 = 0.99. 
A very narrow resonance occurs at the atomic frequency wo when the dipole 
moments are very nearly parallel. The linewidth is dependent on the decay 
constants of the excited doublet. For example, the resonance for 7, = 0.2572 
(dashed curve) is narrower than the one for 72 = 71 (solid curve). However, 
when the dipole moments are perpendicular (frame (a), G = 0) or exactly 
parallel, G = 1, the narrow resonance does not occur. In the former case, the 
absorption spectrum is simply the sum of two Lorentzians with respective 
linewidths 71, y2, whereas in the latter case, completely destructive interfer- 
ence occurs, resulting in a single broad Lorentzian. 

In order to see the effects of quantum interference analytically, we as- 
sume (3 to be close to unity so that ! < y? where y, = 1 +772. We may then 
approximate the spectrum (4.28) as: 


ACS nn oem (4.31) 
"2 | (deo) +62 2 +B] 


where dp = Wp — wo and €9 = T'/ys K 7s. It consists of the superposition 
of a broad Lorentzian with linewidth (y, + y2) and a narrow Lorentzian 
with linewidth €9: the spectral profile shows a very sharp peak imposed on a 
broad one. Although it is clear from Fig. 4.5(a) that it is possible to obtain 
a narrow spectral line in the absence of quantum interference if one decay 
rate is much smaller than the other, the narrow resonance reported here is 
certainly a result of quantum interference. In principle, the resonance becomes 
arbitrarily narrow as the two dipole moments approach perfect alignment. For 
example, the width of the solid line in Fig. 4.5(c) is 1% of 71. Expression (4.31) 
also clearly demonstrates that the quantum interference is destructive. If the 
dipole moments are exactly parallel, destructive interference is complete: no 
narrow line occurs, and the spectrum (4.31) is just a broad Lorentzian with 
linewidth ("1 + 2). 

For the nondegenerate case, A # 0, we first assume 7, = 72 = ¥. If [ = 0, 
the spectrum is composed of two Lorentzians centered at the frequency wo 
with linewidths 


o4=7 (1 — 26, + V1 — 4e, ) /2 with eL = (A/2y)° phe 82) 


which depend on the doublet splitting. Interestingly, one Lorentzian has a 
negative weight, and at line centre A(wo) = 0, indicating transparency of 


4.2 Quantum Interference in Vee Systems 155 


the system. The effect of quantum interference on the absorption spectrum 
with the splitting A = 0.571 is shown in Fig. 4.5(c). The spectrum is a broad 
structureless peak in the absence of interference, whilst if quantum interfer- 
ence is taken into account, there is a hole bored into the broad spectrum. The 
stronger the interference, the deeper the hole. For maximal quantum interfer- 
ence, perfect transparency occurs at the average atomic transition frequency 
wo, as is seen from Fig. 4.5(d). 

The width of the interference-induced hole is also dependent on the dou- 
blet splitting A. For «1 < y,, the absorption spectrum is approximately 
P___ (A2/4y? es 
eye st03. (Ae (4a)? 02 


Alay) 22 


The width of the hole represented by the Lorentzian with negative weight 
can be very narrow for A < y. For A = 0.142, the hole linewidth is only 
0.25% of 2. 

For the case of A 4 0, 4 0, y1 4 y2, the absorption spectrum, shown 
by the dashed lines in Fig. 4.5 is asymmetric. A strongly dispersive profile 
occurs around the atomic transition frequency wz = wo + A/2 for T F 0. 
Figure 4.5(d), where interference is maximal, also shows probe transparency 
at the frequency wy — wo & 0.271. Generally, transparency only occurs for 
maximal quantum interference, @ = 1, and then at the frequency 


A(y1 — 72) 
2(y1 + 2) 


The formula (4.28) also permits a qualitative insight into gain without 
population inversion due to quantum interference in this simple system. With 
Y1 = Y2 = y, the value of the probe absorption spectrum at the average 
atomic transition frequency wo is 


Wp = Wo + (4.34) 


(G00 — 011) + (@00 — 022) 
T+w?2, 

27, A? (011 + 022) 

T2 + A2 (42 + A?) * 


A(wp = wo) S21 


(4.35) 


The first two terms result from the usual absorption transitions |0) — |1) 
and |0) — |2), and describe amplification of the probe beam if population 
inversion could be achieved. Since they are also proportional to TI, quan- 
tum interference reduces the magnitude of the usual contributions. For max- 
imal interference, [ = 0, these two terms disappear. However, the last term 
originates from quantum interference and is always negative — it promotes 
probe amplification. The interference contribution is nonzero only when 
there is some population in the doublet and it is nondegenerate. Assum- 
ing A F 0, 011 = 022 # 0 and Ooo — O11 > O (no population inversion), we 
find that A(w, = wo) < 0, and we have amplification of the probe beam due 
to quantum interference, when 712 satisfies 
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yy? (y? as A) 
VY +h? 


o> ’ with n= a , (4.36) 
200 — @11 

It is worth emphasizing that for the closed Vee-type system with a nonde- 
generate excited doublet, the only steady-state solution is the ground state: 
000 = 1. Thus no gain is possible because the contribution of quantum in- 
terference to the probe amplification is also proportional to the populations 
of the excited doublet, which are zero. However, if we extend our model to 
include a fourth atomic level |f), where the direct transition between |0) and 
|f) is forbidden, the situation is different. If the additional level is coupled 
to the excited doublet by a coherent field, the excited doublet states may 
be partially populated in the steady state. Furthermore, if the separation 
between |f) and the doublet {|1), |2)} is much greater than that between |0) 
and the doublet, the effect of the additional level |f) on atomic absorption 
under the levels {|0), |1), |2)} to be probed may be omitted, and our equation 
(4.28) for the absorption spectrum is thus still valid. Gain without population 
inversion, but due to quantum interference is possible. 


4.3 Spectral Control of Spontaneous Emission 
It is also possible to control the spectral distribution of spontaneous emission 


from atomic levels populated by a laser field coupled to an auxiliary level. To 
study this we consider the model shown in Fig. 4.6. 


|3> 
|2> 


|O> 


Fig. 4.6. The coupled four-level system. A single laser connects the level |1) to 
the two excited states |2) and |3) with Rabi frequencies Q2 and Qs respectively. 
Spontaneous decay occurs only between levels |2) and |3) to level |0) 


The situation is similar to the Vee system considered previously, but now 
an additional, auxiliary level, |1), is added together with a single driving field 
that connects it to the excited doublet states |2) and |3) with corresponding 
Rabi frequencies 22 and (03. Spontaneous emission may take place from the 
excited doublet to the ground state |0), with the possibility of quantum in- 
terference as before, but all other spontaneous transitions in the system are 
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assumed to have negligible rates. The Hamiltonian is 
H'/h = wy Ay + weAo2 + w3A33 
+5 (Q2Aq1 + 03A31 — H.c.) + Hyac/h , (4.37) 


where the Hamiltonian describing the interaction with the vacuum modes is 
given by 


Hyac/h =i)“ (gr2GxAz0 + gr3G%-Az0 — H.c.) , (4.38) 
k 


and gx; and gz2 are coupling constants. 

Following Zhu et al. [89], and Zhu and Scully [90], we treat this system 
by a different method to that used in Chap. 2. After transforming to the 
interaction picture, using the bare atomic Hamiltonian (the first three terms 
of (4.37)) as the unperturbed Hamiltonian, the transformed Hamiltonian be- 
comes 


H/h = 5 [Q2 Aa exp(—iAgt) + Q3A31 exp(—iAs3t) = H.c.] 


+) [9%24%A20 exp(idat) 


k 
+ 9k30KA30 exp(id3t) = H.c.| : (4.39) 
where 
7A => Wid —-WL, 0; = W450 —Wrk. (4.40) 


In the above, Wmn = Wm — Wn is the transition frequency between the states 
|m) and |n), wz is the frequency of the monochromatic driving field, and wy 
is the frequency of the kth mode of the vacuum field. 

We expand the wave-function for the system as 


3 
= LCi 0H pe 0)|{1}4) , (4.41) 


where |{0}) denotes the state of the vacuum field in which no field mode is 
excited, and |{1};) is the state of the vacuum field in which the only excitation 
is a single photon in the mode k. Substituting into the Schrodinger equation 


d H 
ig lY) =) (4.42) 


we obtain the equations of motion 
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. 1 
C3 = 58 exp(iA3t)C, + ye gi exp(id3t)Cr , (4.43a) 
k 
: 1 . ; 
Ca = 502 exp(iAat)Ci + S~ 9x2 exp(idat)Cr , (4.43b) 
k 
: 1 
Cl= - 503 exp (—iA3t)C3 — 58 exp (—iAot)C2 , (4.43c) 
Ch = —9k3 exp(—id3t)C3 — 9k2 exp(—idgt)C2 : (4.43d) 


The final equation of the set (4.43) is formally integrated, and the result 
substituted into the other three equations. These equations then become: 


. 1 1 5 1 ; 

C3 = — 97803 — 9 12802 exp (iw3,2t) + 583 exp (iA3t)C1 , 

. 1 1 , 1 : 

Ca = — 57202 — 523s exp (iws,2t) + 502 exp (iAgt)C1 , 

: 1 1 

C1 = = 53 exp (—iAst)Cs — 55 exp (—iAzt)Ce . (4.44) 


Essentially, the Wigner—Weisskopf approximation has been used to treat the 
vacuum interaction, resulting in the introduction of the usual spontaneous 
emission rates y2 and 73, including the quantum interference term 723 = 


B/V273- 


These differential equations can be solved straightforwardly using the 
Laplace transform method, which converts them to a closed set of algebraic 
equations. We use the following definition for the Laplace transform 


cic(t)) = G(2) = / a cone (4.45) 
together with the relation 
L (¢) = 2C(z) — C(0) , (4.46) 


where C(O) is the value of C(t) at t = 0. The Laplace transform of the set of 
the equations of motion (4.44) is 


1 a OQ3 ~ ; 
(: — 573) C3(z) = C3(0) — 5 128 2(z — iw3.2) + 5 Oil —iAs) , 


1 ~ 1 ~ : Qs ~ : 
E -- 512] C2(z) = C2(0) — 3128032 + iw3 9) + 5 Crle —iAd), 
~ Qs cond 1 Q3 oat 5 


The general solution of this set of equations may be written as 
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(5 2323 4+ 523085) 


D(z3)C3(z) = C3(0) ales qb) 93] - 4 
( 


C2( 
1 
+51 0) c + TP2)Q3 — 5 10| 
1 
D(z2)C2(z) = C'2(0) Be + iDs) + 083) - C'3(0) € 2322 + 520%) 
1 1 
+C (0) Re + T'3)Q2 — qin] (4.48) 
where 
zy == 1X, ; Dr; =i; ye 2. ; (4.49) 
and 


1 
D(z) = 23 + PTs + Ts) + ik (|Q2|? + |Q3/? — ane + 41213) 
1 
= 02/?T3 + |Q3/7T'2 + 9 123 (Q203 + Q503) . (4.50) 


The spectrum of spontaneous emission, S(w;,) is proportional to the prob- 
ability that, after a long period of time, a photon will be found in the mode k 
with frequency wz. This is proportional to | limy_5.. Cz (t)|?: 


S(wy) = | Jim C(t)? = | lim 2Cg(z)/? , (4.51) 


where we have used a well-known Laplace identity. From the Laplace trans- 
form of (4.43d), we find 


Ck (00) = —9x1C3(i51) — gn2C2(id2) . (4.52) 
However, we note that, since z3(z) = z — iA3, we have 
z3(id3) = id3 —iA3 = —i6 , (4.53) 
where 
5b = —(w3 — Wo — We) + (W3 — w1 — Wp) = WR-WE— W109 , (4.54) 


and wy being the frequency of the driving field. We similarly find z2(id2) = 
—id. Assuming that 9,; « ,/7j, the spectrum is given by (4.48), (4.51) and 
(4.52) as 


3(5) = |V7aCa(23 = —18) + V72C2(z2 = -i8))? (4.55) 


There are a number of special cases that we can discuss. The simplest is 
to assume (27 = Q2 = 0 - that is, there is no driving field. In this case, for 
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Fig. 4.7. The spontaneous emission spectrum in the absence of driving fields. ‘The 
solid line is the plot for @ = 1 and the dashed line is the corresponding spectrum 
in which @ = 0. In (a), where y1 = y, yo = 0.17, A = 0.6y and 6 = 1 (solid 
line), we demonstrate the dark line. In (b), where 71 = 7, y2 = 4y and A = 4, we 
demonstrate line-narrowing. The 3 = 0 (dashed line) has been scaled by a factor 
of four to increase its visibility. It corresponds to a transition whose natural width 
is V1 


complete quantum interference, a dark line is produced in the spontaneous 
emission spectrum of the effectively three-level atom (the level |1) may be 
disregarded). This is shown in Fig. 4.7(a). In all the figures of this section, 
we take y; = 1: we also assume that the decay rates and the Rabi frequencies 
are connected by the same coupling constants, so that we assume that QQ» is 
given by Q2 = \/(72/71)Q1. The dark line, which in this case has a dispersive 
profile, is clearly visible. Note that the intensity is actually zero at the centre 
of the dark line, if @ = 1. 

If y2 > 1, significant line narrowing can occur. This is shown in 
Fig. 4.7(b), where we take y2 = 47. The dashed line is the natural line- 
shape, unaffected by quantum interference. 

Next we consider the situation where the driving field has a finite intensity. 
The interesting feature here, is that with an appropriate choice of parameters, 
quantum interference may lead to the disappearance of the central peak in 
the fluorescence spectrum. This is shown in Fig. 4.8, in which we assume that 
all the atomic population is initially in the state |1). 

Finally, we briefly examine the situation in which the dipole transition 
moments from |0) (and from |1)) to |2) and |3) are antiparallel (@ = —1), 
rather than parallel (G = 1). This results in constructive, rather than de- 
structive, interference. We illustrate this in Fig. 4.9. The various frames show 
how the relative heights of the central and sidepeaks vary appreciably with 
the orientations of the atomic dipole moments, as Qy = Q2 is varied over a 
relatively small range. Notice that for G = 1, the spectrum is always doubly 
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Fig. 4.8. The fluorescence spectrum for the four level system of Fig. 4.6 with 
M1 = 72 = ¥, O1 = 0.5y, Ai = y, Az = y and § = 1. The dashed line is the 
corresponding spectrum in which G = 0 


peaked, and for G = 0 triply peaked, whereas for G = —1, the spectrum varies 
from triply peaked in Frame (a) to essentially doubly peaked in Frame (d). 


Fig. 4.9. The fluorescence spectrum for the four level system of Fig. 4.6 with y3 = 
Y, ¥2 =7, Q3 = Qe, Ai =¥y and Ag = —7. The solid line is for 6 = 1, the dashed 
line is the corresponding spectrum in which @ = 0, and the dot-dashed line, showing 
constructive interference, is for @ = —1. In (a) — (d), 23 = 0.3757, 0.5y, 0.6257 
and 0.757, respectively 
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The reader may ask how one would establish in practice a system such as 
that shown in Fig. 4.6. This does not appear to be an easy matter. However, 
such a system was devised by Xia et al. [91] using sodium dimers. They 
conducted experiments on quantum interference that we analyze in detail in 
the next section. 


4.4 Experimental Evidence of Quantum Interference 


In 1996, Xia et al. [91] reported the first experimental demonstration of con- 
structive and destructive interference effects in spontaneous emission. In the 
experiment they used sodium dimers, which can be modelled as five-level 
molecular systems with a single ground level, two intermediate and two up- 
per levels, driven by a two-photon process from the ground level to the upper 
doublet. By monitoring the fluorescence from the upper levels they observed 
that the total fluorescent intensity, as a function of two-photon detuning, is 
composed of two peaks on transitions with parallel dipole moments and three 
peaks on transitions with antiparallel dipole moments. The observed variation 
of the number of peaks with the mutual polarization of the dipole moments 
gives compelling evidence for quantum interference in spontaneous emission. 
Wang et al. [92] have presented a theoretical model of the observed fluo- 
rescence intensity that explains the variation of the number of the observed 
peaks with the mutual polarization of the molecular dipole moments. The 
purpose of this section is to discuss the experimental scheme demonstrating 
quantum interference effects in the fluorescence intensity and to explore the 
theoretical approach of Wang et al. [92] that explains the observed intensity 
profile. 


4.4.1 Energy Levels of the Molecular System 


The energy-level scheme of the molecular system considered in the experiment 
is shown in Fig. 4.10. The five-level molecule consists of two upper levels |3) 
and |4), two intermediate levels |1) and |2), and a single ground level |0). The 
upper levels are separated by the frequency A, which is much smaller than 
the frequencies w42 and w32 of the |4) — |2) and |3) — |2) transitions and 
the frequencies w4, and w3, of the |4) > |1) and |3) > |1) transitions. As in 
the sodium dimers used in the experiment, we assume that the frequencies 
w42 and w32 correspond to the visible region, whereas the frequencies w4, and 
w31 correspond to the ultraviolet region and are significantly different from 
the remaining frequencies. 

In the molecule, the one-photon transitions |4),|3) — |2),|1) — |0) are 
connected by electric dipole moments, whereas the transition |4) — |3) and 
the two-photon transitions |4),|3) — |0) are forbidden in the electric dipole 
approximation. The transition dipole moments p42 and p32 are parallel, 
whereas the transition dipole moments 44; and p43; are antiparallel. 
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|o> 


Fig. 4.10. Energy-level structure of the molecular system considered by Xia et 
al. [91]. The dashed-dotted arrows indicate possible one-photon spontaneous tran- 
sitions 


The system is driven by a single-mode tunable laser of amplitude E; and 
frequency wz coupled to the two-photon transitions |0) — |3),|4). The cou- 
pling strength of the laser field to the transitions is determined by the two- 
photon Rabi frequency 


1 lomo nee? 1 [mndbom4ET. 
= =_ 4.56 
Q 3 WE — Wmo 3 wn =o. eh) 


where €; = |E,|, and the sums are taken over intermediate virtual levels m. 


4.4.2 Master Equation of the System 


In the experiment, Xia et al. [91] observed the steady-state intensity of the 
fluorescence field emitted on the visible and ultraviolet molecular transitions. 
The intensity is proportional to the first-order correlation function G (R, t), 
which, according to (1.32), can be expressed in terms of the molecular dipole 
operators, or equivalently, in terms of matrix elements of the density operator 
of the molecular system. Using (2.145), we can write the intensities of the 
observed fluorescence fields on the visible (J,,) and ultraviolet (J,,) transitions 
as 


Ty = Ww [@33 + 044 + 26,Re(o34)] , 
Ty = Yu [@33 + O44 + 20uRe (034)] , (4.57) 


where 7, is the spontaneous emission decay rate of the visible transitions, 7, 
is the spontaneous emission decay rate of the ultraviolet transitions, 033 and 
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044 are the steady-state populations of the upper levels |3) and |4), and 034 
is the steady-state coherence between them. 

We find the density matrix elements from the master equation (2.67), 
which for this system reduces to 


O i 

—o=-—-|\H 4.58 

mG ral hres (4.58) 
where 

1 1 
H=-hA (a. — 54) Aga —h (a1 + 4) A33 
h 
5 (Az + 26) Azo + h[Q (Ago + Azo) + Hc] , (4.59) 

and 


L= na (1+ B,) D [Aga + Ags] + a (1 — B,) D [Aga — Ags] 


2 2 

1 1 
+5 Yu (1+ By) D [Ara + Aig] + a (1 — Bu) D [Aia — Ais] 
+72P[Ao2] + 1 P[Aoi] - (4.60) 


In (4.59) and (4.60), Ar = 2(wz — wo) is the two-photon detuning between 
the laser frequency wz, and the mean frequency wo of the upper levels relative 
to the ground level, 6 = wo — we is the frequency difference between wo and 
the frequency w2 of the |2) — |0) transition. The parameters y, and yy, 
denote the spontaneous decay rates of the visible and ultraviolet transitions, 
respectively, yz (71) stands for the spontaneous decay from the intermediate 
level |2) (|1)) to the ground level |0), and D is a superoperator defined for 
arbitrary operators A and B as 


D[A]B = ABAt — ; (ATAB+ BATA) . (4.61) 


4.4.3 Two-Photon Excitation 


The master equation (4.58) leads to a closed system of twenty-five equations 
of motion for the density matrix elements. Since the laser field does not 
couple to the level |1), the system of equations splits into two independent 
subsystems: one of seventeen equations of motion directly coupled by the 
driving field and the other of eight equations of motion not coupled by the 
driving field. It is not difficult to show that the steady-state solutions for the 
eight density matrix elements are zero. Using the trace property, one of the 
remaining equations can be eliminated, and the system of equations reduces 
to sixteen coupled linear inhomogeneous equations. 

Consider the weak-field limit where Q is much smaller than the sponta- 
neous decay rates and assume, for simplicity, that the decay rates of the upper 
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levels on the visible and ultraviolet transitions are equal, 7, = yy = ¥y. In this 
case, we can solve the system analytically, and we find that the steady-state 
populations and coherences appearing in (4.57) are 


Q? 
033 = (4.62) 
(Ar +44)" +4 
Q? 
044 = (4.63) 
(Ar - 34)" + 4? 
2 A2 _ LN? oe Le i2 
Re (034) = Q" (AL — 4 av) . (4.64) 


(An + $A)? + 492] [(Ar - 4A)" + 497] 


It is seen that the populations and coherence exhibit resonances at Ay, = 
+A/2, corresponding to the two-photon resonances of the laser field with the 
\0) — |3) and |0) > |4) transitions. Hence, the fluorescence intensity will 
exhibit two peaks located at Ay, = +A/2. 


Fig. 4.11. The fluorescence intensity as a function of A; for Q = 107*4, 6 = 0, 
A = 67 and Wu = Ww = V1 = y2 = y. The solid line shows the intensity on the 
ultraviolet transition (G. = —1), the dashed line shows the intensity on the visible 
transition (3, = 1), and the dashed-dotted line is for the intensity for a transition 
with perpendicular dipole moments (( = 0) 


Figure 4.11 shows the fluorescence intensity as a function of A; for the 
visible and invisible transitions. It is evident that the intensity profile is 
composed of two peaks located at A; = +A/2, and the amplitudes of the 
peaks are not sensitive to 3. The intensity is sensitive to @ only around 
A, = 0 and can be completely suppressed for @, = 1 transitions. This is 
in agreement with the prediction by Agarwal [93] and Berman [94] that the 
two-photon excitation process involving the |3) and |4) levels can lead to 
cancellation of spontaneous emission at the two-photon resonance Ay, = 0. 
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In the experiment, however, a pronounced central peak at Ay, = 0 was ob- 
served, in addition to the sideband peaks located at A, = +A/2, on the ultra- 
violet transitions with antiparallel dipole moments. According to (4.57), the 
theory does not predict the central peak for the 3, = —1 transitions. Thus, 
with two-photon excitation the fluorescence intensity exhibits two peaks re- 
gardless of the mutual orientation of the transition dipole moments. Wang 
et al. [92] have concluded that apart from the two-photon excitation process 
there must be some other processes involved in the dynamics of the system, 
and have suggested a two-step one-photon excitation in addition to the two- 
photon process. 


4.4.4 One- and Two-Photon Excitations 


Following the approach of Wang et al. [92], we suppose that the molecule is 
excited not only by the two-photon process but also by a two-step one-photon 
process involving the intermediate level |2). This channel of the excitation was 
possible in the experiment as the one-photon transitions in the molecule are 
in the visible region and their dipole moments are parallel [91]. Moreover, 
it is stated in the experimental paper [91] that the two-photon transition in 
sodium dimers was enhanced by a near-resonant intermediate level, indicating 
that the laser could also couple the ground state |0) to the upper states |3), |4) 
via cascaded one-photon transitions. Thus, the laser could also couple to the 
one-photon transitions |0) — |2) and |2) — |3), |4). 

To illustrate the effect of the two-step one-photon coupling on the fluo- 
rescence intensity, we include into the Hamiltonian (4.59) the interaction of 
the laser field with the one-photon transitions, and obtain 


1 1 
HS=h (a. = 54) Aga —h (a1 + 4) A33 


h 
"95 (Ar + 26) Ago + h iQ (Ago + A30) + H.c.] 
h 
15 [Qu (Ago + A32) + Q4A20 + H.c.] 5 (4.65) 
where Q, = 2pa4-E7/h = 2po3- Ex /h, and Qa = 2uMo2- Ex/h are the 
one-photon Rabi frequencies of the |2) — |3),|4) and |0) — |2) transitions, 
respectively. 

Following the same procedure as in Sect. 4.4.3, we find that in the 
presence of the two-step one-photon excitation and in the weak-field limit 
(Q,,24,Q K ¥,%u; a), the steady-state solutions for the relevant popula- 
tions and the coherence are 
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402.02 
044 = , 
[(Az +26)? + £98] [(Az - 4A)? + 492] 
; 402.02 
33 ’ 
[(Ar +25) + 398] [(Ar + 34)” + 497] 
—160202 
Re (034) & und (4.66) 


A? [(Ar +26)" +493] 


The steady-state solution (4.66) shows that the populations of the upper 
levels as well as the coherences exhibit resonant behaviors not only on the two- 
photon resonances Ay, = +A/2, but also on the one-photon resonance Ay, = 
—206. The existence of the resonance at A;, = —26 illustrates the occurrence of 
the two-step one-photon excitation process. Hence, the fluorescence intensity 
will exhibit a peak at A; = —26 of the linewidth y2, and two sideband peaks 
located at A; = +A/2 of the linewidth ¥. 

Substituting (4.66) into (4.57), we find that the fluorescence intensity for 
the ultraviolet and visible transitions can be written as 


7, — BMG J 2 (1 = Buje) 
u/v A2 (Az + 26)? + 442 


1 1 
+ + . (4.67) 
(Ar —3A)’ +49? (An +35A)° + a} 


Thus, the fluorescence intensity is composed of three Lorentzians: the central 
peak located at A; = —26 and two sidebands located at A, = +A/2. 
Figure 4.12 shows the fluorescence intensity for a strong driving field obtained 
by numerical integration of the master equation (4.58) for three different 
values of the interference parameter (3. 

It is seen that the amplitude of the central peak strongly depends on 
the mutual polarization of the dipole moments. The peak is absent in the 
intensity I, observed in the visible region with 3, = 1. For the fluorescence 
intensity [,, observed in the ultraviolet region with @,, = —1, the amplitude of 
the peak is enhanced. The strong dependence of the amplitude of the central 
peak on the mutual orientation of the molecular dipole moments is precisely 
the effect observed in the experiment. We emphasize again that the presence 
of the central peak in the fluorescent intensity results from the coupling of 
the driving laser to the one-photon transitions. This peak would be present 
even if there was no interference between the transitions (that is, even if the 
dipole moments were orthogonal with 3 = 0). The interference leads to an 
enhancement (3, = —1) or cancellation (3, = 1) of this central peak arising 
from cascaded one-photon excitations. 

The intensity profile shown in Fig. 4.12 is symmetric about A; = 0. 
However, the experimentally observed fluorescent intensity was asymmetric 
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Fig. 4.12. The fluorescence intensity as a function of Ay, for Qy, = Qa = 0.57, Q= 
10-*y, 6 = 0, A = 6y and yu “Vs v1 2 y. The solid line shows 
the intensity on the ultraviolet transition (3, = —1), the dashed line shows the 
intensity on the visible transition (G, = 1), and the dashed-dotted line is for the 
intensity for a transition with perpendicular dipole moments (( = 0) 


Fig. 4.13. The fluorescence intensity as a function of A, for Q, = Q¢ = 0.57, Q = 
10-*y, 6 = 0.37, A = 6y and y= Ww = V1 = Y2 = ¥. The solid line shows the 
intensity on the ultraviolet transition (3, = —1), the dashed line shows the intensity 
on the visible transition (3, = 1), and the dashed-dotted line is for the intensity for 
a transition with perpendicular dipole moments (3 = 0) 


about A; = 0. There are a few factors that could contribute towards the 
observed asymmetry. For example, the decay rates from the two upper levels 
to the intermediate levels could be unequal. An another reason could be that 
the central peak is not exactly at A; = 0. The analytical solution (4.67) 
predicts the central peak to be at Az; = —26 and the condition of 6 = 0 
implies that the energy of the level |2) is exactly half of the mean energy of 
the upper levels. There is no reason to expect this condition to be satisfied in 
the real molecule, and in fact it appears from the experimental results that 6 
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is positive. In Fig. 4.13 we plot the fluorescence intensity for a nonzero 6. 
In this case the intensity profile is asymmetric and the asymmetry increases 
with increasing 0. 

The experiment of Xia et al. [91] provides a nice demonstration of the 
quantum interference effects in a multi-level system. However, Li et al. [95] 
repeated the two-photon experiment and did not observe the fluorescence 
signal reported by Xia et al. [91]. The major disagreement between these two 
experiments is found in the linewidths of the observed signals. However, a de- 
tailed comparison of these two experiments and theoretical calculations of the 
linewidths are rather difficult. In particular, the experimental conditions were 
not sufficiently well defined, which considerably complicates the interpreta- 
tion of the observed signals and makes it difficult to resolve the disagreement 
between the experiments. Despite these disagreements, the theoretical model 
proposed by Wang et al. [92] correctly predicts the shape of the observed in- 
tensity profile and the variation of the number of peaks with the polarization 
of the dipole moments. 


4.5 Decoherence Free Subspaces 


Decoherence in physical systems is a consequence of the unavoidable coupling 
of the system to its environment, which results in an irreversible loss of infor- 
mation from the system. Clearly decoherence limits the efficiency of quantum 
information processing, and much activity has been devoted to ways of re- 
ducing or eliminating it. One manifestation of decoherence is the decay of 
the population of an atomic system due to spontaneous emission. However, 
we have seen in previous sections that systems can evolve into states that are 
decoherence-free — for example, the dark state of (4.14b). If we could find a 
set of states that had zero spontaneous decay rates, and were closed under the 
Hamiltonian evolution of the system, the set would be called a “decoherence- 
free subspace”, and it would obviously be of interest for applications such as 
quantum information processing. We wish to consider this concept in a little 
detail here, and to relate it to our previous work in this chapter. We refer 
the reader to an excellent review on decoherence-free subspaces by Lidar and 
Whaley [96]. 


4.5.1 A Simple Example of a Decoherence Free Subspace 


First we consider a system with two states |0) and |1). We assume that a 
decohering process operates in this system that attaches a random phase to 
the second state only: 


|0) + |0) , |1) + el?|1) . (4.68) 


If the initial state of the system is a|0)-+6|1), where a and b are arbitrary, then 
after a single dephasing event the state of the system will be a|0) + be!®|1), 
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and the corresponding density matrix will be 
o(@) = |a|?|0) (Ol + [b|?|1)(1] + ab*e~'?|0)(1| + a*be'®|1)(0| . (4.69) 


The random phase ¢ can take any value between —oo and +o0. The simplest 
assumption is that it is distributed according to a gaussian distribution. Then 
the density matrix after a single dephasing event, averaged over all values of 
the phase, is given by 

1 


a= a déo(pe-o/49 (4.70) 


The integrals are easily evaluated: the density matrix becomes 
_ _[|al* = ab*e~? 
01 = Re |b|? : (4.71) 


The decay of the off-diagonal elements is a signature of decoherence. After 
many dephasing events, the off-diagonal elements decay to zero, leaving the 


density matrix diagonal: 
zo hale 20 


Now we come to the idea of decoherence free subspace. Suppose we have 
two two-level systems, distinguished by the index 7, and that the phase im- 
posed on the state |1) is independent of 7: 


lO}; > 10)y 5 [Lp rePly, G=1,2). (4.73) 
Under a single dephasing event, the four basis states are transformed to 
|0)1|0)2 — J0)1|0)2, —|1)al1)2 > e**|1)i]1)o , 
JO)1|1)2 > e**|0)i[1)2, — |1)1|0)2 + e'*]1)1|0)o « (4.74) 


The fact that both states in (4.74) transform with the same factor exp(i@) 
suggests that if we replace the set {|0)1|1)2,|1)1|0)2} by the symmetrized 
(but un-normalized) set 


{|+) = |0)1]1)2 + [1)1/0)2 5|—) = 10)1]1)2—|1)110)2} (4.75) 


then the new states transform under multiplication by the same factor 


exp(id): 
{Py Ses), el) r (4.76) 


This means that the density matrix elements in this subspace are unaffected 
by a dephasing event: 


(jlalk) > (Gle~*) o (e'*|k)) = Gilolk), = G.k=+,-), (4.77) 


and thus do not suffer decoherence. In other words, the set (4.75) forms a 
decoherence free subspace. 
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4.5.2 Experimental Verification of Decoherence Free Subspaces 


An experimental demonstration of the existence of decoherence free sub- 
spaces was provided by Kwiat et al. [97], using a system rather similar to 
that described in the previous subsection. The two-level system employed 
was provided by the two independent polarization states of a photon: |0) 
being represented by a horizontal (H) polarization and |1) by a vertical (V) 
polarization. Pairs of correlated photons were produced by the process of 
spontaneous parametric down conversion in two thin, adjacent, nonlinear 
optical crystals of beta barium borate, cut for type 1 phase matching. An 
ultraviolet pump photon may be split inside the crystals into two correlated 
daughter photons emitted in different directions, energy being conserved in 
the process. An incident pump photon polarized at 45° has equal probability 
of down-converting in the first crystal to produce two H photons, or in the 
second crystal to produce two V photons. This leads to the maximally en- 
tangled state (HH) +|VV))/./2. The output state obtained can be varied by 
changing the experimental conditions — for example, by imposing a birefrin- 
gent phase shift. By such means, one can produce photon pairs in any one of 
the four so-called Bell states 


|®*) = (|HH) + |VV))/v2 , 
|U+) = (HV) £|VH))/v2. (4.78) 


We introduced the Bell states (4.78) in Sect. 3.2 as examples of maximally 
entangled states. 

In the previous subsection, we discussed the effect of introducing a random 
phase to each of the single-photon basis states {|H),|V)}. A more general 
situation is where the random phase shifts are introduced in the rotated basis 
states {|H) cos8+|V) sin 0, —|H) sin@+|V) cos 6} for an arbitrary value of 6. 
The effect of such decoherence on each of the Bell states depends upon the 
basis to which the random phases are applied — that is, on the value of 0. 

A measure of the effect of decoherence on a given state is provided by a 
quantity known as the fidelity, 7, which we now define. It is a quantity of 
general interest, as it is a measure of the change imposed upon a system by 
an arbitrary process, not necessarily decoherence. Consider a system which 
is prepared initially in a pure state |wi,), and then undergoes an interaction 
which changes the state, so that the system is finally described by a density 
matrix Oout- In this case, the fidelity is defined to be 


F (tb) = (Win |eoutlVin) - (4.79) 


In general, the initial state of the system is described by a density matrix 


172 4 Quantum Interference as a Control of Decoherence 


Table 4.1. A summary of the experimental results in terms of the fidelities. The 
Fout—pure column lists the fidelity of the final state with the target Bell state, the 
Fout—init column with the experimentally produced initial state, and the Ftheory 
column the theoretically expected value. (The errors in this column reflect the fact 
that there is an experimental uncertainty of 0.5° in the value of 0.) The final column 
lists the fidelity of the final state with the theoretical prediction. From P.G. Kwiat, 
A.J. Berglund, J.B. Altepeter, A.G. White: Science 290, 498 (2000). Copyright 
(2000) AAAS 


Bell state = Fout—pure Fout—init F theory Fout—init 

HH+ VV 0.51+0.03 0.54+ 0.04 0.5 1.00 + 0.02 
HH-VV_ 0.85+0.02 0.34+0.02 0.33+0.01 0.98+0.02 
HV+VH 0.54+0.02 0.53+0.02 0.52+0.02 0.99+0.02 
HV-VH 0.97+0.04 1.00+0.04 1 0.97 + 0.04 


Oin Yather than by a wavefunction, in which case the above definition is 
generalized to 


F = {Tr [Vem Cour VOmn)"?] Y (4.80) 


For example, for @ = 0, it can be shown that for the four Bell states, #(@*) = 
0.5, and F(W*) = 1. 

Of particular interest is the value 6 = 17.6°, because this was a main 
focus of the experiments. Then it can be shown that F(®*) = 0.5, F(®~) = 
0.33, F(Wt) = 0.33 and F(W~) = 1. Thus the state |W—) suffers no deco- 
herence losses if the random phases are introduced to the basis states with 
GS 17.675 

In the experiments, the quantum state of the two-photon contribution 
to the reduced density matrix with respect to polarization was determined 
tomographically. Decoherence was produced in this system by introducing 
a random phase into each arm by means of quartz plates. Detecting the 
photons introduces effectively a trace over the frequency degree of freedom, 
which plays the role of the environment, and the resulting reduced density 
matrix for the polarization becomes mixed. 

Figure 4.14 shows the experimentally measured density matrices for the 
four Bell states. The left-hand panels represent the input states without de- 
coherence and the right-hand panels the states after applying a specific col- 
lective decoherence. It can be seen that in case (d) the left- and right-hand 
density matrices appear identical. 

The Table 4.1 compares the fidelity of the final state with the target state 
and the experimentally produced initial state. 
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Fig. 4.14. The experimentally measured density matrices for the Bell states (a) 
HH+VV, (b) HH-VV, (c) HV+VH, and (d) HV-VH. The left panels represent the 
input states without decoherence; the right panels represent the resulting states 
after collective decoherence is applied in the 17° basis. Only the real parts are 
shown: the imaginary components, which theoretically are zero, were always less 
than a few percent. From P.G. Kwiat, A.J. Berglund, J.B. Altepeter, A.G. White: 
Science 290, 498 (2000). Copyright (2000) AAAS 


4.5.3 Tests on the Master Equation for a Decoherence Free 
Subspace 


We have seen in Chap. 2 that if we start with the equation for the density 
matrix for a system interacting with a reservoir, and eliminate the degrees 
of freedom corresponding to the reservoir, we can obtain an equation for 
the reduced density matrix for the system alone (the “master equation”). 
Whilst the evolution of the composite ‘system plus reservoir’ is unitary, that 
of the reduced density matrix for the system alone is, in general, non-unitary. 
Lindblad has shown that if 
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1. the evolution of the master equation is Markovian, 
2. the evolution is “completely positive”, 4 and 
3. the system and bath density matrices are initially decoupled, 


then the master equation has the (Lindblad) form 


do(t) i 

—— = --|f7 i Lo(t 4.81 
where o(t) is the evolution of the reduced density matrix for the system 
alone, Hg is the effective system Hamiltonian, including possibly a unitary 
contribution from the reservoir (e.g. Lamb shifts), and 


M 
Lo(t) = ; Sy (2Mo(t)F} — F} Fio(t) — o(t)F} Fi) . (4.82) 
ij=l 
The term £o(t) contains all the terms responsible for decoherence, and rep- 
resents a non-unitary evolution. The 7;; are non-negative constants, and the 
Fi, are system operators. 
By inspection of the Lindblad form, it is easy to see the conditions for a 
subspace to be a decoherence free subspace. Let a subspace V be spanned by 
the states 


{lda)} , Oly, Sagat (4.83) 


An arbitrary density matrix defined on this subspace is 


= 2. tap 


and we define the operator subspace S to be that subspace spanned by the 
basis operators 


Pa) (dal , (4.84) 


{lda) {Gal}, @, B= 1... n. (4.85) 

Then clearly, if 
Hs|¢a)(¢al € § , (4.86) 
Lida)(gal=0, a, B=1,...40, (4.87) 


then the subspace V is a decoherence free subspace. 


* Basically this means that 0(t) satisfies the proper physical conditions of positivity 
for all t. For a technical definition and discussion, see M.A. Nielsen, I.L. Chang: 
Quantum Computation and Quantum Information, (Cambridge University Press 
Cambridge, 2000), Chap. 8. 
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Conditions (4.86) and (4.87) are the basic requirements for the set (4.83) 
to be a decoherence free subspace. The second condition, (4.87), is the re- 
quirement that a density operator belonging to S be decoherence free, and 
the first condition, (4.86) is the condition that the unitary evolution under S 
does not take a density operator originally in the operator space S out of S. 
(If this condition did not hold, the density operator may evolve to a density 
operator which is subject to decoherence. ) 

We now derive further conditions for a decoherence free subspace. Con- 
sider the Liouvillean operator of (4.81), and a subspace V of the form (4.83). 
Further suppose that the elements of this subspace obey the relation 


Fy|ba) = Aj|bad 5 eel gears | ie (ol ar cag (4.88) 


where the F; are the operators that appear in (4.81). That is, the basis states 
da are degenerate eigenstates of all the operators F;. (“‘Degenerate’ because 
the eigenvalues do not depend on the index a.) Any density matrix defined 
on the space V has the form (4.84). Substituting this expression into (4.81), 
and evaluating the matrix element, we obtain 


(b.|L S- 2a,8 


a,G=1 


from which we deduce that £|¢.) (¢a| = 0. 

Thus, if the elements of V satisfy (4.88), the second condition for a de- 
coherence free subspace is satisfied. It is important to note that this result 
holds irrespective of the values of the 7; of (4.81). One would have to test 
whether condition (4.86) was satisfied before one could conclude that V was 
a decoherence free subspace. 


Pa) (Pal lon) = 0 ) Va, B ) (4.89) 


|O> 


Fig. 4.15. The level diagram for the Lambda system driven by two laser fields of 
Rabi frequencies Qo and QQ; 


We illustrate this result by considering the Lambda system of Fig. 4.15. 
The levels |0) and |1) are connected to level |2) by monochromatic fields of 
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frequencies wo and w, respectively, and Rabi frequencies Q9 and (2; respec- 
tively. Each field is detuned by the same amount A; from resonance, and it 
is assumed that the transition from |0) to |1) is forbidden. 

The Hamiltonian H of the system is 


H/h= 5 E; pea += 5 (el°" Ape + ie Ais + H.c. ) 5 (4.90) 
j=0 
where, as usual, A;; = |¢)(j| and ‘H.c.’ means that the Hermitean conjugate 


of the preceding expression is to be added. We apply the unitary transform 
U = exp[- ie o(£; — Ad;2)A;;t], when the transformed Hamiltonian H= 


UtHU —iU'U becomes time independent 
H/h= A, Ao2 +S 5 (Ave + Q,Aj2 + H.c. ) : (4.91) 


Now consider the decoherence term, which is here due to spontaneous emis- 
sion. We suppose that the dipole moments of the two transitions are perpen- 
dicular, so that the spontaneous decay is described by the following Liouvil- 
lean 


1 
Lo= 5 102 (2A020A20 — A20A020 — @A20A02) 


1 
+5712 (2A120A01 — Ao1Ai20 — @A21Ai2) . (4.92) 


We assume no spontaneous decay from the two lower levels. We may thus 
identify the ‘F;’ operators of (4.81) for this Liouvillean as follows: 


Fy = Ao2 , Fs = Aje ; (4.93) 


To search for a decoherence free subspace, we need to see if the eigenvalue 
equation 


Flea) = jl ba) (4.94) 
has solutions where the \, are independent of a. From (4.94), we find 


(dal A3A1|b0) = (bal FE Filda) 
1.e. ASAI = (ba|A21 Ao2|¢a) —0. (4.95) 


Thus either Az = 0 or Ay = 0 (or both are zero). If A; = 0, then (4.94) implies 
Ao2(|co|0) + ¢4|1) + C2|2)) = 5 (4.96) 


where we have expanded |¢,.) in terms of the atomic states. This equation 
implies co = 0, and thus 
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I$) = eo|0) + erl1) . (4.97) 


where we drop the a subscript for convenience. It immediately follows that 
Ao2|¢) = 0, and thus Ap = A; = 0. The subspace that is free of spontaneous 
emission is the subspace spanned by the two lower levels 


U= {{0), |1)} , (4.98) 


which is intuitively obvious as both these levels are assumed stable under 
spontaneous emission. 

We must now see if the first condition for a decoherence free subspace, 
condition (4.86), can be satisfied. We require that the vector H|¢) should 
remain in the subspace U, that is, it should not contain the state |2). We can 
write this condition as 


Ao2H|¢) = 0 or (AooH = H Ao2)|¢) =0 5 (4.99) 


since Ag2|¢) = 0. We easily find that 
ob 38 1 
(Aosfl = A Aga) [t= AzAoa + 5 (0400 + 9101 — %Av2) (4-100) 


Applying this operator to the state |¢), we obtain |0)(Qo(0|¢) +21 (1|¢)) = 0, 
giving us finally the condition Q9(0|¢) + Q,(1|¢) = 0. This determines the 
wave-function |) as 


10) — Qo|1) 


4/04 OF 


It satisfies the relation H |\6) = 0, showing that the particular combination 
in (4.101) undergoes destructive interference under evolution by the system 
Hamiltonian. The state |¢) is completely decoupled from the dynamical evo- 
lution of the system. 

The decoherence free subspace in this example is again one-dimensional, 
being simply the state |¢). For quantum computing purposes, one-dimensional 
decoherence free subspaces are of little use: one requires multi-dimensional 
subspaces. However, the simple examples discussed above illustrate the un- 
derlying principles. 


|e) = 


(4.101) 


5 Coherence Effects in Multi-Level Systems 


In the previous chapter, we looked at how atomic coherence effects could 
be produced by spontaneous emission, in the absence of external fields. A 
principal difference with this chapter is that here we examine how quantum 
interference and coherence can be induced by applied fields. We then proceed 
to show how these quantum properties can be exploited to control the nonlin- 
ear optical properties of multi-level atomic systems. One of the most striking 
phenomena that arises is electromagnetically induced transparency: a previ- 
ously opaque optical medium can be rendered transparent to a probe field 
by applying an intense laser field of different frequency. This phenomenon, 
and related phenomena due to atomic coherence, have given rise to many 
important applications in nonlinear optics. 

In order to present the basic phenomena in the simplest terms, we first 
limit ourselves to considering optically thin specimens, so that we do not 
need to consider propagation effects. We begin with a study of the Lambda, 
Vee and Ladder three-level systems, with particular emphasis on the Lambda 
system, and the phenomenon of coherent population trapping. The use of this 
effect in laser cooling and velocity selective coherent population trapping is 
described. Next, we discuss electromagnetically induced transparency and 
lasing without inversion. 

After establishing the basic phenomena in this way, we introduce the wave 
equation, and discuss the features associated with spatial propagation of EM 
fields in optical media. We conclude with a discussion of some of the more 
important applications of EIT in nonlinear optics, such as the enhancement 
of nonlinear susceptibilities without increasing the absorption. 


5.1 Three-Level Systems 


There are three possible configurations for a three-level system illuminated 
by two monochromatic fields — the Lambda, Ladder and Vee configurations 
— as shown in Fig. 5.1. It is assumed that the direct transition |1) © |2) is 
forbidden in each case, and that the dipole moments of the two transitions 
are perpendicular, so that there are no cross-relaxation terms of the type 
discussed in Chap. 4. We have deviated from our customary labelling of the 
atomic levels for the Lambda and Ladder systems (but retained it for the 
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|2> 
|2> 
|O> hoo Qo] V2 |1> 
|O> 
Qo,V Vv 
= Q,] v4 Q4,V { Vo 
|1> ho; 
|2> —+___—__ hw. ~—b-—- 1> |O> 
Lambda Ladder Vee 


Fig. 5.1. Three-level systems in Lambda, Ladder and Vee configurations. The only 
allowed transitions are those shown in the figure, which in each case share the 
common level |0). The Rabi frequency for the transition |0) < |k) is denoted 0; 
and the corresponding laser frequency is denoted 1. Spontaneous emission also 
takes place on the allowed transitions, but this is not shown for clarity. The energy 
of the level |k) is hw, 


Vee) in order to make |0) the shared level in each case. The advantage of this 
notation is that, having found the solution for one configuration, it is easy to 
write down the solutions for the other two configurations. We shall, however, 
concentrate largely on the Lambda system in our discussions. 

The basic physical effect underlying all the effects we describe in this 
chapter is called coherent population trapping (CPT). It differs in several 
respects from the population trapping described in Sect. 4.2, which was due 
to quantum interference induced by spontaneous emission in Vee systems 
with perpendicular dipole moments. Externally applied fields are essential 
for CPT: in fact, CPT may be described as the application of laser fields to 
an atomic system in such a way as to produce a coherent superposition of 
atomic states that does not absorb radiation from the EM field. 

CPT was observed by Alzetta and co-workers at the University of Pisa 
in 1976 [98], using essentially the driven Lambda system of Fig. 5.1 in which 
the hyperfine levels of sodium played the role of levels |1) and |2). They 
demonstrated that when a two-photon resonance condition applied, the flu- 
orescence from state |0), which is a measure of the population in that state, 
was greatly reduced. Effectively the population of |0) was reduced to zero. 
This can be understood in terms of quantum interference. There are two con- 
tributions to the probability amplitude for the population of state |0), one 
coming from state |1) and the other from state |2). When the experimental 
conditions are such that the probability amplitude from state |1) is equal 
in magnitude but opposite in sign to that from state |2), the quantum in- 
terference is completely destructive and the population of state |0) is zero. 
When this happens, we shall see that the state of the system is a coherent 
superposition of the levels |1) and |2). 
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5.1.1 The Basic Equations for Coherent Population 
Trapping 


We first concentrate on the Lambda configuration. Because population is 
conserved in this system under spontaneous decay, the Wigner—Weisskopf 
approach cannot be employed here, and we must use the density matrix 
description. For the Lambda system the general master equation (2.49) re- 
duces to 


oe = FH + Vial + Lo, (5.1) 
where 
3 
Ho = ny WrAkk (5.2) 
k=1 
is the Hamiltonian of the atom, 
Y= sh (Q2 Aaoe!”2" + 04 Ajoel”t® + H.c.) (5.3) 


is the interaction of the atom with the external laser fields, and 
1 
Lo= 3502 (2000 A22 — eAo0 — Aovg) 


1 
+5601 (2000 A11 — @Aoo — Aooe) (5.4) 


represents the damping of the atom by spontaneous emission. 

Here, as usual, Aj, = |j)(k| and the energy of level |) is hw;. Also, v; is 
the frequency of the driving laser on the |0) < |j) transition, and Q; is the 
corresponding Rabi frequency. The latter is in general assumed to be complex 
to allow for different phases between the two lasers. We have introduced the 
notation that ¢;; is the spontaneous decay rate from |i) to |j), and hence 
Vi = D0; Giz is the total spontaneous decay rate of level |7). 

The explicit time dependence in (5.3) can be removed by applying the 
unitary transformation 90 = U@U', where 


U = exp{it|(w2 — 62) A22 + (wi — 61)A11 + woAoo]} 5 (5.5) 


with 6; = v; — wo,; the detuning of the relevant laser from the |0) to |j) 
transition and wy,, Sy HOR: Then the master equation for the transformed 
density operator 0 takes the form 


5 if- ~ < 
6=—= |Ho+V,a| + Lo, (5.6) 
where 
Ho = fib2 Ang + hd, Any , 
7 1 
V= 5h QeAao + Q; Ajo + H.c.) 5 (5.7) 


and L= CL. 
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5.1.2 The Solutions Under Two-Photon Resonance 


The simplest case to consider is that in which the two-photon resonance 
condition holds in the transition |1) «+ |2) via the state |0). The condition 
may be written 


61 = 62 , or equivalently We —- Wy = Vy —W. (5.8) 


In the remainder of this subsection, we assume this condition to be satisfied. 
Setting 6, = dg = 6 in (5.7), it is easily demonstrated by direct substitution 
that the pure state density matrix 


Onc = |(Unc)(Uncl (5.9) 
where 
_ 3]1) — O72) 


Ww = ‘ 
\Yne) a, ; (5.10) 


with 


Q4 = Y|O4|? + [Q2|? , (5.11) 


satisfies (5.6) with 6 = 0 — that is, dwc is a steady state solution of this 
equation. 

The state (5.10) is called the “non-coupled state”, because one easily 
verifies that 


Ho|Wnc) = 6|Unc); ViIYnc)=0; andalso Léyc =0, (5.12) 


where the operators are defined in (5.7). Thus |Wyc) is not coupled to any 
other state by either the applied electromagnetic fields or the vacuum elec- 
tromagnetic field: it is stable with respect to the free evolution of the Hamil- 
tonian and to spontaneous decay. If the system evolves into this state, it will 
remain in it indefinitely. Since transitions into this state are possible whereas 
transitions out of it are not, the system, starting from an arbitrary initial 
state, will eventually evolve into |Vyc): population becomes “trapped” in 
the non-coupled state. 
By contrast, the orthogonal state to |Vyc), the “coupled” state 


_ Qld) + Q2]2) 


Uw 
| c) on ) 


(5.13) 
is strongly coupled via the applied and vacuum electromagnetic fields. One 
may use the set {|0),|Wyc),|Wc)} as an alternative basis, called the CPT 


basis, to describe the system in place of the basis {|0),|1),|2)}, although we 
do not do so here. The states {|UVyc),|Wc)} have a similar structure to the 
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symmetric and antisymmetric states (4.14), but with the spontaneous decay 
rates replaced by the Rabi frequencies. 

Let us suppose that the system has evolved into the state |W yc), where it 
remains. Using expressions (5.9) — (5.11), we obtain the steady-state density 
matrix elements under two-photon resonance as: 


Po(0o) = 0, 001(00) = 0, 
Pi (00) = |Q2|?/0% ,  @02(00) = Or; (5.14) 
P (00) = |O1|?/0% ,  G12(00) = —103/027. , 


where P;(t) = (j|6(t)|7) denotes the occupation probability of level |7). 

The results (5.14) are at first sight surprising, as they show that the 
steady-state occupation probability of the excited level |0) is zero, even when 
it is strongly driven by two lasers from the lower levels |1) and |2), which 
themselves have an appreciable occupation probability. They can be under- 
stood as a consequence of the relations (5.12). 

Notice that the results for the probabilities are independent of 41 (or 62) 
provided the two-photon resonance condition 6, = d2 is satisfied, and that 
they are also independent of the relative phase of the driving lasers. The 
steady-state coherence 612(co) does however depend on the relative phase. 
Note also that the magnitude of the coherence 612(0o) is large. It is this 
feature — the induced two-photon coherence between two levels that are not 
coupled directly by the applied fields — that makes the three-level system 
such an interesting object of study. 

Since the absorption coefficient for the transition |0) © |j), (7 = 1,2) is 
determined by 69;(00), the fact that 69;(00) = 0 means that a monochro- 
matic probe beam applied to the system would exhibit no absorption on this 
transition. 


5.1.3 The General Equations of Motion for the Density Matrix 


As in Sect. 4.3, it is convenient to work with the Laplace transform as defined 
in (4.45) and to make use of expression (4.46) for the Laplace transform of 
the differential coefficient 


AO / een. (5.15) 
and 


£ (0) = z0(z) - (0) , (5.16) 


where 0(0) is the value of 6(t) at t = 0. As we are interested ultimately in 
the steady-state solutions, which do not depend upon the initial conditions, 
we choose a simple value for 0(0), namely 0(0) = |0)(0]. 

Before proceeding, we generalize the model to allow for an irreversible loss 
of population from the excited state |0) at the rate J, such as may be caused 
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by ionization. We can then examine the conditions for population trapping 
to occur in this situation [99]. 


The Laplace transforms of the equations of motion for the density matrix 
elements then become 


as i a 2 ee a 
(z+ + I)e00 -1= 5 (Q2002 + 21001 — 23020 — QF 010) , (5.17a) 
= us i as. 2 
(z+ 71)@11 = C0100 — 9 (Q1001 — QF 010) ; (5.17b) 


. a ee ee eee 
2022 = C0200 + G12011 — 3 (Q2002 — 25020) , (5.17c) 


= i Zs as ~ 

(z + €10) 010 = 5 [22012 — Q1(G00 — O11)] , (5.17d) 
a ene rete eee as 

(z + £02) 002 = 5 [QF O12 — 23(G00 — 022)] , (5.17e) 
= i = oes 

(z+ £12) O12 = = (Q1 002 —Q5010) , (5.17£) 


where we introduce the complex decay rates 


1 

E10 = 5 (Por-e£) 4 id1-, (5.18a) 
1 

fo2 = 3 (To2 + I) — ide , (5.18b) 
1 

f12 = ghia t+ 101 — 102 , (5.18c) 


and 0;4(z) = 04, (2) (j # k). In (5.18), [jx = 7; + Ye is the sum of the 
spontaneous decay rates of levels |7) and |k), and yo = Co1 + Cog is the total 
rate of spontaneous transitions out of level |0). Similarly, 7; = ¢,2 is the total 
decay rate of level |1). For the Lambda system, we have assumed |2) is the 
ground state, so that we put yo = 0. For brevity, we have suppressed the 
z-dependence of the 0;,. Note that for the Lambda system, it is usually the 
case that ¢j2 = 71 is very small compared to the other decay rates. In fact, 
we shall show that for CPT to occur, it is necessary that y, = 0. 

In order to obtain an analytic solution to the set (5.17) of nine equations 
we first make a partial solution. We consider the subset of equations for the 
off-diagonal elements, and find the solution for the off-diagonal elements in 
terms of the diagonal elements. These solutions are then substituted into 
the remaining equations for the diagonal elements. After rearrangement, the 
resulting equations have the structure of a set of rate equations in Laplace 
space. Denoting the diagonal elements as P;(z) = 0;;(z), we have 


zPo -l= —WoPo + WioPt + W209 Po F (5.19a) 


zP, = —W,P, + WoiPo + W1P> 5 (5.19b) 
zP» = —W 2P» + Wo2Po + Wi2P\ 5 (5.19c) 
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which have an obvious gain—loss interpretation in terms of the generalized 
transition rates from level |j) to level |k), Wj, which like the P; are functions 
of z. [See Fig. 5.2.] The W; are the total transition rates out of level |j) — 
that is, Wo = Wo1 + Wo2 + 1, Wi = Wio + Wie, and W2 = Wa, + Wao. In 
Laplace space, the left-hand side of the above equations represents the rate 
of change of the occupation probability of level |7), whilst the right-hand side 
is the difference between the rate of transitions into the level |j) and the rate 
of transitions out of it.’ 


|2> 


Fig. 5.2. The upward transition rates (solid lines) and the spontaneous decay rates 
(dashed lines) in the Lambda system. To each upward rate W;; there corresponds 
a downward rate W;; = Wx + Cxj, which we have not shown to avoid cluttering 
the diagram. The irreversible loss rate I from |0) is also shown 


Explicitly, the upward rates are given by 


Wio = Wig — War; Wao = Woo — War , 
Wio = 2Re[|Q1|?(Eo2E12 + |Q1|7)/F] , 

Woo = 2Re[|Q2|?(Er0€12 + |2|7)/F] , (5.20c 
Wo, = 2Re[]20,|?/F] , (5.20d 


where 


F = €:9€02€12 + |Q1|7£10 + |Q2|7Eoe - (5.21) 


Consider for example the expression for Wj. It may be understood in the 
following way [100]. The first term Wj, is the result of the direct process 
which takes the initial density matrix 01, to the final density matrix 009 
under the atom-laser interaction via the process 


' It is not coincidence that the density matrix equations for the Lambda system can 
be cast into the above form. It has been shown [100] that any time-independent 
density matrix equation with damping given by the Lindblad form can be rewrit- 
ten as a set of rate equations in Laplace space. 


186 5 Coherence Effects in Multi-Level Systems 


211 — 001 ~ Coo ; (5.22) 


and the Hermitean conjugate process (011 > 010 > 000). 
The second contribution, —W 2, is the contribution from the indirect 
(two-photon) process: 


211 — O01 — 021 ~ 001 ~ Coo ; (5.23) 


(plus conjugate process). The direct and indirect processes interfere to pro- 
duce the net transition rate Wo. 

The downward rates are obtained by adding the appropriate spontaneous 
emission rate to the upward rates: 


Wo1 = Go1 + Wio , (5.24a) 
Wo2 = Coz + Wao , (5.24b) 
Wie = G2+ War . (5.24c) 


These expressions apply to the Lambda system. 

For the Ladder and Vee systems, the upward and downward rates are 
different, as may be seen from Fig. 5.1. For the Ladder system for example, 
Wi0, Wo2 and Wj» are the upward transition rates, instead of W19, W29 and 
W as in the case of the Lambda system. Our equations still apply, provided 
we make the interchanges 


X02 oO X20 ; X24 oO X42 ; X= W,¢ , (Ladder) : (5.25) 


For example, for the Ladder system, we have the downward rates 


Wor = Gor + Wi0 , (5.26a) 
Wa9 = C20 + Woe , (5.26b) 
Wa =6a+ Wie, (5.26c) 


instead of (5.24). For the Vee system, the replacements are 


Xo2 4 X99, Xa1 O X12, X10 @ X01, ~ X =W,C, (Vee). (5.27) 


The solution to the set (5.19) is easily found: 
P= [(z + Wi)(z + W2) _ Wi2W21| /D . (5.28a) 
P= [(z + W2)Wo1 + Wo2Wa1| /D : (5.28b) 
P= [(z + W1)Woe2 + Wo1W 2] /D ; (5.28c) 


where 


D=2[2? +2(Wo + Wi + Wo) + WoW + WW. + W2Wo 
—WoiWi0 — Wi2Wai — WaoWo2] +1(WiW2 — Wi2Wa1) « (5.29) 
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The steady-state atomic occupation probabilities are obtained from the above 
solutions by making use of the Laplace identity 


t-0o 


It will be observed that D must possess a factor of z in order to ensure that 
the steady-state atomic occupation probabilities are nonzero. The condition 
for this is clearly 


W,(0)W2(0) — W12(0)Wo1(0) = 0 , (5.31) 


where we have indicated explicitly that z must be set to zero in the transition 
rates. Equation (5.31) is the condition for population trapping to occur in 
the system. For the Lambda system, it may be written 


W20(0)Wi(0) — Wi2(0) = 0. (5.32) 


That is, the condition for population trapping is that the indirect transition 
rate W12(0) be equal to the geometric mean of the direct transition rates 
W3o(0) and W7,(0). 

From (5.20) and (5.24), it is straightforward to see that (5.32) is satisfied if 


5) = 52 and (2=0. (5.33) 


Thus, population trapping occurs in the Lambda system under conditions 
of two photon resonance, 6, = 62, provided there is no spontaneous decay 
between the two lower levels. It occurs if there is spontaneous emission be- 
tween the excited level and the two lower levels, even in the presence of an 
irreversible loss from the excited state. We remark that is quite easy to gen- 
eralize our treatment to deal with the case that the exciting lasers are not 
monochromatic, but have finite linewidths [99]. Then it can be shown that 
population trapping does not occur. 

For the case of two-photon resonance in the Lambda system, we find on 
setting 61 = d2 and Cj2 = 0 in (5.20): 


Wio(0) = |M 4G, (5.34a) 
Wo(0) = |2l4G (5.34b) 
W12(0) = W21(0) = |Q,N2|?G , (5.34c) 


where G = 2Re{1/F(0)}. We find that the steady-state occupation probabil- 
ities for the lower two levels may be written in the form 


Pi (oo) = 95 [(Z + €o1) 03 + C0207] /Do , (5.35a) 
P2(oo) = 4 [(Z + €o1) 03 + C0207] /Do , (5.35b) 
Po(oo) = 0, (5.35c) 
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where 
Do = (Q7 +03) [F (QF + 03) + Cor} + Go2M7] (5.36) 


In the case where the spontaneous decay rates C9; and C92 are much 
smaller than the ionization rate, these expressions reduce to 


4 
P\(o) = ——_,, , (5.37a) 
(Q7 + 03) 
2Q2 
Pi ee, (5.37b) 
(Q7 + 23) 
Po(co) = 0. (5.37c) 


It is clear that a fraction Q7/ (Q7 +3) of the population is ionized. The 
steady-state of the system is 


2 02 
= —5—~ |V U . . 
On the other hand, if we set J = 0 in (5.35), we find 

Q2 

P. = ae 5.39 
Q7 

P. = : 5.39b 

Po(co) = 0, (5.39c) 


in agreement with (5.14). The steady-state of the system is now simply 
o(00) = |Wne) (Unc - (5.40) 


It is important to note that this result is independent of the decay rates Co1 
and Co2: the CPT steady-state does not depend upon these quantities in the 
absence of an irreversible loss from the excited state. In the next subsection 
we analyze the general case by numerical evaluations of (5.28). 


5.1.4 Steady-State Solutions 


When the two-photon resonance condition (5.8) is not satisfied, it is simplest 
to evaluate the expressions (5.37) numerically. First of all assuming 62 = 0, 
we show the populations Pj(oo), 7 = 0,1,2, as a function of 6, for a range 
of parameter values in Fig. 5.3. In Frames (a) and (b) the decay rates are 
equal but the Rabi frequencies differ, in Frames (c) and (d) the decay rates 
are markedly different but the Rabi frequencies are equal. All quantities are 
measured in units of Co, = ¢. It is clear that changing the relative values of the 
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Fig. 5.3. The steady-state populations of state |0) (solid line), state |1) (dashed 
line) and state |2) (dot-dashed line) for 62 = 0. In (a), Gor = Go2 = 6, N1 =C, Q2 = 
2¢; in (b), ¢o1 = Go2 = Cy Qy = 2¢, Qs = Cs in (c), Go1 = C; Co2 = 5¢, Q1 = Qe — 
0.5¢; in (d), Gor = €, Co2 = 0.2€, Qa = Qe = 0.5¢. All graphs in the same frame 
have been normalized to the maximum value of Po(0co) 


Rabi frequencies and/or the decay rates produces qualitative changes in the 
graphs of P,(oo) and P2(oo). For 52 = 0, the graphs are all symmetric about 
6, = 0. Of most interest is the plot for Po, which exhibits a zero when the two- 
photon resonance condition 6, = 62 = 0 is satisfied, as predicted analytically 
in subsection 5.1.2. As a function of 61, it is always doubly peaked. The 
plots for P,; and P; may have one, two or three turning points, and they may 
exhibit a maximum or a minimum at 6; = 0. The plot for Po(oo) in Frame (d) 
is similar to that which has been observed experimentally, as we discuss in 
the next subsection. 

In Fig. 5.4, the parameter values are unchanged except for the value of da, 
which now is 62 = 5¢. The probabilities are all now markedly asymmetric 
functions of 6,. For Po, the lineshape is dispersive around 6, = 62, and is 
reminiscent of the so-called Fano profiles, which arise when a discrete state 
is coupled to a continuum, as in the autoionizing resonances.” Both phenom- 
ena are due to quantum interference. Note also the very fine structures in 
Frames (c) and (d). 


2 U. Fano: Phys. Rev. 124, 1866 (1961). Fano profiles and lineshapes are discussed 
in Chap. 6. 
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The switch between absorptive profile for Po for resonant excitation d2 = 0 
and dispersive profiles for of-resonant excitation 62 4 0 is clearly seen in 
these two figures. Figure 5.5 shows Po(oo) for some parameter values more 


(a) (b) 


Steady-state populations 


Fig. 5.4. The steady-state populations Po (solid line), P; (dashed line) and Py» 
(dot-dashed line) for 62 = 5C. In (a), Cor = Co2 = G, Q4 = C Qe = 2¢; in (b), 
Cor = Coz = 6, Qi = 2¢, Q2 = ¢; im (c), Cor = ¢, Go2 = 5C, Q1 = Qe = 0.5¢; in (d), 
Cor = €, Cog = 0.2¢€, Qa = Qe = 0.5¢. Py and P»2 are normalized to the maximum 
value of Po (co) 


likely to be used in experiments. Usually, an intense, ‘pump’ laser of fixed 
frequency and near saturating intensity is applied to one transition, whilst a 
weak ‘probe’ laser is scanned around the two-photon resonance condition on 
the other transition. In the first frame the pump laser is resonant whilst in 
the second it is off-resonant. 


5.1.5 Observation of Coherent Population Trapping 


A large number of investigators have observed CPT since the first experiment 
by Alzetta et al. in 1976 [98]. Here, we discuss only one or two, and refer the 
reader to the review by Arimondo [101] for a fuller account. 

Among the earlier work, we may mention the contribution of Gray, Whit- 
ley and Stroud [102] in 1978 who used two independent single-mode dye 
lasers to perform accurate experiments on sodium atoms. The population of 
the upper level, as manifested by the fluorescence intensity, was measured 
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Fig. 5.5. The steady-state population Po(co) as a function of the detuning 6; for 
Cor = Go2 = 6, Oy = 0.05, Qe = 0.5¢ and different 62: (a) 62 = 0, and (b) 62 = 5¢ 


as function of the detuning of one laser, with the other fixed at resonance. 
The results are shown in Fig. 5.6. The first frame shows the theoretical pre- 
dictions, which are to be compared with the experimental results, shown in 
Frame (b). It is seen that the agreement is very good. Frame (c) shows a 
range of experimental results for different values of the detuning of the fixed 
(pump) laser. 


(a) (b) (c) 
° 
ae — c 
2 f 5 
4= € e 
ru 5 9 
fey > 5 
© S 6 
Fa = da= -48 
S) Ss -36 
i ‘ -24 
412 
-60 -30 0 30 60 “60 -30 0 30 60 0 
, -96 -48 0 48 96 
dp (MHz) 6, (MHz) 6 ,(MHz) 


Fig. 5.6. (a) Theoretical predictions for the excited state population in the Lambda 
system with one laser fixed at resonance, as a function of the detuning 6, of the other 
laser. (b) The corresponding experimentally observed excited state population. (c) 
A similar experimental plot but with the detuning of the fixed frequency laser 
taking the values 6, = 0, —12, —24, —36 and —48 MHz from exact resonance. From 
the paper by H.R. Gray, R.M. Whitley, C.R. Stroud Jr: Opt. Lett. 3, 218 (1978) 
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The experiment of Kaviola et al. [103] was performed on a fast beam 
of metastable #°Ca atoms comprising a Lambda system. The excited state 
lifetime (~ 27/70) was 10.7 ns, with 38% of the relaxation directed to level 
|0) and 53% to level |1). One transition (|0) — |2)) was driven by a ‘pump’ 
field with fixed detuning, and the other (|1) — |2)) by a weak, co-propagating 
‘probe’ field, whose frequency was scanned over the two-photon resonance. 

The density matrix equations (5.17) and the steady-state solutions (5.37) 
can be used to describe this system, but we must allow for the fact that the 
velocity of the Ca atoms is distributed over a (narrow) Maxwell distribution 
— that is, we must allow for the Doppler effect. This is accomplished by 
modifying the detunings 6, and 62 as follows 


OF S807 SUNG C ; a= to (5.41) 


where v is the velocity of an atom and c is the velocity of light, which allows 
for the fact that the atoms ‘see’ Doppler-shifted frequencies. The excited state 
population was observed after an interaction time of 1.2 Us, but it was found 
that it was a good approximation to use the steady-state solution, Po(co). 
The solutions (5.37) must then be integrated over the Maxwell distribution 
of velocities. In fact, the velocities of the atoms in the beam were almost 
relativistic (the average velocity of the atoms was of the order 10~%c) and 
this also has to be allowed for. Some other generalizations were included in 
their theory. 

Figure 5.7 shows their experimental results, together with their theoreti- 
cal fit. (The correspondence between their notation as used in the figure and 
ours is Ag; > 61,a@ 4 Q, and @ — Q2.) The only variable parameter was 
the overall amplitude of the theoretical fit, and this was adjusted to approx- 
imately fit the experimental amplitude. It can be seen that the agreement 
between theory and experiment is very good. 


5.1.6 Velocity-Selective Coherent Population Trapping 


Here, we discuss an application of CPT in laser cooling. The improvements in 
laser cooling developed over the last couple of decades have opened up excit- 
ing new areas for investigation in experimental physics, such as quantum gases 
and atom optics [104]. Some of these developments are discussed in the final 
chapter. It is well-known that the lowest temperature that can be achieved 
for two-level atoms by the conventional laser-Doppler cooling method is given 
by $kpTp = shy, where 7¥ is the lifetime of the excited state, which for Na 
atoms yields Tp ~ 240 uK. This temperature is called the “Doppler limit”. 
The next limit is the recoil limit, given by $kgTp = (hk)?/2ma, for an atom 
of mass mM, emitting a photon of momentum hk. We are not concerned with 
giving a comprehensive account of laser cooling here, but we wish to describe 
one method to improve upon the latter limit which makes use of quantum in- 
terference. This is the so-called “velocity-selective coherent population” trap- 
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Fig. 5.7. Experimental spectra with the pump detunings Az; = —55, —36,—2 
and +32 MHz. The signal is the fluorescence from the excited level as a function 
of the probe laser detuning. In all cases, the Rabi frequency of the pump laser was 
a@ = 40/27 MHz and that of the probe laser G = 5/22 MHz. The solid curves 
are the results of simulations based on the steady-state density-matrix calculations 
with experimental parameter values. Only the amplitude of the theoretical profile 
has been scaled to fit the experimental amplitude. From the paper by M. Kaivola, 
P. Thorsen, O. Poulsen: Phys. Rev. A 32, 207 (1985). Copyright (1985) by the 
American Physical Society 


ping (VSCPT) method, which permits the attainment of temperatures below 
the recoil limit. 

The effect was demonstrated by Aspect et al. [105] in a subsonic beam 
of “He atoms in the triplet metastable state. The laser beams were directed 
perpendicular to the atomic beam, and cooling was observed in the direction 
of the laser beams. Thus, the cooling was one-dimensional. For this system, 
Tp = 23 uK and Tr = 4uK. Using VCSPT, they obtained a temperature of 
about 2 uK. We outline the principles of this method below, with particular 
reference to this experiment. 

We consider population trapping within the Jz; = 1 — Je = 1 tran- 
sitions of an atom. The degenerate magnetic sublevels have the quantum 
numbers m = 0,+1. The atom is illuminated by counterpropagating lasers 
with circular polarizations 0* and o~ with the same frequency wz, which 
induce the transitions shown in Fig. 5.8. We thus have effectively a three-level 
Lambda system with relevant states |Jg = 1,m = —1), |Jg =1,m = +1) and 
| Je = 1,m = 0), which we may denote in an abbreviated notation without 
ambiguity as |— 1), |+ 1) for the ground states, and |0) for the excited state. 
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Fig. 5.8. Lambda system for VSCPT cooling in 1-D. Counterpropagating lasers 
with opposite circular polarizations but the same frequency excite transitions from 
the 2°S; m = +1 lower state sublevels to the 2°P; m = 0 excited state sublevel 


For simplicity, we consider the one-dimensional situation in which the 
atom is only free to move in the z-direction, which coincides with the di- 
rection of the counterpropagating lasers. Suppose the atom is moving with 
momentum p, and that the photons of the laser beams carry momentum 
+hk. Since the atomic momentum changes by +hk when a photon at the 
laser frequency is emitted or absorbed, we have to include the momentum 
as a quantum number in the description of the atomic states.? The relevant 
atomic basis then becomes 


{0,p) ,| +1,p +k) ,|—1,p—hk)} . (5.42) 


For each value of p, (5.42) defines a family of three states. The atom—laser 
interaction (5.7) is also modified to 


2 4 
Vis 5Q(/+ Lp + hk) (0, p| +|—1,p — hk)(0,p| + Hc.) , (5.43) 


where, since this was the case in the experiments of [105], we assume the Rabi 
frequency is the same for both transitions: QQ) = Q2 = 2. We can also define 
noncoupled and coupled states analogously to (5.10) and (5.13). Explicitly, 
the coupled and non-coupled states in this case are 


o(p)) = 7 ((4ip+ne+(—19-me), Ada) 
tere ieee). Baas) 


V2 


The state |Yyco(p)) is not coupled to the excited state |0,p) by the interaction 
(5.43), whereas |Wc(p)) is, with Rabi frequency 20. 


3 We provide only a cursory treatment of the effect of photon momentum on atomic 
motion here. A fuller account is given in Sect. 9.1. 


5.1 Three-Level Systems 195 


First suppose the atom is at rest, and the lasers are exactly resonant 
with the atomic transitions. Then the two-photon resonance condition of 
Sect. 5.1.2 is satisfied, and, as we have seen in that section, the atom will 
reach a steady-state in which it occupies the non-coupled state |Vac(0)), 
given by (5.44b). Thus, coherent population trapping occurs, that is, the 
superposition state 


ivo(0)) = a (| +1, +k) = | — 1, Fk) (5.45) 
V2 
is a stationary nonabsorbing state. 

However, if the atom is moving with momentum p ¥ 0, the two-photon 
resonance condition of Sect. 5.1.2 will no longer be satisfied. If some of the 
ground state population appears in the coupled state, this state can absorb a 
photon from one of the lasers beams, causing a transition to the excited state 
|0,p). A photon can be emitted from this state with a random component 
of momentum 6p in the z-direction lying in the range —hk < dp < hk. The 
population will be transferred to the non-coupled state as well as the coupled 
state, with some probability. It can be shown that, the smaller the value 
of p, the longer the system spends in Vyc(p). The net effect of many such 
absorptions is a diffusion in momentum space leading to an accumulation of 
population in the non-coupled state (5.45) with zero atomic momentum — the 
only stable attracting state. Once atoms have evolved into the zero-velocity 
non-coupled state they remain trapped there. For a sufficiently long time of 
interaction of the atoms with the laser beam, the final atomic momentum 
distribution P(p) along Oz will feature two resolved peaks at +hk emerging 
above the initial distribution. This will be the signature of VSCPT cooling. 

The experiment was performed with an atomic beam of excited He atoms 
in the 2°S; state, with an intensity greater than 10!? atoms s~! sr~! and 
an average velocity of 1100 ms~!. A schematic diagram of the experimental 
setup is shown in Fig. 5.9. A ring laser, with a linewidth less than 1 MHz and 
locked to the atomic transition, was employed. The laser beam was retrore- 
flected to provide two counterpropagating plane waves with opposite circular 
polarizations and almost uniform intensity in the 40-mm-diameter interac- 
tion region. The magnetic field was compensated to less than 1 mG in order 
to ensure that the magnetic sublevels were indeed degenerate. 

The first frame of Fig. 5.10 shows the theoretical transverse momentum 
distribution profile at the end of the interaction region, for parameters close 
to the experimental situation, and compares it with the initial momentum 
distribution. The second frame of the figure shows the corresponding exper- 
imental results. The signature of VSCPT is apparent. 

Velocity-selective optical pumping into a nonabsorbing state is a very 
efficient mechanism for accumulating atoms into a narrow velocity range. 
At present, temperatures in the nanokelvin range have been achieved. The 
method may be extended to samples of trapped ions or atoms. More details 
of both theory and experiment can be found in the review by Arimondo [101]. 
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Fig. 5.9. Experimental setup of Aspect et al. [105]. The atomic source at 77 K 
produces a beam of metastable (2°S;) He atoms at average velocity of 1100 ms~*, 
which interact with 0, and o_ polarized counterpropagating waves at 1.08 um. The 
transverse velocity distribution at the end of the interaction region is analyzed with 
two slits S; and S2, 100 um apart. From the paper by A. Aspect, E. Arimondo, 
R. Kaiser, N. Vansteenkiste, C. Cohen-Tannoudji: Phys. Rev. Lett. 61, 826 (1988). 
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Fig. 5.10. First Frame: Calculated transverse atomic momentum distribution 
resulting from VSCPT cooling, for parameters close to the experimental situation. 
The initial distribution is represented by the dotted line. Second Frame: The 
experimentally measured transverse atomic momentum distribution at the end of 
the interaction region, with the laser on (solid line) and off (dashed line: this profile 
has been smoothed). The double peak at about +hk above the initial distribution 
is a clear signature of the VSCPT cooling effect. From the paper by A. Aspect, E. 
Arimondo, R. Kaiser, N. Vansteenkiste, C. Cohen-Tannoudji: Phys. Rev. Lett. 61, 
826 (1988). Copyright (1988) by the American Physical Society 


5.2 Electromagnetically Induced Transparency in the 
Lambda System 


Electromagnetically induced transparency (EIT) is a technique that allows a 
beam of electromagnetic radiation to propagate through a medium almost as 
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if the medium was not there. Under certain conditions, it may also be used to 
eliminate the self-focusing and defocusing of laser beams and to improve their 
transmission through inhomogeneous refracting gases and metal vapours. An- 
other application is to create large populations of coherently driven, uniformly 
phased atoms — a new type of matter which has been called ‘phaseonium’ — 
that creates the potential for new optoelectronic devices [106]. The effect is 
related to other effects that were known earlier — ‘self-induced transparency’ 
and ‘Fano interferences’. 

We first present an elementary review of the theory of the refractive in- 
dex, establishing the results we need to describe EIT and its applications. 
A full account is presented when we consider propagation in an optically 
thick medium in Sect. 5.5. If the electric field and the polarization induced 
by it are expressed as 


E(t) = Re) — E(w,)e** , 
k 

P(t) =Re>_ P(wp)e* , (5.46) 
k 


then we may expand the polarization P(w) at frequency w, in terms of the 
complex susceptibilities y;(w) and the electric field E(w) in the following way 


P(w) =€0 x1 (w) E(w) + X2(w) E(w)? + x3(w) E(w)? +-- | x o2t7) 


We concentrate on the linear susceptibility Py(w) = e9x1(w)E(w). Dividing 
X1(w) into its real and imaginary parts, x‘, and y‘//, we have 


Pi (w) = €0 [xi (w) + ixiw)] EB) . (5.48) 


It is well-known that the linear susceptibility can be related to the refractive 
index n and absorption coefficient « by the relation 


(atin)? =Liy, (5.49) 
which gives 
al 1 
= eo n=s[l+x+V04xP +") | » (5.50) 


so that, roughly speaking, the refractive index is largely determined by y’ 
and the absorption coefficient by ,”. It is apparent that when y’ and y” are 
both zero, then n = 1 and « = 0: the medium behaves like free space. More 
detailed analysis of the dispersive and absorptive properties of atomic media 
are presented in Sect. 5.5. 

Here, we consider the especially simple case of an atom where only one 
transition, between the states |0) and |1) say, is important. The polarization 
is related to the dipole moment induced in the atom and the atomic density 
matrix through the expression 
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P, _ N 101 P10 5 (5.51) 


where lo; is the dipole matrix element for the transition, and we have as- 
sumed that if there is a density N of two-level atoms, the polarization is 
just N’ times the polarization for a single atom. For simplicity we have omit- 
ted to show the frequency dependence. From (5.48) and (5.51) we can deter- 
mine the susceptibility. 


10 0 10 -10 0 10 


0.1 
(o 


-0.1 


on 


0 
5 4/Co4 84/ Coy 


Fig. 5.11. The real (dashed line) and imaginary parts (solid line) of the coherence 
010 as a function of 61, for d2 = 0. In (a), Q1 = 1, Qe = 2, ¢o1 = Coz = 1; in (b), 
Qy = 2, Qo = 1, Co1 = Co2 = dis in (c), Q4 = Qe = 0.5, Co1 = 1, Co2 = 35 in (d), 
Q, =Q2= 0.5, Go1 = ih, Go2 —0.2 


We now return to an analysis of the absorption properties of the Lambda 
system of Fig. 5.1, and show that it exhibits EIT. Note that, as long as it 
is metastable, the intermediate level |1) need not be close in energy to the 
ground state, |2). For radiation frequencies close to wo — wy, it follows from 
(5.51) that the real and imaginary parts of 619 determine the refractive index 
and the absorption coefficient, respectively. For 62 = 0 and Q2 > Q, it is 
possible to show from (5.17) that 


6194 (Po — Pi) 


019 & 5.02 
10 |Q2|2 — iy0d1/2 — 6? ) ( ) 
and from (5.37) that Po — P, ~ 61, so that 
yt ee 007 /2 
© (|Q2)? — 87)? + (041 /2)?’ 
0276 
alos (5.53) 


X1™ (Qa — 62)? + (7001/2)? 
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It is clear that the absorption is zero at zero detuning, in contrast with the 
situation for the two-level system, where the absorption is maximal for zero 
detuning. This is an important point, which we later exploit. If the intense 
coupling field is turned off, Q2 = 0, the absorption is no longer zero. This is 
a signature of EIT. Thus, by applying an intense coupling laser, it is possible 
to induce atomic coherences which render the medium transparent. 
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Fig. 5.12. The real (dashed line) and imaginary parts (solid line) of the coherence 
010 as a function of 61, for d2 = 5. In (a), Qy = 1, Qe = 2, Co1 = Co2 = 1; in (b), 
Q4y = 2, Qo = 1, Cor = Go2 = 1; in (c), Q4 = Qo = 0.5, Co1 = li, Co2 = D5 in (d), 
Q4 = Qe = 0.5, Co1 = i Go2 = 0.2 


In Fig. 5.11 we show the real and imaginary parts of 019 for the case dg = 0, 
but we relax the condition Q2 >> Q; in these numerically generated plots. (We 
measure all quantities as multiples of ¢o,. All graphs in the same frame have 
been normalized to the maximum value of the imaginary part of 619.) The 
imaginary part is asymmetric function of 6;, and the real part antisymmetric. 
Both parts are zero at two-photon resonance, 6, = 0: in particular, there is no 
absorption at two-photon resonance. The real part may be singly or doubly 
dispersive. The slope may be very large near 6; = 0, indicating that the group 
velocity of light propagating in this system may be much less than in free 
space. This is investigated in Chap. 7. 

In Fig. 5.12 the parameters are the same as in Fig. 5.11, except that now 
6g = 5. The symmetry is lost, and both curves show dispersive-like features. 
As in the previous figure, both the real and imaginary parts are zero at 
two-photon resonance. 
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5.2.1 Realization of EIT 


The basic configuration for observing electromagnetically induced trans- 
parency is the Lambda system, as shown in Fig. 5.13. The following notation 
is usually employed. The laser coupling levels |1) and |Q) is intense (of sat- 
urating intensity) and is called the coupling laser, whilst the laser coupling 
levels |2) and |0) is called the probe laser — a name that wrongly suggests 
that it is always weak, as in experiments its intensity may be comparable to 
that of the coupling laser. 
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Fig. 5.13. (a) The basic ‘Lambda’ configuration for EIT. Usually, the laser at 
frequency 1; is called the coupling laser, and the laser at frequency v2 the probe 
laser. (b) The Ladder configuration of EIT. The transition |1) — |0) is effected 
by the absorption of two photons of frequencies vq and 1, with Q?) being the 
corresponding two-photon Rabi frequency 


It is also possible to observe EIT in the Ladder configuration, but it is 
necessary that the spontaneous decay rate of level |0) be much less than that 
of level |2). This can be achieved if the transition |0) — |1) is forbidden in 
the electric dipole approximation. The transition may then be affected by 
the absorption of two photons of frequencies v, and 1, with Q(?) being the 
corresponding two-photon Rabi frequency 


1 1 
Q? = N° 5.2 5.54 
1 dX OkSk1 (+ ] ; ( ) 


where 2, is the Rabi frequency for the transition |m) — |n) and the sum 
is over all intermediate atomic states |k). 

The essential results for EIT have been obtained in the previous section. 
There it was pointed out that the imaginary and real parts of the coher- 
ence 001, which determine the absorption coefficient and refractive index 
respectively of a probe beam at the relevant frequency, are zero when the 
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Fig. 5.14. Partial energy level diagram of strontium. The wavelength of the cou- 
pling laser A. is kept fixed, whilst the frequency of the probe laser A, is scanned 


two-photon resonance condition is satisfied. Thus, under these conditions, 
the probe beam will propagate through the medium as though it was not 
present at all: in particular, it will be completely transparent. 

A striking demonstration of EIT was presented in the early experiments 
of Boller, Imamoglu and Harris in 1991 at Stanford University [107], using 
normally opaque strontium vapour. A partial energy diagram in shown in 
Fig. 5.14. In order to have a broad absorption linewidth, the excited state |0) 
of the Lambda system was a level of strontium lying in the continuum. This 
level decays by autoionization, a process much faster than radiative decay. 

The experimentally observed transmissions against probe laser detuning 
are shown in Fig. 5.15. The frames (a) and (b) show the situation when the 
population of the 5s5p'P level is sufficiently low to allow some light at line 
centre to pass through without the coupling laser being applied. [Shown in 
Frame (a): minimum transmission is exp (—1.7+0.1)]. When the coupling 
laser is applied, as shown in Frame (b), the transmission rises to near 100%. 
The dashed line is the theoretical curve, a Voigt profile convolved with the 
probe laser lineshape (linewidth 0.15 cm7~?). 

The frames (c) and (d) of Fig. 5.15 show the situation when the 5s5p!P 
level population is sufficiently high for the medium to be optically thick 
[minimum transmission is exp(—20 +1)]. When the coupling laser was ap- 
propriately applied, the ratio of transmitted to incident energy increased to 
40% [transmission exp (—1.0 + 0.1)]. 


5.3 Lasing Without Inversion 
Lasing without inversion (LWI) and amplification without inversion are vast 


and important topics that depend upon atomic coherence for their existence. 
Space permits us only to outline the basic principles here. The topic has been 
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Fig. 5.15. The transmission versus probe laser tuning for (a) Q23 = 0 and (b) 
Q23=1.3 cm~', with the coupling laser detuning 6; = —0.2 cm~'. Minimum trans- 
mission is exp (—1.7). The right-hand frames show the transmission versus probe 
laser tuning for (c) Q23 = 0 and (d) Qo23 = 1.5 cm—+, with 6; = —0.1 cm7?. 
Minimum transmission is exp (—20). From the paper by K.J. Boller, A. Imamoglu, 
S.E. Harris: Phys. Rev. Lett. 66, 2593 (1991). Copyright (1991) by the American 
Physical Society 


reviewed by Arimondo [101] and by Mompart and Corbalan [108], the latter 
dealing exclusively with LWI, and summarizing the then state of the art. 

A major motivation for the study of LWI is the possibilities it opens for 
developing lasers that operate at shorter wavelengths than presently possible. 
Conventional lasers require a population inversion in the lasing transition. 
This condition leads to the well-known fact that the pumping power required 
for laser action scales as at least the fourth power of the laser frequency, which 
is the origin of the difficulty in producing continuous wave x-ray lasers. By 
exploiting quantum interference, it is possible to break the symmetry between 
absorption and stimulated emission, and thus in principle to remove this 
stumbling block. 

We first give a proof of principle demonstration that amplification without 
population inversion is possible. We consider the Lambda system discussed 
in Sect. 5.1 and shown in Fig. 5.16. There, we showed that the system may 
be described in terms of the so-called CPT (Coherent Population Trapping) 
basis 


3(1) — QF/2 4/1) + Q2|2 
{I yee ee a 7 (6.55) 
on on 
where Q4 = y/|0Q4|? + |Q2|?. We also showed that the system evolved into 


the steady-state Onc = |Vnc)(Vncl, that is, the system ends up in the 
state |V yc), which is not coupled to the excited state |0) by the atom-laser 
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Fig. 5.16. The driven Lambda system. The Rabi frequency for the transition 
|0) + |k) of frequency vz is denoted Q» 


interaction V of (5.7). Thus the system absorbs no photons from the driving 
laser fields when it is in the state |Vnc). 

Now suppose we instantaneously generate some population in the excited 
state, for example by broadband incoherent pumping, in such a way that the 
population is taken equally from the two ground states. Then the system will 
be described by the density matrix 


e' = |0)(0| + (1 — 9) |Wneo)(Uncl , (5.56) 


where 7 is small and positive. There will be no absorption from this system, 
for the reasons adduced above: (0|V|Wyc) = 0. Because there is population 
in the excited state however, there will be stimulated emission. The rate of 
emission of a photon of frequency v, will be proportional to |(0|V|k)|?, for 
k = 1,2. We easily find that (0|V|1) = $0, and (0|V|2) = $Q2. Thus amplifi- 
cation of photons at the laser frequency is possible without their absorption, 
and there is no population inversion in the bare atomic basis. 

It has been argued that, since the state |W )c) is effectively decoupled from 
the remaining states, the system should be considered as a two-level system, 
consisting of the states |0) and |Wc), rather than a three-level system. In this 
two-level basis, we do have a population inversion initially, as the populations 
(Oje|0) = 7 and (Wcle|Vc) = 0. This is an example of what is now termed 
“vain with hidden inversion”. 


5.3.1 A Model for LWI 


Whilst the above analysis suggests that LWI may be possible, we obviously 
need to consider a more realistic model in order to reach firmer conclusions. 
We discuss one such model in this section. A large number of schemes for 
achieving LWI have been put forward. We elect to describe a scheme due to 
Imamaoglu, Field and Harris [109] here for several reasons: it is essentially a 
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Lambda system, it is similar to the model considered in Sect. 5.2.1 for realiz- 
ing EIT, and all the processes involved, including pumping, can be described 
within this system. 

The system, shown in Fig. 5.17, is essentially a Lambda system, but the 
intermediate level |1) is not necessarily close to the ground state |2), although 
we do consider it to be metastable. The transitions |1) > |0) and |2) — |0) 
are driven by coherent lasers of Rabi frequencies Q) and Q»2 respectively. 
For simplicity, we assume that both Rabi frequencies are real, and we also 
assume that these lasers are exactly resonant with their respective transitions: 
Vy = Wo — wy and gy = wo — wo. In addition, these transitions are pumped 
incoherently at the rates Ri 9 and Rao respectively. The laser at frequency 
Vv; is the pump laser, and the laser at v2 the probe laser. We wish to see if 
amplification without population inversion is possible at the frequency V2. 


Fig. 5.17. The model system for LWI 


The equations of motion for the density matrix are obtained by adapting 
equations (5.17) to include the incoherent pumping. On this occasion, we do 
not take Laplace transforms, but work directly in the time domain. We find 
the following equations of motion 


e i : “a I, 7 - 
G00 = — (G01 + Coz) Goo — gilts (020 — G02) — gif (G10 — G01) 


— Rio (00 — 611) — R20 (G00 — 22) , (5.57a) 
611 = Co1800 — iM (G01 — G10) + Rio (00 — O11) ; (5.57b) 
622 = Co2800 — sis (G02 — 020) + R20 (O00 — O22) , (5.57c) 
610 = — Todo ae siMrdr2 = si (600 — 611) , (5.57d) 
620 = —5Toxd20 + is B21 = 5i%2(B00 — G22), (5.57e) 
O21 = ee ++ One = Oh ; (5.57£) 
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where 
Pio = Rio + Roo , (5.58a) 
Po2 = Go1 + Co2 + 2R20 + Rio , (5.58b) 
Por = Cor + Go2 + Rao + 2Rio . (5.58c) 


In (5.17), ¢j~ is the spontaneous decay rate from level |7) to level |k), and 
Rxo is the incoherent pump rate from |0) to |k). 

From these equations, we wish to obtain expressions for the steady-state 
populations (so that we can judge if there is population inversion) and the 
condition for amplification at the probe field frequency v2. The steady-state 
populations may be found straightforwardly, by setting the time derivatives 
in (5.57) to zero and solving the resulting homogeneous equations. It may 
thus be shown that 


Q11 + Goo _ R20 Tox (Cor + 2Ri0) + 29? 
022 620 + Rao Toi Rio +93 


(5.59) 


The rate of change of the number of probe laser photons (nz) is given 
by [109 


d(n 
va) = —Waps 022 + Wem (011 aa 000) ’ (5.60) 
where the stimulated absorption and emission rates are 
Reo 
Wabs = 2 (5.61) 


(02 4TrPo2)? ’ 
— O5To1 [QF (Gor + P12) + Rioo1| 


Wem 3 
(0? + Ti2T 02) 


(5.62) 


The condition for no population inversion is 01; + 022 > @o0, and the 
condition for net gain in the probe photons is WapsQ11 < Wem (@11 + 022). 
These conditions may be combined and written as 


Gor es Co2 (27 + Ti2Ri0) _ O07 + (Toi + Rio) Cor 


aia comiteeared 5 5.63 
Ty9 R07 OF ( ) 


The first inequality expresses the gain condition, while the second ensures 
no population inversion. These two inequalities are compatible, and may be 
satisfied in real atomic systems. Thus, steady-state lasing without population 
inversion is possible in a closed Lambda system. 


5.3.2 Observation of LWI 


Quite a number of groups have reported the observation of LWI. The exper- 
iments are reviewed in [101] and [108]. We discuss only one here, that by 
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Padmabandu et al. [110]. We choose this experiment because it corresponds 
quite closely to the theoretical model discussed in the last section. The exper- 
iment was performed within the sodium Dj, line of an atomic beam. Using a 
weak probe beam, they first demonstrated complete transparency, and then 
inversionless gain. After installing a laser cavity, they found that, when the 
probe was blocked, the laser started spontaneously from vacuum fluctuations. 
The sodium 3P1/2 and 35/2 levels are quite complicated due to hyperfine 


Probe Transmission (%) 


Relative Probe Frequency (MHz) 


Fig. 5.18. Frequency dependence of the probe transmission in the neighbourhood 
of resonance: (a) experiment, (b) theory. The horizontal line at 100% is the trans- 
mission in the absence of the sodium beam, and provides normalization. Curve P 
is for the probe alone, curve D is for probe plus driving laser, and curve D&I is 
for the probe plus driving laser plus incoherent pump. From the paper by G.G. 
Padmabandu, G.R. Welch, I.V. Shubin, E.S. Fry, D.M. Nikonov, M.D. Lukin, M.O. 
Scully: Phys. Rev. Lett. 76, 2053 (1996). Copyright (1996) by the American Phys- 
ical Society 


structure, but the lasing system may be considered to have essentially a 
Lambda-type structure as shown in Fig. 5.17. A strong driving field was ap- 
plied to the |1) — |0) transition, and |2) — |0) was the lasing transition. 
An incoherent pump field was applied to generate population in the excited 
state |0). 

Initially, a weak probe field was tuned through the |2) — |0) transition, to 
investigate EIT. The results for the probe absorption are shown in Fig. 5.18, 
where Frame (a) gives the experimental results and Frame (b) the theory, 
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based on a solution of the density matrix equations of the sodium D; system. 
Curve P is the transmission through the sodium atomic beam when only the 
probe laser is present — i.e. when the drive laser and the incoherent pumping 
are turned off. Curve D is the probe transmission when the probe field is 
present. It shows that at resonance, practically complete electromagnetically 
induced transparency occurs. Curve D&J is the probe transmission when 
both the driving laser and the incoherent pump are applied. It shows clearly 
that gain occurs. Comparing Frames (a) and (b) we see that the agreement 
between theory and experiment is excellent. Up to 10% gain was obtained, 
when 16% absorption was observed in the absence of the driving laser. 

After observing the probe gain, a ring cavity was installed to investigate 
cw laser oscillation. The results are shown in Fig. 5.19, which presents the 
output of the LWI oscillator as the resonant frequency of the laser cavity 
is scanned. Well-collimated outputs from the cavity were observed at ap- 
proximately 600 MHz intervals of the cavity scan, with no observable output 
otherwise, as seen in the figure. 
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Fig. 5.19. Output of the LWI oscillator as the resonant frequency of the laser cavity 
is scanned. Observation parameters are peak gain of 5% corresponding to 9% linear 
absorption. From the paper by G.G. Padmabandu, G.R. Welch, I.V. Shubin, E.S. 
Fry, D.M. Nikonov, M.D. Lukin, M.O. Scully: Phys. Rev. Lett. 76, 2053 (1996). 
Copyright (1996) by the American Physical Society 


5.4 Spatial Propagation of EM Fields in Optical Media 


We have already touched upon the fact that the refractive index and ab- 
sorption coefficient can be modified by coherence effects. We delve into these 
matters more deeply in the following few sections. 

We first review the theory of absorption and refraction in dense optical 
media. In traditional optically dense media, spatial propagation of a weak 
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field results in a very high absorption of the field within a short distance of 
the propagation. The absorption is accompanied by the uncontrolled process 
of spontaneous emission that leads to a significant dissipation of the propa- 
gating field. This dissipation is one of the sources of decoherence — the loss 
of information carried by the propagating field. 

A weak EM field of amplitude E(r,t) propagating in the r direction in 
an optically dense medium experiences an exponential absorption described 
by 


d a 
qin) = — 35 Er, t) (5.64) 


where E(r,t) is the amplitude of the field at a distance r into the medium, and 
q@ is the absorption coefficient, assumed to be constant along the propagation 
distance. The absorption coefficient determines the rate with which the field 
is absorbed in the medium. For simplicity, we consider only isotropic media. 

Equation (5.64) is a simple differential equation, and can be solved for an 
arbitrary initial value of E(0,t) of the field amplitude at the boundary r = 0 
of the medium to give 


E(r,t) = E(0,t) exp (-Sr) (5.65) 


In experiments, we measure the intensity of the propagating field, which with 
(5.65) is given by 


I(r,t) = (E*(r,t)- E(r,t)) = 1(0,t) exp (—ar) . (5.66) 


Equation (5.66) is known as Beer’s law, and is valid as long as a is not a 
function of the intensity. It shows that after propagation a distance r inside 
a dense medium, the intensity of the field is attenuated by exp(—ar). 

The numerical value of a depends on the structure of the dense medium. 
We have to relate a to the internal microscopic structure (atoms or molecules) 
of the medium and then we can interpret the absorptive properties in terms 
of the absorptive and emissive properties of individual atoms. Consider a 
propagating field in the form of a plane wave 


E(r,t) =i€(r, the tek” + ec. , (5.67) 


where the field amplitude E(r,t) changes slowly with the optical wavelength, 
w is the angular frequency of the field, and k is the propagation vector. 
The field induces in the medium a polarization of similar form 


P(r,t) =iP(r,t)e it!) + ec. , (5.68) 


with a complex and slowly varying amplitude P(r,t) that typically is out 
of phase with E(r,t), and oscillates at the same frequency w as the electric 
field. 
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The propagating field and polarization satisfy the Helmholtz (wave) equa- 
tion 
1 @E(r,t) 0? P(r, t) 


2 
V E(r,t) @2 Ot = Lo Ot2 


(5.69) 


In order to solve the wave equation, it is convenient to introduce Cartesian 
coordinates such that the propagation direction of the field is in the positive z 
direction, which is taken to be perpendicular to the input face of the medium 


= Plz, tery , (5.70) 


where €;, is the unit polarization vector in the xy plane perpendicular to 
the direction of propagation. 
Equation (5.69) then reduces to a one-dimensional Helmholtz equation 


O°E(z,t) 1 0? E(z,t) 0° P(z;t) 
a2 @ of '° O92 ly) 


We simplify (5.71) by writing 


8E(z,t) 10B(z,t) (8 .10\fa 1a 
02? ce Ot (+ - =) (+ “= Benin Kee) 


Further, we introduce the slowly varying amplitude, or adiabatic, approxi- 
mation, which amounts to assuming that E(z,t) varies slowly over distances 
comparable to an optical wavelength and over time scales comparable to an 
optical period. This approximation can be restated in a different form as 
O7E(z,t OE(z,t 
Gt) ¢ Et) 
Oz Oz 
0? E(z,t) OE(z,t) 
——— + <€ w—___— 5.73 
ot? Ot ( ) 
Using the plane wave descriptions of the electric field and polarization, we 
note that 


0 10 
ere = 23 74 
(+ ; =) F250) =2ik Be t)4 (5.74) 
and 
OP Zt) 9 
= ti : 5.79 
G9) =u Pl,2) (5.75) 


Hence, the Helmholtz equation (5.71) for the slowly varying amplitudes be- 
comes 
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Eo 


or in terms of the real and imaginary parts of the polarization 


O . LO k k 
aoe it eee hat i—— . WG: 
(= + z =) ECs) 20 m[P(z,t)] + loa: Re [P(z, t)] (5.77) 
For a stationary field, €(z,t) = €(z) and P(z,t) = P(z). Then (5.77) reduces 
to a time-independent propagation equation 


Ee ee ae) + iz Re (P(z)) - (5.78) 


The first-order differential equations (5.77) and (5.78) are the basic equa- 
tions for the formal analysis of the propagation of an EM field inside an 
optical dense medium. The real part of the polarization contributes to the 
refractive index of the medium, whereas the imaginary part determines the 
absorption coefficient. Comparing (5.78) with (5.64), we see that the problem 
of finding the absorption coefficient a reduces to finding the polarization in 
terms of the propagating electric field. 


5.5 Absorptive and Dispersive Properties of Optically 
Dense Media 


The optical characteristics of a dense medium are determined by its disper- 
sive and absorptive properties. The dispersion of radiation by a medium is 
certainly one of its most fundamental properties. This property of materials 
is governed by a linear susceptibility x giving the response of the medium 
to a weak field. In order to study the dispersive and absorptive properties of 
the system its susceptibility has to be calculated in terms of the microscopic 
properties of materials, such as atomic dipole moments. For this purpose, a 
simplified physical model of the atom will be used, namely one in which the 
atom is composed of a finite number of discrete energy levels connected by 
nonzero transition dipole moments. Despite this simplicity, it will be possible 
to satisfactorily predict the macroscopic optical properties of materials. 

Let us assume the medium is composed of identical and independent 
multi-level atoms, so that the macroscopic dipole moment per unit volume 
of the medium (polarization) is determined by the expectation value of the 
total dipole moment pf of a single atom at position r at time ¢t times the 
number density of the atoms NV as 


P (r,t) =N(je(r, 1) . (5.79) 


The form of the polarization is clearly displayed when we use the micro- 
scopic representation (2.5) for the total dipole moment and the density ma- 
trix approach, originally introduced by Bloembergen and Shen [111]. In this 
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representation, the polarization is related to the off-diagonal density matrix 
elements (coherences) of the individual atoms as 


P@OEN YY, lemntanm De or pee) 5 (5.80) 


m=0n>m 


where {mn = Me», = (m|p|n) is the dipole matrix element between two 
atomic levels |m) and |n), and 


Oe (by = Oi exp beat) (5.81) 


is the slowly varying part of the atomic coherence. The time dependence 
of the density matrix elements is governed by the master equation (2.72), 
which allows us to study the macroscopic polarization in terms of the atomic 
parameters. 

Suppose that in addition to possible driving fields, the system is probed 
by a weak tunable laser field of amplitude E,(r) and frequency wy. In this 
case, the polarization is established by a combination of both driving and 
probe fields. If we are only interested in the response of the system to the 
probe field, we can express the polarization in the form [112] 


P (r,t) = ieox (t) Ep(r) exp (—iwpt) , (5.82) 


where x (t) is the linear susceptibility of the system. It measures the suscep- 
tibility of the system to polarization by an applied field. 

By comparing (5.80) with (5.82), a relation between the linear suscepti- 
bility and the density matrix elements is obtained 


N > SO binnBnm (t) = ieox (t) Ep(r) exp (—idpt) , (5.83) 


m=0n>m 


where 6) = Wp — Wnm is the detuning of the probe field from the atomic 
transition frequency. In the derivation of (5.83), we have ignored the terms 
multiplied by exp (2iwm»t) as they are rapidly oscillating in time and average 
to zero for many cycles of the oscillation. These terms arise from the contri- 
bution of the counter-rotating terms that for times t >> 1/wm,» are very small 
and can be neglected. 

If the interaction of the system with the probe field is treated correctly 
to first order in the probe field amplitude, the density matrix elements On, 
can be written in an approximate Taylor series as 


Bran (t) = OM (t) + OG? (t) exp (idpt) + Grn? (#) exp (—idpt) , (5.84) 


where 60), (t) is the unperturbed solution for the density matrix element, 
and oe ) (t) is the first-order correction proportional to the Rabi frequency 
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of the probe field. The unperturbed density matrix elements are evaluated 
in the absence of the probe field and their values depend on the initial state 
of the system and the intensities and frequencies of the driving fields. In 
most situations we are interested only in the long time (steady-state) optical 
properties of a given system. In this case, the unperturbed solutions depend 
solely on the intensities and frequencies of the driving fields. In the simple 


situation of no driving field, all the unperturbed density matrix elements are 
zero, except 60) = = 1. 

By substituting (5.84) into (5.83) and equating coefficients of the expo- 
nentials exp (+id,¢), we find that the susceptibility is determined by the part 


of the atomic coherence which oscillates with detuning —d,: 


MS S > bmn de? (t) - (5.85) 


m=0n>m 


x(t ~ Tae 

The dependence of the linear polarization on the density matrix elements 
is clearly displayed if the susceptibility is expressed in terms of the real (,’) 
and imaginary (x”") parts as 


x(t) =x) Hix") - (5.86) 


We see from (5.82) and (5.86) that the real part of the susceptibility deter- 
mines the in-phase part of the polarization and the imaginary part deter- 
mines the out-of-phase component. The former is associated with dispersion, 
the latter with absorption of the probe field. 

Comparing (5.86) with (5.85), we find that the real and imaginary parts 
of the susceptibility are given by 


i > Spee Lan (t)] 


m=0n>m 


A eager es: D> HmaRe (AG? (8)] (5.87) 


m=0n>m 


= een 


Before exploring the physical properties of the real and imaginary parts 
of the susceptibility, it is instructive to analyze the relations between y’ and 
x”. The Fourier transforms of y’ and y” are related by the Kramers—Kréning 
relations 


aoe dw XW) ay (5.88) 


where P is the principal value of the integral. With these forms, we note that 
a Lorentzian structure of one part of the susceptibility involves necessarily a 
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dispersion-like structure in the other part. For example, when the imaginary 
part of the susceptibility is represented by a Lorentzian y/’ = 1/(1+w’), the 
real part of the susceptibility can be found straightforwardly by the residue 
theorem of complex analysis as 


x’ (w) = =p | pea 


1 1 
ot lari = 0) (el SW) | ica a (w! — i) (w’ +i) | 
= (5.89) 


The Lorentzian imaginary part is obtained from the dispersive structure in 
the same manner. In the following discussion of the absorptive and dispersive 
properties of atomic systems, we will observe continuous transitions between 
Lorentzian and dispersive structures by applying external driving fields. This 
is associated with the corresponding change of the polarization from being 
governed by population differences between the atomic levels to being gov- 
erned by induced atomic coherences. 


5.5.1 Absorptive and Dispersive Properties of Two-Level Atoms 


Before continuing with the full development of the optical properties of a 
dense atomic medium, which requires the treatment of spatial propagation 
and therefore the cumulative effect of many multi-level atoms, it is important 
to understand the absorptive and dispersive properties of a simple system 
of independent two-level atoms driven by a strong, near resonant external 
field. Modelling of complex systems with analogous but elementary systems 
is a powerful and widely employed approach to gaining insight into physical 
problems. Many of the results predicted in elementary systems are analogous 
to phenomena that one would expect in complex systems. For this reason, 
a complete and detailed understanding of the dynamics displayed by ele- 
mentary systems is important for modelling physical processes occurring in 
complex systems. We present the theory of the linear response of a driven 
two-level atom to a weak probe field, and display graphically the absorptive 
and dispersive responses as a function of frequency of the probe field. 

Let us consider a two-level atom with excited level |1), ground level |0), 
and transition frequency wo. The atom is driven by an arbitrarily intense co- 
herent field at a frequency wy; and resonant Rabi frequency 2, and damped 
at the rate y by spontaneous emission. In addition, the driven atom is moni- 
tored by a weak probe field at frequency wp, and the Rabi frequency 2,. Both 
fields are tuned near the atomic resonance in the sense that the detunings are 
small compared to the atomic transition frequency. We express the optical 
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properties of the atom in terms of the linear susceptibility, which gives the 
response of the atom to the probe field as modified by the presence of the 
driving field. 

Our mathematical analysis proceeds by calculating the response of the 
driven two-level atom to an external weak probe field. The total field applied 
to the atom is of the form 


E(r,t) = E,(r) exp (—iwzt) + E,(r) exp (—iwpt) , (5.90) 


where E,(r) and E,(r) are the amplitudes of the driving field and weak 
probe field, respectively. 

The dynamics of the driven and probed atom are governed by the master 
equation (2.75) which, for a two-level atom driven by two coherent fields, 
leads to three equations of motion for the density matrix elements 


i 1 : 1 —iw —iw 
610 (t) = — (57 4 iw O10 (t) + 5 (Qe"*4* + Ope ?") [oir (t) — 00 (t)] 
: 1 : 1 iwpt iWyt 
Gor {t) = — 77 — wo | G01 (t) + 5 (Qe'#*’ + O,e"?") [011 (t) — 00 (t)] , 
: 1 iw —iw 
611 (t) = —yeous (4) — 5 (Qe "+" + Ope ”?") 01 (t) 
1 ; . 
~5 (Qe+" + Q,e?") 010 (t) ‘ (5.91) 


where the Rabi frequencies 22 and (2, have been chosen to be real and inde- 
pendent of the position r. In addition, we have assumed that the population 
is conserved, i.e. 090 (t) + 011 (t) = 1. From these equations, we determine the 
susceptibility of the probe field by means of (5.85) that is valid for arbitrary 
values of the Rabi frequencies 2 and (),. 

Equations (5.91) are coupled first-order differential equations with time- 
dependent coefficients. In principle, the equations can be solved numerically 
by direct integration. This method, however, will not be used as it does not 
provide physical understanding of the atomic dynamics. Instead, we shall use 
other methods, which involve both analytical and numerical analysis. One of 
the standard techniques is to find a rotating frame in which the coefficients 
of the differential equations are independent of time. However, in the case 
considered here of two fields of different frequencies, it is not possible to find 
a frame in which the coefficients of the equations of motion (5.91) would be 
time independent. We can, however, simplify the time dependence appearing 
in (5.91) by choosing a frame rotating at the frequency wy. This allows us 
to express the time dependence in terms of a single parameter. Thus, we can 
introduce “rotated” density matrix elements 


611 (t) = a(t) , (5.92) 


5.5 Absorptive and Dispersive Properties of Optically Dense Media 215 


and find that the equations of motion (5.91) can then be transformed to 

2 1 Ss i! Lei Ge . 

fra (t) =~ (57 ids) dro t) + 5 (0+ Myo) [Br () — Boo) 

B 1 z 1 ae ives : 

01 (t) = — (5 ao iA) 601 (t) + = 5 (2 + Qype!) [611 (t) — boo (t)] , 

2 , 1 ee 

O11 (t) = —Yb11 (t) — 5 (2 + Qpe~**) Go: (t) 

1 et a! 
—5 (2+ Qe") G10 (t) , (5.93) 


where Ay = wy — wo is the detuning of the driving field from the atomic 
resonance, and 6 = w, — wz is the detuning of the probe field from the 
driving frequency. 

It is seen from (5.93) that the effect of the weak probe field on the time 
evolution of the density matrix elements is to induce small components oscil- 
lating at frequencies that differ by +6 from the frequencies of the unperturbed 
(i.e. Q, = 0) components. Since the coefficients of the differential equations 
(5.93) are periodic in time with periodicity 6, we can study their dynamics by 
applying the Floquet method, in which the atomic dynamics are described in 
terms of Fourier harmonics of the density matrix elements. In this approach, 
we first make the Fourier decomposition 


Se ~ ~(L i rae 
O4t)= S- oy Gjiers ie 2 1 Da (5.94) 
l=— oo 
where oy (t) are slowly varying harmonic amplitudes. The Fourier decompo- 


sition (5.78) tells us that the atomic variables will respond at harmonics of 


the modulation frequency 6, and knowledge of a! : (t) gives all the information 


about the system evolution and its optical properties. 

Next, we substitute (5.94) into their respective equations of motion (5.93) 
and compare coefficients of the same power in 16. This leads to the following 
set of differential equations for the slowly varying amplitudes 


AN} e) = —5 (io + Mpbr4s.0) ~ (F7 — ide + it6) 0B 
Hort (t) + Qa"? (@) , 
AQ) (0) = —5 (so + Mpbr-ao) ~ (G7 +ide +186) al? 
+2017 (t) + Mair ae oe 
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Thus, the Fourier decomposition transforms the system of three coupled equa- 
tions with time-dependent coefficients into an infinite number of coupled 
equations with time independent coefficients. We can solve (5.95) by using 
the continued fraction technique, or we can write (5.95) in a matrix form and 
solve by matrix inversion. In both techniques, we have to use a truncated 
basis rather than the infinite basis of the harmonic amplitudes. The validity 
of the truncation is ensured by requiring that the solution does not change if 
the number of truncated harmonics is increased or decreased by one. 

We solve the set of equations (5.95) for the steady-state (t + oo), which 
can be obtained directly by setting the left-hand side of (5.95) equal to zero. 
First, we find the steady-state values of the unperturbed density matrix ele- 
ments in the presence of the driving field alone, which is obtained by putting 
Q, = 0 and / = 0 in (5.95). In this limit, the steady-state solution of (5.95) 
is given by 


~(0) _ 20 (57 +iAz) 


_ 5.96 
P10 7? + AA? 4.20? ) ( a) 
—20 (44 —iAz) 
~(0) __ a7 L 
201 a v2 + 4A? +202 ) (5.96b) 
Q? 
g\) = (5.96c) 
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where oy = lim;:-.00 oy). 
We now include the probe field, and solve (5.95) for the steady-state valid 
to first order in Q,. Eliminating al? from (5.95) and retaining terms linear 
in Q,, the steady-state solutions for the coherences are found to satisfy the 


equations 


> ee 1 2 ~(1) 
C10 = 2PR, + 22 sie (Q67,0 eh 26141,0) +2 001 
HON as, 1 ¥ Q Q Q25) 
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+20 [Ri (HO? + Or?) /Rra + Ho? + Hf?] b , (6.97) 


where P; = y/2 —iA;, +iléd, Q) = y/2+iA, +ild, and R; = y+ ild. 

The sensitivity of the atomic polarization to the population inversion and 
atomic coherences appears in these equations as a coupling between different 
harmonics. With the steady-state solutions (5.97) we find from (5.94) that 
the coherence 019 exhibits harmonic oscillations at an infinite number of 
frequencies of the form nw; +mw,, where n and m are integers. If the driving 
field is treated correctly to all orders in 2 while the probe field is treated only 
to first order in (Q,,, then 619 oscillates at three dominant frequencies: wy, Wp, 
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and 2w7,—w,. Then, we can express the coherence 6019 in terms of the Fourier 
amplitudes as 


010 = O10 (wr) exp (—iwzt) + 610 (wp) exp (—iw»t) 
+610 (2wz, — wp) exp [—i (Qwz, — wp) €] . (5.98) 


The amplitudes 019 (wz) and 019 (wp) are, respectively, the contributions lin- 
ear in the Rabi frequencies Q and Q,, whereas the amplitude 019 (2wz, — wp) 
is a nonlinear (third-order) contribution proportional to 0?0,. 

The physical meaning of the three terms in 619 in (5.98) are as follows: the 
harmonics 610 (wz) and 610 (wp) give rise to absorption (or amplification) of 
the driving and probe fields, respectively, and the harmonic 019 (2wz, — wp) 
is the so-called “mixing response”, because it gives rise to generation of a 
field with frequency 2wy;, — w,. If such a field is already present, it may be 
amplified by the effect of this term. 

According to (5.85), we only need the harmonic alo? to find the suscep- 


tibility of the probe field. We find that to all orders in 2 and first order in 
(=) 


Q,, the harmonic O is given by 
at Q Oe ah 
roe _ a {201k + 0”) c + Ro (aby As ate) 
+20Q_1 07 } , (5.99) 


where D_; = 2P_1Q_1R_1 + ?(y — 216), and reg are the zeroth-order 
solutions for 0;;, given in (5.96). 

With the solution (5.99), the linear susceptibility of the probe field is then 
given by 


ie NE 2 -(0) , ~(0) 
= “eohD_17 {(2Q-1R-1 +Q ) ly +2 (ahi + ay) 
+279Q10) } (5.100) 


The susceptibility (5.100) gives the atomic medium response to the probe 
field as modified by the presence of the driving field. The real (’) and imag- 
inary (y”) parts of y determine the dispersive and absorptive properties, 
respectively, of the probe field propagating in the atomic medium. The sus- 
ceptibility (5.100) is a function of the detuning A;, the Rabi frequency Q, 
and the probe field detuning 6. To help gain insight into this rather compli- 
cated expression, we illustrate graphically the real ’ and imaginary ” parts 
of the susceptibility as a function of the probe field detuning 6, for a wide 
range of the parameters A; and 2. 

In Fig. 5.20, the real and imaginary parts of x are shown as a function 
of 6 in the absence of the driving field (Q = 0). These graphs illustrate the 
Lorentzian-like and complementary dispersion-like features, as required by 
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Fig. 5.20. The real y’ (solid line) and imaginary y” (dashed line) parts of the nor- 
malized linear susceptibility y/(M pu? /eohy) as a function of the probe field detuning 
6/7 in the absence of the driving field Q = 0 


the Kramers—Kroning relations. At the atomic resonance, the absorption of 
the probe field is large and the dispersion vanishes. Outside the atomic res- 
onance, the dispersion is large for those frequencies for which the absorption 
is large. Far from the atomic resonance both x’ and y” are very small. 

It is instructive to calculate some typical values. Note that for 6 = +4, 
we have |x’| = |”|. We may take y"(6 = y) = x? as defining a typical 
value of x” and the maximum value of x’. This illustrates the well-known 
fact that where the refractive index is enhanced in the neighborhood of an 
atomic resonance, the absorption is also large. We may write 


1» _ 3N2S 


t S72 d 


(5.101) 


where A, is the probe field wavelength. For a gas at one atmosphere, with 
N ~ 107 atoms/m?°, assuming a wavelength ~ 10~° m, we have yi! ~ 40. 
Since the rate of change of the electric field with distance z within the medium 
is given by 

dE al 

7 12 (5.102) 
we see that ,” is the exponential loss rate per wavelength travelled. Thus, 
for the values we have chosen, practically all the radiation is absorbed within 
the distance of a single wavelength: the medium is opaque. 

Figure 5.21 shows how the real and imaginary parts of the susceptibility 
are modified when a strong coherent field is simultaneously applied to the 
atom. The real part y/ exhibits Lorentzian like structures at frequencies wy + 
Q corresponding to the Rabi sidebands, whereas the imaginary part exhibits 
a dispersion-like form. Again, complementary behavior between absorptive 
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Fig. 5.21. The real y’ (solid line) and imaginary x" (dashed line) parts of the 
normalized linear susceptibility y/(N 7 /eohiy) as a function of 5/y for Ar = 0 and 
= 109 


and dispersive structures is evident. The properties of the real part of the 
susceptibility were first studied by Mollow [113] and experimentally observed 
by Wu et al. [114]. The graphs show that there are three frequencies at which 
the absorption vanishes identically. These are w, = 0,wz + 22. For these 
frequencies the driven two-level atom displays EIT. In addition, at the Rabi 
sideband frequencies, the dispersion reaches a maximum value, whereas the 
absorption vanishes. Thus, the system can produce a large index of refraction 
accompanied by vanishing absorption [115, 116]. 
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Fig. 5.22. The real y’ (solid line) and imaginary x" (dashed line) parts of the 
normalized linear susceptibility y/(Mu?/eohiy) as a function of 6/y for Ar = 5y 
and (2 = 107 
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We also see from Fig. 5.21 that there are broad regions of the probe field 
frequency in which y” is negative, corresponding to probe field amplification. 
At these frequencies stimulated emission outweighs absorption, so that the 
probe field is amplified at the expense of the driving field. The amplification 
can be enhanced, but is limited to narrow ranges of the probe field frequen- 
cies, when the driving field is detuned from the atomic resonance. This is 
shown in Fig. 5.22, where we plot x’ and y” for an off-resonant driving field 
with A; = 5y. Compared with Fig. 5.21, we note that at the Rabi sidebands, 
the imaginary part y” has a Lorentzian-like structure, whereas the imaginary 
part y’ exhibits a dispersion-like behavior. In contrast to the case of exact 
resonance (A; = 0), the dispersion is large in the frequency region where 
the absorption is large. The absorption rate consists of one absorption and 
one emission component at the Rabi sidebands, and a small dispersion-like 
component at the centre of the spectrum. The emission (gain) component in- 
dicates that in one Rabi sideband stimulated emission overweighs absorption, 
so that the probe field is amplified at the expense of the driving field. 


5.5.2 Dressed-Atom Model of a Driven Two-Level Atom 


The origin of the predicted multiple transparency windows and amplification 
can be well understood in terms of the dressed-atom model of the system, in 
which the spectral features are related to the energy eigenstates of the entan- 
gled atom-driving-field system and are viewed as arising from the transitions 
between them. An extended analysis of the dressed atom model can be found 
in the textbook of Cohen-Tannoudji, Dupont-Roc and Grynberg [117]. 

In the dressed-atom model, the driving laser field is considered to “dress” 
the atom with laser photons and to form along with it a single, entangled 
quantum system. This reflects the fact that photons are exchanged between 
the atom and driving field mode via absorption and stimulated emission pro- 
cess many times between successive spontaneous emissions by the atom into 
the vacuum modes. There are two equivalent treatments of the interaction: 
the semiclassical treatment, in which the Hamiltonian of the system, exclud- 
ing the contribution of the probe field, is given by 


A= Hye Polby 5-2 (5.103) 
where 
Hos = hAz|1)(1| (5.104) 


is the Hamiltonian of the atom, and 
1 
His = —zihO (st —s-) (5.105) 


is the interaction Hamiltonian between the atom and the driving field. In the 
semiclassical approach, the atom is treated quantum-mechanically, whereas 
the driving laser field is treated classically. 
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The eigenstates of H, are the so called semiclassical dressed states, which 
are linear superpositions of the atomic states 


|+) = sin 6|0) + cos @|1) , 
|—) = cos6|0) — sin @|1) , (5.106) 


where tan 20 = 0/A_. 
If we use a fully quantum-mechanical description of the system, the Hamil- 
tonian takes the form 


Hg Hog A te: (5.107) 
where 
Hoq = hwo|1)(1| + hwata (5.108) 
is the Hamiltonian of the uncoupled atom and the driving field, and 
Hq = —ihg (Sta — a's) (5.109) 


is the atom-field interaction, g is the atom-field coupling constant, and @ (@") 
is the annihilation (creation) operator for the driving mode. 

In the quantum treatment, the basis states are product ( “undressed” ) 
states |7) ®|n), where |z) is an atomic state (i = 0,1), and n is the number of 
photons in the driving mode. These states are the eigenstates of the uncoupled 
atom and field Hamiltonian (5.108), and the eigenstates (dressed states) of 
the total Hamiltonian H, are represented in the basis of these undressed 
states. 

The undressed states, shown in Fig. 5.23(a), group into manifolds, which 
are labelled €(n). Neighboring manifolds are separated by frequency wy, while 
the states within each manifold are separated by A;. The lowest manifold 
(the ground state) is a singlet |0)@|0). The energy manifolds with the number 
of photons n > 0 are composed of two nondegenerate states |0) @ |n) and 
|1) @ jn — 1). The interaction Hz, has non-vanishing matrix elements only 
between those undressed states between which the atom has a non-vanishing 
dipole moment and the number of photons in the field mode changes by one. 
Therefore, when we include the interaction Hz;,, the doublets recombine into 
new doublets with eigenstates 


|+,n) = sin 6|0,n) + cos @|1,n — 1) , 
|—,n) = cos6|0,n) — sind|1,n—1) , (5.110) 


corresponding to energies 
1 
Ein = hn 5 i ; (5.111) 


where |i,m) = |t) ® |m) (¢ =0,1; m=n,n—1), and 
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Fig. 5.23. (a) Energy levels of the undressed system, (b) Energy levels of the 
dressed-atom system 


Ora Gena (5.112) 


is the off-resonant Rabi frequency of the driving field. The Rabi frequency 
depends on the number of photons and varies with n. However, for a strong 
driving field (n) >> 1, and then we can approximate n = (n). In this limit, 
the Rabi frequency can be assumed constant independent of n. 

The eigenstates |+,n) are the dressed states of the system. The states, 
shown in Fig. 5.23(b), form an infinite ladder of doublets. Two neighbouring 
doublets are separated by the energy hw of one laser photon, while the states 
within each doublet are separated by an energy hQ’. An interesting property 
of the dressed states is that they are in the form of entangled atom-field 
states: the atom and field evolve as a single (entangled) system. 

The absorption is represented in the dressed-atom model as transitions 
from one doublet to the doublet above. The system absorbs photons at three 
different frequencies, wy, wy + 2’ and wy, — 9’, showing the effect of Rabi 
splitting. The amplitude of each absorption component is proportional to the 
population difference between the dressed states involved in the absorption. 
When the driving field frequency wz is equal to the atomic transition fre- 
quency wo, the populations of the dressed states are equal, and therefore the 
absorption spectrum is composed of small dispersive features whose origin 
is in the small coherences between the dressed states. When wy 4 wo, the 
populations of the dressed states are different and therefore the probe tuned 
to one of the Rabi sidebands would experience absorption, and when tuned 
to the other, the probe would be amplified due to the population inversion 
between the dressed states. We see from Fig. 5.22 that apart from the ampli- 
fication at one of the Rabi sidebands, the probe also exhibits an amplification 
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on one side of a small dispersion-like structure centered at wz. The ampli- 
fication originates from the complicated multi-photon interference between 
absorption and emission processes and is not associated with any population 
inversion because the transition occurs between equally populated states both 
in the bare and in the dressed-atom basis. 


5.5.3 Absorption and Dispersion with Multichromatic Driving 
Fields 


The analysis of the absorptive and dispersive properties of a two-level atom 
can be extended to more complicated configurations of the driving fields, such 
as multichromatic or amplitude/phase modulated fields [118]. For example, 
a bichromatic field is formed by combining two coherent fields of different 
frequencies and different amplitudes, giving an effective time-dependent Rabi 
frequency 


Q(t) = Oy exp (iwzit) + Qe exp (iwzat) 
= ( [a1 exp (idgt) + a2 exp (—idgt)] exp (iwzt) , (5.113) 


where a; = 2;/0, wr = (wri + wz2) /2 is the average angular frequency of 
the driving fields, and 6g = wz, —wry = wy — wz is the beat frequency 
between the angular frequencies of the driving fields. 

On the other hand, an amplitude or phase modulated field is formed 
by combining three coherent fields of different frequencies with a central 
(carrier) field of frequency wz, and a pair of symmetrically detuned fields 
(modulators) of frequencies wz +6,,. In this case, the effective Rabi frequency 
of the combined field is of the form 


Q(t) = No exp (ime t) + O4 exp (iw, +t) + Q_ exp (iw,_t) 
= Qo exp (iwzt) {1 + ane’? [el?m? + emt] (5.114) 


where dm = 04/Qo is the modulation amplitude, 6, = wp,-—wy, =wp_-w_y_, 
and ¢,, the initial phase difference between the carrier and the sideband fields. 

Depending on ¢,,, the sideband fields can act as modulators of the ampli- 
tude or phase of Qo. For ¢,, = 0 or 7, the sidebands modulate the amplitude 
of Qo as 


Q(t) = Oo [1 + 2a, cos bt] exp (iwzot) , (5.115) 


where the sign “+” corresponds to ¢,, = 0, while “—’ corresponds to ¢,, = 7. 
For dm = 1/2 or dm = 37/2, the sideband fields modulate the phase of 
Qo as 


Q(t) = Oo [1 £i2am, cos dmt] exp (iwzot) . (5.116) 


For dm >> 1, which is called a 100% amplitude or phase modulated field, the 
carrier component is effectively suppressed, so that the 100% modulated field 
corresponds to bichromatic driving with a, = ao. 
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In the following, we illustrate results for absorption and dispersion with 
a bichromatic field and with an amplitude modulated field. We have ob- 
tained these graphs by the numerical integration of the set of equations of 
motion (5.91) with Ay; = 0 and 2 > Q(t), i.e. the Rabi frequency 2 replaced 
by (5.114) for the bichromatic driving field and by (5.116) for the amplitude 
modulated field. 

Figure 5.24 shows the absorption rate x” as a function of 6, = (w»—wo)/7 
for a strong bichromatic driving field. The absorption rate consists of a central 
component and a series of dispersion-like structures at the sideband frequen- 
cies and an absorption-like structure at the central frequency whose ampli- 
tude oscillates with the Rabi frequency of the driving fields. The absorption 
rate is symmetric about 6, = 0 and the central component displays amplitude 
oscillations with transparency windows (EIT) appearing at dg ~ Q/n, where 
n = 1,2,3,.... The situation for the dispersive response is analogous when 
dispersion-like and absorption-like structures are interchanged. In contrast to 
the case of a monochromatic driving field, the positions of the sidebands are 
independent of the Rabi frequency of the driving field. The positions depend 
only on the detuning dg giving the possibility of producing multiple trans- 
parency windows at frequencies that are independent of the Rabi frequency 
of the driving field. However, the magnitudes of the spectral features depend 
strongly on both the Rabi frequency and the detuning dz. 
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Fig. 5.24. The imaginary part y” of the normalized linear susceptibility 
x/(N pu? /eohy) as a function of 6,/y for 68 = 5y and different Rabi frequencies: 
(a) Q = 14y, (b) Q = 15y 


Figure 5.25 shows the absorption, y’, and dispersion, y”’, for a strong am- 
plitude modulated field. The theoretical studies showed that the fluorescence 
and absorption spectra of the system are composed of a series of features 
located at frequencies {119, 120] 
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Fig. 5.25. The real x’ (solid line) and imaginary x" (dashed line) parts of the 
normalized linear susceptibility y/(Vu?/eohy) as a function of 6, for a strong 
amplitude modulated field with Q9 = 1007, Q4 = 507, and bm = 257 


Ww =Wwot(NQ+md) , = Ole? 2 es. x (5.117) 


i.e. the system responds at the Rabi frequency of the central component 
and harmonics of the modulation frequency of the driving field. We see from 
Fig. 5.25 that the absorption vanishes at frequencies close to the harmonic 
resonances of the driving field. Moreover, at the harmonic resonances the 
dispersion is less negative and is almost equal to zero. Therefore, at the 
subharmonic resonances the system is almost transparent to the probe field. 
Consequently, multiple EIT can be observed in this system, with many trans- 
parency windows occurring near the subharmonic resonances. The positions 
of the transparency windows depend on the Rabi frequency Qo. 

The absorption and amplification properties at the central frequency wy) = 
wy can be controlled by the detuning 6 such that below a harmonic resonance 
the probe is absorbed, whereas above the resonance the probe is amplified. 
This is shown in Fig. 5.25, where we plot x’ for w, close to the atomic 
resonance wo, and different 6. By varying the detuning 6 near one of the 
harmonic resonances the absorption at the central component of the spectrum 
can switch into amplification. 

The amplification at the central component, seen in Fig. 5.26, is an exam- 
ple of amplification without any population inversion. We have calculated the 
stationary population inversion (S*) = (011 — @00)/2, where 011 and goo are 
the populations of the atomic upper and ground levels, respectively, and have 
found that for the same parameters as in Fig. 5.26, (S*) = —1.2 x 107+ < 0. 
Thus, there is no population inversion between the atomic bare states. In 
addition, there is no population inversion between dressed states of the sys- 
tem. This is easy to understand if one recalls that the net absorption at 
any frequency is proportional to the difference between the populations of 
the lower and upper states in the transitions. In the dressed-atom model the 
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Fig. 5.26. The real x’ (solid line) and imaginary x" (dashed line) parts of the 
normalized linear susceptibility x/(Mu?/eoh) as a function of dg for A, = 5y and 
Q = 207 


transitions occur between dressed states of two neighbouring manifolds, say 
jn, N) and |m, N + 1), where n and m label dressed states in each manifold. 
The frequency of the central component corresponds to transitions between 
dressed states with n = m, that are equally populated [117, 118]. Thus, the 
amplification seen in Fig. 5.26 is not due to a population inversion between 
the dressed states. 


5.5.4 Collisional Dephasing and Coherent Population Oscillations 


In the discussion of the absorptive and dispersive properties of a two-level 
atom, we have assumed that the damping rate of the atomic coherence (the 
transverse damping rate) is purely radiative, that is, it is equal to one half 
the damping rate of the population (the longitudinal damping rate). An in- 
teresting modification of the response of a driven atom to a probe field can 
be observed when the damping rate of the coherence y, is much larger than 
the damping rate of the population yp, i.e. Ye >> Yp. This effect, known as 
rapid collisional dephasing, can arise e.g. from strong elastic collisions be- 
tween atoms in a hot atomic vapour, or between phonons and atoms in a 
solid. 

The inclusion of the collisional dephasing into the atomic dynamics causes 
the coherence to decay separately from the populations [121, 122]. The col- 
lisional dephasing modifies the equations of motion for the density matrix 
elements (5.93), such that the radiative damping rates of the coherence (7/2) 
and the population (y) are replaced by 


1 
a — Ve and ome Aa (5.118) 


Then, the equations of motion for the density matrix elements take the form 
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aa) eS, 1 =} oe 
210 (t) = —%Yc010 (t) =F 2 (Q Ae Qype on) Oz (t) ; 


: . 1 isin x 
601 (t) = —Yebo1 (t) + 5 (2 + Qpe!**) B. (t) , 


o: (t) = Vp Oz (t) = (Q + Qe") 001 (t) 
— (2+ Ope") Gro) (5.119) 


where 6, (t) = 611 (t) — Ooo (t), and for simplicity, we have assumed that the 
driving field is on resonance with the atomic transition, i.e. Ay = 0. 

Following the approach of Boyd et al. [122], we solve (5.119) to first order 
in the Rabi frequency 2, of the probe field and to all orders in the Rabi 
frequency of the driving field. In this approximation, the long time coherence 
610 (t) can be obtained from (5.119) by putting 019 (t) = 0, which gives 


1 
26 


O10 (t) ~ (2 + Qype) 6, (t) . (5.120) 


Substituting this result, together with the long time solution for 69; (t) = 
Oi (t), into the equation of motion for @, (t), we obtain 


: 1 5 
62 (t) = —Yp — | + a (0? + 02 + 200, cos dt) | 6, (£) . (5.121) 
The long time solution of (5.121) can be written as 
t 
me —» | dite ttt) 9 (1/8) (sin 5t—sin Bt) (5.122) 


where 


Cc 


7a (5.123) 


Solving (5.122), we find that the long time population inversion is given by 


Oz (t) = 600) =e ae? fe oy *)e 1! (5.124) 
where 
OV aso 
z U b) 
300) — 7M Ut 10 
2 Qu 62? +u2 ’ 
SO. (5.125) 


The solution (5.124) shows that the long time population inversion oscillates 
in time with frequencies +0. These oscillations are called coherent population 
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oscillations, and are significant when 6 < u, that is, when the detuning 6 is 
less than the rate of population-inversion decay. 

To see how the oscillations in the long time population inversion affect 
the response of the atom to the probe field, we substitute (5.124) into (5.120) 
and collect only those terms in 619 (t) which oscillate at the probe frequency 
W,. This gives 


Qn [% 27% u—id 


O10 (t) = (5.126) 


Pg a Uyc 07 + u? 


It is seen that the long time coherence oscillating at the probe frequency wp 
is composed of two terms: the part proportional to 22, is driven directly by 
the probe field, while the part proportional to ? results from the coherent 
population oscillations at the detuning 6. 

Using the Floquet method, outlined in Sect. 5.5.1, we solve (5.119) for 
the steady state with Q, <Q, 7p, Yc, and obtain 


X (Wp) = oe an (Yp — 16) (Ye — 16) + a (5.127) 
where 
D(wp) = (Ye — 16) [(Yp — 18) (Ye — 16) +07) , (5.128) 
and 
Jee (5.129) 


Uz, = —— . 
Vee + &? 


The susceptibility (5.127) gives the atomic medium response to the probe 
field as modified by the presence of the collisional dephasing and the driving 
field. Figure 5.27 illustrates the effect of rapid collisional dephasing on the 
absorption and dispersion profiles for different Rabi frequencies of the driving 
field. For weak driving fields the absorption and dispersion profiles are quali- 
tatively different from the case of pure radiative damping (Ye = Yp/2 = 7/2). 
The rapid collisional dephasing burns a narrow hole at the central frequency 
of the absorption spectrum, as seen in Fig. 5.27. The width of the hole is 
determined by the parameter I’, which in units of y,. is given by 


Q? 
iene (1 e ) (5.130) 
Ye YeYp 


It shows that the hole in the absorption spectrum can be very narrow when 
Yc > Yp- It also shows the effects of power broadening, in that the width 
of the hole increases with Q. In addition to hole burning in the absorption 
spectrum, the coherent population oscillations lead to a very steep positive 
dispersion in the frequency region of the narrow absorption dip, as seen in 
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Fig. 5.27. (a) The imaginary x” and (b) real y’ parts of the normalized linear 
susceptibility x/(NM pu? /eohyp) as a function of 6/7p for yp = 0.027. and different Q: 
Q = 0.257. (solid line), Q = 0.17 (dashed line), Q = 0 (dashed-dotted line) 


Fig. 5.27. As we see later, the hole burning can produce a very slow group 
velocity of the probe field. 

The coherent population oscillations are also responsible for the hole burn- 
ing and consequently the amplification at the central component of the ab- 
sorption spectrum for the case of a bichromatic driving field, which we have 
seen in Fig. 5.25. In this case the two sideband components of the driving 
field enhance the population oscillations that can outweigh the first term in 
(5.127) giving a negative value for the imaginary part of y, and consequently 
an amplification without population inversion. 


5.6 Applications of EIT in Nonlinear Optics 


The phenomenon of electromagnetically induced transparency and related 
coherence effects has proved very valuable in nonlinear optics, with many ap- 
plications. We describe a few of these here: more can be found in the review 
by Arimondo [101]. One of the most important applications is the enhance- 
ment of nonlinear susceptibilities, discussed in the next subsection. The first 
experiment to demonstrate this was performed by Hakuta et al. [123]. They 
employed a dc electric coupling of the 2s and 2p states in atomic hydrogen 
to resonantly enhance the second-order susceptibility with reduced absorp- 
tion at the second-harmonic wavelength, and with exact phase-matching at 
the centre of the Stark-split components. Electromagnetically induced trans- 
parency has been used to overcome a transmission as low as exp(—10°), cre- 
ating a situation in which the nonlinear polarization is as large as the linear 
polarization, with almost complete energy conversion occurring in a single 
wavelength. This work opens up the possibility of frequency converters and 
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optical parametric amplifiers with very large bandwidths. Applications to 
optical interferometry, including a magnetometer, have been suggested. The 
modification of the refractive properties of the medium is likewise very im- 
portant. In particular, the breaking of the connection between high refractive 
index and high absorption leads to the creation of media with very unusual 
optical properties. This is discussed briefly at the end of this section. There 
are excellent reviews on these topics by Harris [124] and Marangos [125]. 


5.6.1 Enhancement of Nonlinear Susceptibilities 


It is well-known that higher-order susceptibilities can be resonantly enhanced 
as the applied laser frequency approaches a resonance with an atomic tran- 
sition to the ground state. However, in the conventional situation, the linear 
susceptibility is similarly enhanced: this means that as, for example, the third 
order susceptibility increases, so does the absorption, the medium rapidly 
becoming opaque. The resonant enhancement cannot be used to advantage. 
Using the techniques of quantum coherence and interference, we show in this 
subsection how it is possible to counter the opacity effects so as to obtain 
resonant enhancement of the nonlinear susceptibility without losing trans- 
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Fig. 5.28. Energy level diagram for the sum frequency generation at vq = Va + 
Y + Vc. The Rabi frequency 9; is the effective two-photon Rabi frequency. The 
level |0) is assumed to be metastable, so that the decay rates satisfy y2 >> yo 


The energy diagram for a suitable (ladder) system is shown in Fig. 5.28. 
We have assumed a labelling of levels consistent with Fig. 5.1. The level |0) 
is assumed to be metastable, with a small spontaneous decay rate yo, so 
that it can only be accessed from the ground state |1) by the absorption of 
two photons of frequencies vz and 1% say, with effective (two-photon) Rabi 
frequency Q,. An intense coupling laser at frequency v. couples levels |0) 
and |2) in a one-photon transition with Rabi frequency Q2. Sum-frequency 
generation can take place on the |1) © |2) transition at the frequency vg = 
VatMy+v-, with Rabi frequency Q3. The spontaneous decay rate from level |3) 
is 73 > Yo- 
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Following Harris, Field and Imamoglu [126], we can write the wave func- 
tion at time t as 


|ab(t)) = b1(t)|1) + bo(t)|0) + ba(t)|2) . (5.131) 


If we treat the decays as occurring to levels outside this system, we can 
write down the equations for the time dependent coefficients b;(t) as 


6, = Si (bo + O3b2) , (5.132a) 
bie ie Sabo: si (Ofby + Mabe) , (5.132b) 
== ae si (bo + O%b1) , (5.132c) 
where 
6190 = W1 — Wo — Vg —% , 
012 =W2-Wo9-le, (5.133) 
and 
Q, = S| Qn Me (we = pay oe Vy) *| , (5.134) 


k 


with the sum over & taken over all other atomic levels with energy hw,. 

Since the coupling between levels |1) and |0) is weak, the population in 
state |1) will remain close to unity if the initial condition is b;(0) = 1. Hence 
we may substitute b; = 1 in the right-hand sides of the final two equations 
of (5.132), which are then easily solved to give the steady-state solution 


Q3/2 
bo (oo) _ \N2|2/4 
O12 ly2 hae ae 
Q, Qs 
aie - : 5.135 
5 |Q2|?/4 d12 —iy2 ( ) 
1o — 1Yo j= 


The first term on the right-hand side of (5.135) may be understood as arising 
from the direct, single-photon transition between levels |0) and |2): it gives 
rise to the linear susceptibility. The second term is the result of the step- 
wise, or two-photon process between the two levels, and it gives rise to the 
third order susceptibility. Using (5.80), and the fact that 02; = bjbo ~ bo, 
the steady-state susceptibility at frequency wg can be determined from the 
relation 


P(wa) = NRe [141202(00)] 5 (5.136) 


232 5 Coherence Effects in Multi-Level Systems 


where NV is the density of atoms. We find 


2 
E0X1 = NUS > =, (5.137a) 
Sin ine — 22/4 
12 — ly2 ama ta 
10 — V'Yo 
Niropooe?? 
_ 5.137b 
OMS 65 9a) ia) =a eee 
where 
lee = S = Monde (we —V¥q)7* + (we - Vy) | ‘ (5.138) 
k 
and we have made use of the relations (5.80). 
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Fig. 5.29. (a) The real part of the linear susceptibility as a function of d12 = d10, 
for Q2 = 6 and yo = 0.01, all quantities being measured in terms of y2 = 1. (b) 
The data for Im(x1) (solid line) and |x3| (dashed line). The units for the y-axes 
are arbitrary 


In Fig. 5.29 we illustrate Re(x1), Im(x1) and |x3|. We assume the cou- 
pling laser is resonant with the |0) — |2) transition: 629 = w2 — wo — ve = 0, 
which implies 619 = 612. We plot the susceptibilities as a function of the de- 
tuning 612 = dj. In this figure, we take Q2 = 6 and yo = 0.01, all quantities 
being measured in terms of yz = 1. In Frame (b), it is evident that the third 
order susceptibility is appreciable in the neighborhood of 6,2 = 0, when the 
absorption is close to zero. 

We would expect all processes to be enhanced if the transition from |1) 
to |0) is resonant, so we first of all set 619 = 0: 


N |412|?0 
Yo (512 — iy2) — 4i| Qe)? ’ 


e0X1 = (5.139) 


and 
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N urapoo pe? 
—yYo (id12 + Y2) + 4|Q2|? 


We wish to choose the parameters so that the third order susceptibility v3 
is as large as possible, whilst at the same time the absorption, as determined 
by Im(x1), is as small as possible. More precisely, we wish to maximize the 
ratio 


0X3 = (5.140) 


= lx3| 
Im(x1) 


It is apparent by inspection of (5.139) and (5.140), or (5.137), that x; = 0 
when yo = 0, whilst x3 4 0: this represents the ideal situation. In practice, 
we seek to make yo as small as possible — that is, the level |0) should be 
metastable, as we have anticipated. For yo 4 0, the susceptibilities depend 
upon the value of 612. We may obtain typical values for these quantities by 
evaluating them at 612 = 0. Assuming 619 = 0, we then easily find 


(5.141) 


(2) 
2 
pa eobor! 2 (5.142) 


lv21| Yo 


Clearly, we increase the value of R by increasing the values of j429 and po? 


and decreasing the values of yo and 421. 

For a more realistic modelling of the situation, we need to take into ac- 
count such factors as Doppler broadening, collisions, and laser linewidths. If 
the wave-vector for the laser of frequency v;, (j = a,b,c) is kj, then we may 
model Doppler broadening for an atom moving with the velocity v by making 
the substitutions 


691 > 60, tka: v, 610 > O10 + (Ka + kp) “Vv, (5.143) 


where kg = ka + ky + ke, assuming that the sum frequency is emitted in a 
predominantly phase-matched direction. It is then necessary to integrate the 
resulting expressions over the Maxwell distribution of velocities. 

We may allow for the effect of finite laser linewidths by assuming their 
broadening to be due to phase diffusion. Taking the linewidth of laser 7 to 
be given by L;, (j = a,b,c), we may take this effect into account by the 
substitution 


Yo > 0 + Le (5.144) 
in (5.139), and by the substitutions 


Maar yo oe Lig an lay se Des 
Yo 90 Lee Dp 
in (5.140). The effect of collisions may be modelled by adding the collisional 


damping terms Cp; and C2 to the decay rates yo and yz respectively. How- 
ever, we do not consider the effect of collisions further here. 
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Figure 5.30 shows the effect of Doppler broadening, assuming a Doppler 
width op = 4 for the solid line and op = 400 for the dashed line. The 
important feature is the sharp transition from opacity to transparency that 
occurs when the Rabi frequency of the coupling laser increases through the 
value Q2 ~ op. Frame (a) shows the results for monochromatic laser exci- 
tation whilst in Frame (b) phase diffusion linewidths equal to yz have been 
assumed for each laser. It is apparent that nonzero laser linewidths make a 
significant difference to the maximum value of R attainable. 
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Fig. 5.30. (a) The effect of Doppler broadening, assuming a Doppler width ap = 4 
for the solid line and op = 400 for the dashed line, as a function of the Rabi 
frequency of the coupling laser. All quantities are measured as ratios of y2, which is 
fixed at the value unity. (b) The same as Frame (a), except that we have included 
phase-diffusion laser linewidths La = Ly = Le =1 


It is possible to obtain an analytic approximation for the maximum en- 
hancement of R that can be achieved by employing a high intensity laser to 
couple levels |0) and |2). The greatest enhancement occurs when the coupling 
laser is strongly saturating [127]. Defining \ to be the ratio of the value of R 
in the limit Q2 — oo to its value when Q»2 = 0, we find 


(y2 + Lav) [K? + (Yo + Las) | “) 
¥2 (Yo + Le) (Yo + Lav) 
where Lay = La + Ly and the quantity k = (ka + kp) - v with v being the 
mean velocity of the atoms, is related to the Doppler width. This expression 

agrees very well with numerical results. 


= (5.145) 


5.6.2 Observation of Enhancement of Nonlinear Susceptibilities 


An observation of the enhancement of the third-order susceptibility in a sys- 
tem similar to that shown in Fig. 5.28 was made by Zhang et al. [128] in the 
system of atomic hydrogen. Corresponding to the ground state |1) of Fig. 5.28 
was the 1s level of hydrogen, to the intermediate state |0) the metastable 2s 
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level, and to state |2) corresponded the 3p level. The 1s and 2s levels were 
connected by the absorption of two photons of frequency 243 nm, and levels 
2s and 3p by the coupling laser at 656 nm. Sum frequency radiation was 
generated in the 2p — 1s transition, at the Lyman-(@ frequency. 

A difference with the ideal situation of Fig. 5.28 was that the radiation at 
243 nm could ionize the 2s level, and the radiation at 656 nm could ionize the 
2p level. Thus to 72 and yo must be added the terms 7i" and 7(°" representing 
the irreversible ionization of these levels. A consequence is that, at the power 
levels used, the rate of ionization decay exceeds the spontaneous decay rate of 
state |0), so that it is no longer metastable, and perfect transparency cannot 
be achieved. However, the total decay rates satisfy y2 >> 7f°'*!, so that the 
absorption at the 3p—1s is significantly reduced. In fact, the photoionization 
was turned to advantage in the experiments, as it was taken as a measure of 


the transparency at the generated Lyman-(@ frequency. 
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Fig. 5.31. Characteristics for photoionization (a) and sum-frequency generation 
(b) for different coupling Rabi frequencies, against frequency detuning. Solid and 
dashed lines correspond to observed and calculated signals respectively. The param- 
eter NL, the product of atom density and interaction length, is fixed at 7 x 10'* 
cm~*. From G.Z. Zhang, K. Hakuta, B.P. Stoicheff: Phys. Rev. Lett. 71, 3099 
(1993). Copyright (1993) by the American Physical Society 


Figure 5.31 shows some of their results. It presents the characteristics 
for photoionization (representing transparency) and sum frequency genera- 
tion as a function of the detuning 609; for a range of different coupling laser 
Rabi frequencies. The experimental curves are compared with the correspond- 
ing theoretical ones, the latter being obtained by a solution of the propaga- 
tion equations and an integration over the velocity distribution, assuming a 
Doppler width of 1.8 cm~?. 
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At the lowest coupling intensity presented, Q2 = 0.5 cm~!, we have 


Qs < op, where op is the Doppler width. Under these conditions, the 
photoionization signal is a single sharp peak, indicating that the medium 
is opaque at the 3p — 1s transition. For larger values of Q2, the signal splits 
into two peaks, and when Q» reaches 6.7 cm™!, it exceeds the Doppler tails, 
and the value at line centre is only 5% of the peak value. If quantum interfer- 
ence was not involved, the value at line centre would be 20%. At the largest 
value of presented, Q2 = 10 cm~!, the photoionization signal at line centre 
is almost zero, indicating almost perfect transparency. 

By contrast, the sum frequency generation, presented in Fig. 5.31(b), 
shows that the signal at line centre increases rapidly as Q2 exceeds the 
Doppler width of 1.8 cm~!. The signal takes a maximum value at Q2 = 6.7 
cm~!, when the conversion efficiency was estimated to be 1 x 107+. The de- 
cline in the sum frequency signal at Q2 = 10 cm! is attributed to suppression 
of the nonlinear susceptibility due to the large Autler—Townes splitting. 


5.6.3 Enhancement of Refractive Index 


For some purposes, a transparent medium with high refractive index is 
needed. Examples of such possible applications are laser particle accelera- 
tion, optical microscopy, precision magnetometery, and atomic tests of the 
fundamental interactions. Several schemes making use of quantum interfer- 
ence and coherence have been suggested for realizing such a medium, but to 
date only small enhancements of the refractive index have been reported. 

For example, Zibrov et al. [129] have reported a change in refractive in- 
dex of about 0.1. They considered a three-level ladder system in °’Rb, in 
which four-wave mixing took place. They employed a probe laser tuned to 
the 58/2, F = 2 > 5P3/2, F’ = 3 transition, and a drive laser connecting the 
5P3/2, FY = 3 and 5Ds5/2, F” = 2,3,4 levels, both lasers being linearly polar- 
ized with orthogonal polarizations. They used a very dense atomic medium 
(up to 3x 10° atoms cm~%), and it is interesting to note that coherence pro- 
cesses are present at these densities, when such effects as radiation trapping 
and collision broadening have detrimental effects. 

The laser beams were superimposed on the inner window surface of a 
glass cell containing a natural mixture of Rb at a temperature of about 
150°C, corresponding to a Doppler width of 600 MHz. The probe and drive 
lasers were counterpropagating, giving a residual width of about 3 MHz for 
the two-photon transition. The Rb vapour was completely transparent for 
the driving field, but the probe field had an absorption length of 3 x 107+ cm 
in the presence of the driving field. 

A selective reflection technique was used to measure the refractive index 
of the coherently driven Rb vapor. The maximum measured resonant change 
in the refractive index was An ~ 0.1. In addition, a four-wave-mixing process 
took place that could reach up to 90% efficiency. 


6 Field Induced Quantum Interference 


In this chapter we consider several distinct features of quantum interference 
and coherence that can arise in systems when external fields are applied. 

First, we remind the reader that in Chap. 4, we studied quantum interfer- 
ence in systems with parallel dipole moments, with no external fields applied. 
Then, in Chap. 5, we studied coherence induced by external fields in systems 
with perpendicular dipole moments. In the first three sections of this chapter, 
we consider the modification of atomic properties due to quantum interfer- 
ence and coherence in systems in which external fields are applied, and the 
system may also have parallel dipole moments. The latter property is essen- 
tial for the modifications of resonance fluorescence studied in Sect. 6.1, and 
superbunching studied in Sect. 6.3, but is not essential for the phase control 
discussed in Sect. 6.2. In these sections, we show for example, that quantum 
interference leads to extremely narrow lines in the resonance fluorescence 
spectrum, and that quantum interference phenomena in three-level systems 
can be controlled by varying the relative phase of the two driving lasers. In 
the phenomenon of superbunching, the existence of extremely large values in 
the second-order field correlation coefficient is discussed in Sect. 6.3. 

As we have emphasized, many of the phenomena we have described in 
these pages depend upon finding atomic systems with parallel, or nearly par- 
allel, transition dipole moments. It has frequently been remarked that it is 
extremely difficult to find such systems, and that has proved to be a severe 
handicap to the experimental investigation of these effects. In Sect. 6.4, we 
discuss ways of getting around this difficulty by examining different kinds 
of systems, usually systems with perpendicular dipole moments, which nev- 
ertheless emulate the properties of systems with parallel dipole moments. 
The hope is that experiments on these systems may prove much easier than 
experiments on systems with parallel dipole moments. 

Finally, we remark that so far we have restricted our attention to atomic 
systems with discrete levels. In the final sections of this chapter, we examine 
systems in which structure is imposed in a continuum by means of interactions 
or external fields, in such a way that this structure has much of the character 
of a bound atomic state. Thus we discuss Fano profiles, laser-induced contin- 
uum structures, and finally, population trapping and spontaneous emission in 
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photonic bandgap materials. The similarities between these different systems, 
and the importance of quantum interference effects, is emphasized. 


6.1 Resonance Fluorescence in Driven Vee Systems 


We begin by studying quantum interference effects in a driven three-level Vee 
system, which is shown in Fig. 6.1. 


|2> 


|1> 


Fig. 6.1. Energy-level scheme of a three-level atom in the Vee configuration driven 
by a single laser field coupled to both atomic transitions 


This system is best analyzed using the master equation approach for 
multi-level systems, described in Chap. 2. It is convenient to assume that the 
applied laser field can be treated classically. Then the semiclassical Hamilto- 
nian for the system is 


h 
H’ => hw,Ar4 + hw Ao2 + 3 (Q1A10 + Q2 Ax + H.c.) 5 (6.1) 


where Q; (kK = 1,2) is the Rabi frequency of the kth transition, A;; = |7)(j| 
as usual, A is the frequency separation of the two excited states, and Az is 
the detuning of the applied laser from the |0) + |2) transition frequency. We 
make a transformation to the reference frame rotating at the frequency wy of 
the laser field by means of the unitary transform U = exp[—iw,(A11 + Ag2)| 
to obtain the Hamiltonian 


1 
A/h = (Ar _ A) Ay, + Ap Ago + 2 (Q1Aj0 + Q2Ae9 + H.c.) ; (6.2) 


In order to concentrate on the essential features of quantum interference, we 
have neglected the level shifts of (2.72), and assumed that no thermal photons 
are present, i.e. we put 6 = N = 0 in (2.72). 

In the rotating frame, the master equation is of the form 


e= —i[H/h, o| APO. (6.3) 
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where the damping term, the term describing spontaneous decay, arising from 
the vacuum interaction, is 


1 
Lo= a7 (2Ap10@A10 — Ai1@ — @A11) 


1 
+= (2A920A20 — Ao20 — 0A22) 


2 
1 
+5712 (2A91@A20 — A21@ — @A21) 
1 
+572 (2Ap2@A190 — A120 — @Ai2) . (6.4) 


The expressions in (6.4) show explicitly the terms that arise from the cross- 
damping (quantum interference) between the transitions |1) — |0) and |2) > 
\0). They are proportional to the parameter (3, the cosine of the angle between 
the two dipole moment vectors. If the dipole moments are parallel, 3 = 1, and 
then the cross-damping term is maximal with 712 = /7172, while yi2 = 0 
if, as is usually the case, the dipole moments are perpendicular (3 = 0), and 
the quantum interference term vanishes. 

For simplicity, we henceforth consider the case where 7, = y2 = y and 
we also assume Q2 = 2) = QQ. We gain considerable insight by studying 
this situation. The symmetric and antisymmetric superposition states of the 
excited levels then become simply: 


Is) = (1) +1) , (6.5a) 
J atvh 
— (v2 


and the decay term in (6.3) is diagonalized. In terms of the superposition 
states, the master equation (6.3) takes the form: 


Ia) (11) —[2)) , (6.5b) 


0= —i[H/h, o| 
1 
T5357 (1 yr () (2A9s0As0 —s Ags 0 os OAss) 
1 
sara (1 7m B) (2AoaeAao = Aga —_ oAaa) 5 (6.6) 


with 
A 


Q 
Dy (Asa + Aas) 2 ae (Aso =f Ags) ; (6.7) 


H/h= A, (Ass + Aaa) - Ai 


and 


A 
It is apparent that the laser field couples only to the symmetric state and both 


states decay independently to the ground state with different decay rates. 
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The separation between the two levels, A acts like a coupling field causing 
transitions between the two superposition states: if the original levels |1) and 
|2) are degenerate, this coupling vanishes. 

If we now suppose that we have perfect quantum interference in the spon- 
taneous emission — that is, the transition dipole moments are parallel so that 
G6 = 1-it is clear that the antisymmetric level is perfectly stable. If we further 
assume that A, = 0, which corresponds to the symmetric and antisymmetric 
states being degenerate, then it is easy to verify that a steady-state solution 
of (6.6) is 


o(t + co) = |[W)(v] , (6.9) 
where 


_ Alo) + V20/|a) 
JAP +202 | 


In terms of the original atomic states, 


|v) 


(6.10) 


— AIO) + Q]1) — Q|2) 
VA? + 02 


is the pure state into which the system evolves. 

Thus, even though the level |s) is being driven by the applied field, the 
system eventually evolves into a pure state in which the population of |s) 
is zero, as illustrated in Fig. 6.2. This pure state, a superposition of the 


|v) (6.11) 
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Fig. 6.2. The density matrix elements gs; (solid line), and Qaa (dot-dashed line), 
plotted as functions of time for Q = 0.257, A=y and B=1 


ground state |0) and the antisymmetric state |a), is perfectly ‘dark’ — that 
it, is emits no light whatsoever. (This is clear because both states in the 
superposition have zero spontaneous emission rates.) Thus, for this particular 
combination of parameter values, spontaneous emission has been eliminated 
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from the system. We stress that for this suppression to occur we require the 
driving field to be tuned to the midpoint of the two excited state energy 
levels: 


Ar = 5A. (6.12) 


This system also illustrates the phenomenon of population trapping. Sup- 
pose the system is initially in the ground state when the driving field is 
switched on. At first, population will be driven into the symmetric state as 
well as into the antisymmetric state, but the population that is transferred 
into the antisymmetric state remains there, resulting in the eventual com- 
plete depletion of the population in the symmetric state. Population becomes 
trapped in the antisymmetric state. 

If we relax the condition that Q, = Qe, but still assume that G = 1, we 
can show that the condition for complete quenching of spontaneous emission 
is now 


AQ? 


Dey ee 5 
“O24 08 


(6.13) 


For Q) = Q2, this reduces to condition (6.12), A; = A/2, or equivalently, 
A, =0. 

Figure 6.3 shows the population in states |s) and |a) as a function of the 
detuning A. In frame (a), where @ = 1, the population a,, = 0 when A, = 0. 
However, in frame (b), where the quantum interference is only slightly less 
than perfect, G = 0.98, it is evident that there is a significant population in 
level |s) even when A; = 0. Thus the population trapping is very sensitive 
to the value of (3. 


0 10 A, 20 0 10 A, 20 


Fig. 6.3. The steady-state values of the density matrix elements oss (solid line), 
and @aa (dashed line), plotted as functions of the detuning A; for Q = 5y and 
A = 7. In (a), G = 1 and in (b), G = 0.98. (The values for negative A; may be 
obtained by noting that the graphs are symmetric about the y-axes) 
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The equations of motion of the reduced density matrix elements for the 
atomic variables take the form 


1 ; 1 1 
eS = Fa + i(Ar — A) 210 — TF 020 sa pitzei2 a 5 flout — 00) ; 


re 1 1 I 
0209 = — (5 + iA) 020 — x712010 + gitie12 + 522 (O22 em 000) ) 


2 2 
. 1 y 1 1 1 
21> > AGE +72) +iA} 01 - 5 12 (022 + 011) — 3811020 = 3822001 , 
; 1 1 
011 = —71011 — 5 V12( 012 + 001) — 5821 (001 + 010) ; 
: 1 1 
022 = —72022 — 5 V12( 012 + 001) — 5822 (002 + 020) - (6.14) 


We can reduce the number of parameters by defining a = [10/20 as 
the ratio of the dipole moment magnitudes of the two allowed transition 
pathways. Assuming that the atomic levels shown in Fig. 6.1 are the only 
ones we need to consider, we have the relationships 


1 = a = 077, and Q, =aQg =al. (6.15) 


The detuning that produces complete quenching of spontaneous emission 
when 2 = 1 is 


Ar, =A/(1+a7). (6.16) 


For a = 1, this corresponds to the laser being tuned to the midpoint of the 
two atomic transitions. 

The resonance fluorescence spectrum of a driven Vee atom is greatly mod- 
ified by quantum interference between the two transition pathways from the 
excited doublet to the common ground level. It is well-known that the in- 
coherent resonance fluorescence spectrum of a two-level atom driven by an 
intense, resonant laser has the Mollow [130] form: it has a symmetric three- 
peaked profile, with the central peak having the natural linewidth y, and the 
two sidepeaks, which are displaced from the center-frequency by the Rabi 
frequency, are one third the height of the central peak with 1.5 times the 
linewidth. 

For our Vee system, we may use (2.140) together with the quantum re- 
gression theorem to calculate the incoherent resonance fluorescence spectrum, 
following the approach outlined in Sect. 4.2.2. For the case of a degenerate 
excited doublet, the spectrum exhibits a Mollow-like triplet, but radiative in- 
terference broadens the spectral lines. More interesting quantum interference 
phenomena emerge when the excited doublet is nondegenerate. The fluores- 
cent emission can be completely suppressed if the atomic dipole moments are 
parallel (maximum quantum interference) and the coherent field is tuned to 
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Fig. 6.4. The incoherent resonance fluorescence spectrum as a function of v = 
(w—wy)/7¥ for the excited doublet frequency separation A = y and Rabi frequency 
Q = 107, with laser detunings A; = 4y in the frames (a) — (c) and A; = 0.57 in 
(d). The value of @ is G = 0 in (a), 6 = 0.99 in (b), and 6 = 0.999 in (c) and (d) 


the average atomic transition frequency. Otherwise, significant spectral nar- 
rowing at line centre takes place over a wide range of parameters, for parallel 
or nearly parallel dipole transition moments. 

We have assumed monochromatic excitation. However, if the linewidth of 
the driving laser is taken into account the atom can never be trapped in a 
dressed state, so that no fluorescence quenching occurs. The spectral lines can 
still be significantly narrowed provided the laser linewidth does not greatly 
exceed the natural width. 

These effects have a straightforward interpretation in the dressed state 
representation. The quantum interference between the two transition path- 
ways can drive the atom into a dressed state that is decoupled from the fields, 
preventing any fluorescence, even though population inversion is achieved 
when the coherent field is tuned to the average frequency of the atomic tran- 
sitions. The dressed state decays very slowly for small excited doublet split- 
tings and nearly maximum quantum interference. It is the slow decay that 
gives rise to the striking narrow spectral profile at line centre. The width of 
the narrow spectral line is proportional to the square of the ratio of the level 
splitting to the effective Rabi frequency, and may thus be very narrow for 
small splittings. 

We illustrate these features for the nondegenerate case, where the ultra- 
narrow lines may appear at line centre. In Fig. 6.4, we display the resonance 
fluorescence spectrum for A = y, Q = 107, with A; = 474 in the first three 
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Fig. 6.5. The central part of the incoherent resonance fluorescence spectrum for 
excited doublet frequency separation A = 307 as a function of v = (wp — wr)/7 
and 22/7, for laser detunings Ay, = 57 in (a) and (b), and Ay, = 207 in (c) and 
(d). We take 3 = 0.99 in frames (a) and (c), and 3 = 0.999 in frames (b) and (d). 
The full width of the v range displayed represents one natural linewidth, y 


frames and A; = 0.57 in the last frame, for different degrees of quantum in- 
terference. The smaller the ratio of the level splitting to the Rabi frequency, 
the more pronounced the narrow spectral profile. The final two frames demon- 
strate that the extent of line-narrowing depends strongly on the detuning. 
The line-narrowing effect occurs over a wide range of parameter values. In 
Fig. 6.5, we show the central region of the spectrum as a function of 0/7 for 
some different values of the splitting and detuning. Frames (c) and (d) show 
clearly how the broad, natural linewidth apparent for very small 2 evolves 
rapidly into a much narrower peak as () increases. Similar narrow spectral 
features were shown also in related Lambda and four-level systems [131, 132]. 


6.2 Phase Control of Quantum Interference 


Spontaneous emission in a multi-level atom can be controlled not only by 
changing the mutual orientation of the dipole moments of two interfering 
transitions, but also by changing the phase difference of the driving lasers 
used for the excitation of the atom [132, 133, 134, 135]. 
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Phase dependent effects in spontaneous emission have been predicted 
in atomic systems with non-orthogonal dipoles as well as for systems with 
orthogonal dipole moments. In the first case the phase dependent effects, 
which arise from quantum interference between two non-orthogonal dipole 
moments, can be observed with two driving fields [136, 137, 138, 139]. In 
the latter case the observation of phase dependent effects requires at least 
three driving fields [133, 140]. It is of particular interest to observe the phase 
dependent effects, as they represent interference effects which can be induced 
by driving fields even in the absence of the vacuum induced quantum inter- 
ference. 


6.2.1 Phase Control of Population Distribution 


Our analysis of the phase control of spontaneous emission will concentrate 
on the example of a Vee type atom with nondegenerate transitions and non- 
orthogonal dipole moments driven by two laser fields. The lasers can have 
equal or different frequencies and each laser can couple to only one or both 
atomic transitions. 

The interaction Hamiltonian of the atom with two laser fields can be writ- 
ten as 


1 : 
Aint = er {1(Aro + nAgo)e itor) 


+ Q2(n Ao + Ago )ei(v2t+ $2) + H.c.} 5 (6.17) 


where (; exp (i¢1), Q2 exp (id2) are the complex Rabi frequencies and 1, 
V2 are the angular frequencies of the laser fields. The parameters 7 stands 
for two possible configurations of the coupling of the lasers to the atomic 
transitions. The case of 7 = 0 corresponds to each laser only coupled to one 
of the atomic transitions, whereas 7 = 1 corresponds to the case of each laser 
being coupled equally strongly to both transitions. Note that in this chapter, 
the Q; are real quantities, whereas in Chap. 5 they were complex, containing 
the phase implicitly. 

The dynamics of the system are determined by the master equation with 
the interaction Hamiltonian (6.17). We make the following unitary transfor- 
mation of the density operator of the system 


6 = elHort/h pg—iort/h (6.18) 


with Hor /h = 14|1)(1| + v2|2)(2|, and find that the master equation of the 
system takes the following form 
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e = -; | Ho + Fine, 3 
50 (A116 + @A11 — 2A01 6A10) 
50 (A220 + @A22 — 2A26A20) 
5m (Ao16 + GAa1 — 2Ap1GA29) e249 
are (Ay26 + GA12 — 2Ap2GA 19) e294] (6.19) 
where 
Hy = A(Ax|1)(1| + Aal2V2)) , (6.20a) 


1 
Hint = —5h{o (Aro + mAaoe'lirs—v2)¢+541) 


+ Qs (nArgells—ve+94 + Ago ) + H.c.} 5 (6.20b) 


and Ay = w, —™, Ag = we — v2 are the detunings of the laser fields from 
the atomic transitions, and 6¢ = ¢, — ¢2. 

In the transformed form the 7 and 712 dependent terms are accompanied 
by a phase dependent terms exp (+i6¢). These terms are also accompanied 
by the time dependent factors exp [i (v, — v2) t], which oscillate with the dif- 
ference of the laser frequencies. This shows that in any attempt to calculate 
phase dependent effects, it is important to assume that the lasers have equal 
frequencies. Otherwise, for unequal frequencies the time dependent terms 
rapidly oscillate in time and average out over a long period of the detec- 
tion time. Furthermore, we note from (6.20) that in the case of 7 = 1 a phase 
dependence can be observed even in the absence of the vacuum induced quan- 
tum interference terms (712 = 0). Only for 7 = 0, i.e. when each laser only 
couples to one of the transitions, do the phase terms depend solely on the vac- 
uum induced quantum interference. However, this condition can be achieved 
only for imperfect interference (G 4 1) between the atomic transitions (the 
dipole moments of the transitions are not parallel). From an experimental 
point of view the condition that each laser should only couple to one of two 
almost parallel dipole moments may be difficult to achieve. In Chap. 7.2, we 
discuss a possible solution of this problem. 

Figure 6.6 shows the steady-state population inversion between the upper 
state |1) and the ground state |0), computed from the master equation (6.19), 
for 7 = 0 and different values of the phase difference 6¢ and the interference 
parameter (. It is seen that in the presence of quantum interference the 
population can be inverted on the |1) — |0) transition and the inversion can 
be controlled by the phase difference between the driving laser fields [138]. 

Paspalakis and Knight [139] have considered a Vee type three-level system 
driven from an auxiliary level by two laser fields of the same frequencies. They 
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Fig. 6.6. The steady-state population inversion W = 022 — @oo as a function of 
Az for two fields of the same angular frequencies, y1 = 127, yo = 0.027, Q1 = 
AOy, Qe = 2y and different 6 and d¢: G = 0.95, 5¢ = 0 (solid line), G = 0.95, 56 = 
mw (dashed line), 3 =0, 5¢ = 0 (dashed-dotted line) 


have predicted linewidth narrowing and cancellation of the fluorescence that 
can be controlled via the phase difference between the two laser fields used 
for the excitation. Ghafoor et al. [133] have considered a four-level system 
in which quantum interference can be generated by three driving fields and 
have shown that the linewidths and intensities of the spectral lines can be 
controlled by the phases and amplitudes of the driving fields. 


6.2.2 Phase Control of the Fluorescence Spectrum 


Consider now the phase control of the fluorescence spectrum. The equations 
derived in Sect. 4.2 apply equally well if we consider the transitions |1) — |3) 
and |1) — |2) to be driven by two distinct lasers, rather than the one we 
assumed there, provided we consider that one laser couples only to the tran- 
sition |1) — |3), with Rabi frequency Q3 and that the other laser couples 
only to the transition |1) — |2), with Rabi frequency Q2. The advantage 
of this interpretation is that we may allow the relative phase ¢ of the two 
lasers to vary, so that we can investigate how the spectrum changes in re- 
sponse to variations in ¢. We thus consider the system of Fig. 4.6, with this 
re-interpretation. We also take the frequencies of the two lasers to be the 
same, w, so that we may concentrate on phase effects. Then the definition of 
the detunings (4.40) is unchanged, and the solution (4.48) still applies. 
Figure 6.7 demonstrates the phase effects, for the three cases G = 1,0 
and = —1. Because the three values of @ give spectra with very different 
heights, we have scaled the values of the G = +1 spectra to the same peak 
value as the @ = 0 value. The @ = 0 spectra show the least change with ¢, 
the spectra being three-peaked except for the ¢ = 0 case, when the spectra 
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5/y, 5/7, 


Fig. 6.7. The fluorescence spectrum for the four level system of Fig. 4.6 with 
V3 = 72 =, 03 =OQ2 =, Ai = and Ag = — 1. The solid line is for 6B = 1, 
the dashed line is the corresponding spectrum in which @ = 0, and the dot-dashed 
line is for 6 = —1. In Frames (a) — (d), the relative laser phase is ¢ = 0, 0.17, 0.57 
and 7, respectively. In (a), the G = 1 spectrum has been scaled by a factor of 5, 
and in (b), (c) and (d) by 0.011, 0.25 and 4, respectively. The G = —1 spectra 
have been scaled by 0.56 and 3.25 in (b) and (c), respectively. In (d), the 6 = —1 
spectrum has the value zero everywhere 


possess pronounced shoulders. The @ = 1 spectra change from a broad, two- 
peaked form when ¢ = 0 to a very sharp, single peak when ¢ = 0.17, before 
broadening out as ¢ increases, eventually acquiring a three-peaked structure 
for 6 = m. The @ = —1 spectra begin with three peaks of equal height for 
@ = 0. For ¢ = 0.17, the structure is still three-peaked, but the central peak 
is now of slightly lower height than the sidepeaks. For ¢ = 7/2, we have 
a dark line at line centre. Alternatively, the spectrum may be considered 
two-peaked. Finally, for ¢ = 7, the G = —1 spectrum disappears completely: 
we have complete quenching of the spontaneous emission spectrum due to 
destructive quantum interference. 


6.2.3 Experimental Evidence of Phase Control of Quantum 
Interference 


Evidence for phase control of quantum interference effects has been provided 
in experiments by Windholz’s group in Graz [141]. In these experiments a 
pair of laser beams, each composed of two different frequencies, was propa- 
gated through a sodium vapor cell, and the transmitted field intensity was 


6.2 Phase Control of Quantum Interference 249 


measured as a function of the relative phase between the laser beams. The 
energy levels of the sodium atoms in a double-Lambda configuration relevant 
to the experiments are shown in Fig. 6.8. Two hyperfine sublevels F’' = 1 and 


|3> = |F&2> 


|2> = |F‘=1> 


|1> =|F=2> 


|O> = |F=1> 


Fig. 6.8. Energy levels of a double Lambda system in sodium atoms and relevant 
laser frequencies used in the experiment of Korsunsky et al. [141] 


F = 2 of the sodium ground state 37S, 2 served as lower states of the re- 
quired double-Lambda system. The first excited sodium state 3?P, /2 served 
as the common upper level of the system as the two corresponding hyperfine 
sublevels F’ = 1 and F’ = 2, separated by only 189 MHz, were spectroscop- 
ically unresolved within the Doppler broadening of approximatelly 1 GHz. 
The polarizations of the driving fields were adjusted such that the two pairs 
of frequencies produced from the outputs from the lasers were coupled to 
transitions of different polarizations. One of the pairs was coupled to the ot 
transitions, whereas the other was coupled to the o~ transitions. 

The principal elements of their apparatus, shown in Fig. 6.9, consisted of 
a sodium cell, two CW dye lasers to excite the atoms, and photodetectors 
to register the intensity of the input and transmitted fields. Each Ar*-laser 
pumped CW dye laser provided linearly polarized light of linewidth 1 MHz, 
which was modulated by an electro-optical modulator (EOM-1, EOM-2) to 
create first-order sidebands with a frequency difference matched to the split- 
ting of the atomic lower levels |0) and |1). The two EOMs were driven by two 
tunable rf generators (FG-1, FG-2), which were synchronized to produce a 
definite phase relation between the two frequency pairs (w1,w2) and (ws, wa). 
The two laser beams were combined at a beam-splitter and passed through 
a Fabry—Perot interferometer that suppressed the carrier frequency of the 
laser fields. Next, the laser beams were directed onto the sodium cell and the 
transmitted field was detected by a photodetector PD1. The input field in- 
tensity was detected by a photodetector PD2. The phase difference between 
the two pairs of the frequencies produced by the EOMs was changed by a 
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Phase 
Shifter 


synchronisation 


Fig. 6.9. Experimental setup to observe phase control of transmission through a 
sodium vapor cell. From E.A. Korsunsky, N. Leinfellner, A. Huss, S. Baluschev, 
L. Windholz: Phys. Rev. A 59, 2302 (1999). Copyright (1999) by the American 
Physical Society 


phase shifter (PS), and the frequency difference 612 = wy — we © w3 — w4 was 
swept through the frequency splitting of the lower energy levels |0) and |1). 


(*) 


transmission (arb. units) 
NO 


1768 1770 1772 1774 1776 
frequency splitting 5,, (MHz) 


Fig. 6.10. Experimental results of Korsunsky et al. demonstrating the phase con- 
trol of transmission through a sodium vapor cell. The graph shows the transmitted 
light intensity as a function of 612 for different phases ®: 6 = 0 (squares), ® = 1/2 
(circles), ® = 7m (triangles). From E.A. Korsunsky, N. Leinfellner, A. Huss, S. 
Baluschev, L. Windholz: Phys. Rev. A 59, 2302 (1999). Copyright (1999) by the 
American Physical Society 
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The experimental results are shown in Fig. 6.10. When the frequencies 
of the laser beams were out of phase (® = 7), the propagating fields were 
strongly absorbed inside the sodium cell. This is shown by the triangles curve 
in Fig. 6.10. However, when the frequencies were in phase (® = 0), the trans- 
mission was large, in particular, at the frequency 1771.6 MHz corresponding 
to the two-photon resonance condition for perfect destructive interference in 
the Lambda system. This is shown in by the squares curve in Fig. 6.10. The 
experiment clearly demonstrated a phase-dependent quantum interference in 
the double Lambda system leading to phase controlled coherent population 
trapping and transparency. 


6.3 Superbunching 


We have seen in Chaps. 1 and 3 that quantum interference can produce inter- 
esting effects in the second-order correlation function. Here, we study photon 
correlations in a three-level Vee-type atom consisting of two excited levels 
coupled to a singlet ground level by electric dipole interactions. It is found 
that, under appropriate conditions, and with full quantum interference, the 
maximum value of the normalized, intensity—intensity correlation function 
can be made huge (values of the order of hundreds or thousands) whereas the 
corresponding maximum in the absence of quantum interference is ‘normal’ 
(values of the order of unity) [142]. We term these very large values of the 
second-order correlation function “superbunching” . 

These effects arise in the system studied in Sect. 4.2. The energy-level 
scheme is shown in Fig. 6.1. The atom consists of two nondegenerate excited 
levels |1) and |2) separated from the ground level |0) by transition frequencies 
Ww, and w2, and connected by the electric dipole moments f419 and pa9, re- 
spectively. Direct transitions between the excited levels are forbidden in the 
electric dipole approximation. 

We may assume that our photo-detectors respond to the total field in- 
cident upon them. We shall refer to this situation as the “indistinguishable 
case”, since we assume that the detected photons arriving from different tran- 
sitions are not differentiated against in any way. In this case, and choosing 
w(R) = 1 in (2.137) and (2.138), we obtain the following expression for the 
correlation functions 


GO (t 3 yg (Aio (t) Ao; (t)) (6.21a) 
t,j=l 
GO) ( a Vat Vj (Aso (t) Ajo (+7) 
4,9,k,l=1 


x Aor (t + T) Aol (t)) 5 (6.21b) 
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where y;; = 7; is the spontaneous decay constant of the excited sublevel 
|t) (¢ = 1,2) to the ground level |0), whereas 712 = y21 = 6./7172 arises from 
the cross-damping (quantum interference) between the transitions |1) — |0) 
and |2) — |0). It is defined in (4.8). As discussed in Sect. 4.2, if the dipole 
moments are parallel, the cross-damping term is maximal with 712 = \/7172 
(3 = 1), whilst y12 = 0 if the dipole moments are perpendicular (3 = 0). 
The normalized correlation function g°)(t,7) is defined analogously to the 
classical expression (1.34): 


2 GO (t, 7) 
PES GO HEE | (6.22) 


On the other hand, it is possible that, by means of filters or other devices, 
our detectors can be arranged in such a way that they detect photons from 
only one transition. We refer to this situation as the “distinguishable case”. 
If, for example, a detector only detects photons emitted on the |1) — |0) 
transition, then only the term with 7 = 7 = k = 1 = 1 should be included 
in the final term in (6.21) when calculating the correlation functions. For- 
tunately, this case and other special cases are covered by the expressions 
(6.21) if we set the appropriate y,; equal to zero or unity. For example, if 


9} (t,7) = GO (t.7)/ EP OcH + r)| relates to the probability of ob- 


ii 
serving a photon emitted on the |i) > |0) transition at time t and a photon 
emitted on the |7) — |0) transition at time t + 7, we have 


(Aio (t) Ajo (6 + 7) Aog (+ T) Aoi (€)) 
(Ajo (t) Aoi (¢)) (Ajo (t+ 7) Aog (E+7)) © 


9 (t,7) = (6.23) 


Returning to the full expressions (6.21), we note that they take on a more 
transparent form if we employ the symmetric and antisymmetric superpo- 
sition states (4.14) of Sect. 4.2, in terms of which the correlation functions 
(6.21) can be written as 


G (t) = (97 +8 + 287172) (Aso (#) Aos (t)) 
+2 (1 — B) W172 (Aco (t) Aoa (4) 
+(1-— 8B) /nrv2 (1 — Y2) (Aso (t) Ava (t) 
+Aao (t) Aos (t)) (6.24a) 
G® (t,7) = (of +73 + 287172) (Aso (t) U (t +7) Aos (t)) 
+ (1 = B) M7172 {21172 (Aao (t) U (+ 7) Aoa (t)) 
+ (¥1 — Y2) (Aso (t) U (t + T) Aoa (#) 
+Aao (t)U (E+ 7) Aos (t))} , (6.24b) 


where 
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U(t+7) = (of +3 + 287172) Aso (+7) Aos (+7) 
+ (1 — 8) /1172 {2/1172 Aan (6 + T) Ava (6 +7) 
+ (71 — Y2) [Aso (E+ T) Aoa (t +7) 
+Aqo(t+7)Aos(t+7)]} - (6.25) 


In the expression for G®) (t), the first term arises from processes in which 
the first transition is |s) — |0), the second from processes in which the first 
transition is |a) + |0), and the third term is due to the coupling between 
them. A similar interpretation applies to GW) (t). 

Although these terms look complicated, it is apparent that pronounced 
simplification arises when 3 = 1 and/or 7; = 72. For parallel dipole moments 
(3 = 1) only the transition |s) — |0) contributes to the fluorescence inten- 
sity and the second-order correlation function, indicating that in this case 
the system reduces to a two-level system. However, correlations between the 
emitted photons can be significantly different from those one would expect 
for a two-level system. 

We concentrate on the case of a strong driving field and consider the case 
where the fields emitted from the individual atomic transitions are measured 
separately (distinguishable photons) before considering the case where only 
the total emitted field is measured (indistinguishable photons). 


6.3.1 Distinguishable Photons 


If the photons emitted from the excited states to the ground state are distin- 
guishable, e.g. by having significantly different polarizations or frequencies, 
then the second-order correlation functions in the steady-state may be writ- 
ten in the form [143]: 


(2) _ 3}: (2) = Po; (7) ee 
Gj (rT) = jim 955 (t,7) = P, » 4g=1,2, (6.26) 
where 


(AioAjo (7) Aoj (7) Aos) 


boy a) (Aso Aos) 


(6.27) 


is the probability that at time t+7 the atom is in the upper state |7) of the 
transition |j) — |0) if it was in the lower state |0) of the |7) — |0) transition 
at time t, and P; = (AjoAp;) is the steady-state population of the state |7). 
In particular, we consider the following correlation functions 


of? (7) = ofp (7) = (6.28) 
92 (1) = 9 (7) = BO (6.29) 


P» 
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0 0.5 1 1.5 2 
yun 
Fig. 6.11. Second-order intensity-intensity correlation functions for distinguishable 
photons, gf? (7), i,j =1,2, fory =72 =y, A=5y, At = 57, and N = 107. The 
solid line is the plot for 3 = 0.99, and the dashed line for 6 = 0.99 (no quantum 
interference) 


Figure 6.11 shows the correlation functions for distinguishable photons 
and A; = A/2. In our numerical calculations, we assume the simple case 
1 = y2 = y and QY = Q2 = ©: then all four second-order correlation 
functions are equal. For correlated dipole moments with 3 = 0.99, the values 
of gi) (7) and gs (7) remain below unity for all times. This shows that for 
any T the probability of emission of two photons from levels |1) or |2) is very 
small. We can interpret this as extended simultaneous periods of darkness in 
the fluorescence from the two atomic transitions: after detection of a photon 
at time 7 = 0, detection of another photon at time 7 > 0, emitted from levels 
|1) or |2), is very unlikely. We emphasize that the simultaneous periods of 
darkness appear only for correlated transitions with G 4 0. This indicates 
that in the presence of quantum interference the atomic states |1) and |2) are 
not the preferred radiative states of the atom. It is also necessary that A be 
not too small, because for A = 0, the behavior of the correlation functions 
resembles that of a two-level atom. 

It is apparent that there are oscillations at more than one frequency 
present in Fig. 6.11. In fact, there are oscillations at the Rabi frequency 
2Q as well as at Q. 


6.3.2 Indistinguishable Photons 


Now we consider the situation in which the detection scheme employed is 
such that the photons emitted from the two atomic transitions are not dis- 
tinguished in any way — that is, the detectors register photons emitted from 
either transition with equal efficiency. Then the detector responds to the total 
field for which the correlation functions are given by (6.24). (However, note 
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that even for @ ~ 1 we may in principle still distinguish between photons 
emitted from the |s) — |0) and |a) — |0) transitions as they may have dif- 
ferent polarizations. It is easy to see from (4.14) that the dipole moments p, 
and [tq of the respective |s) > |0) and |a) > |0) transitions are oriented in 
different directions unless 1) = M2, and then pt, = 0.) 

Therefore, we consider separately the following correlation functions 


2 = Pos (rT) 
a OS po (6.30) 
G0.) = ot (6.31) 


For 3 = 1, the correlation function g&? (7) corresponds essentially to that 


of the total fluorescence field as the contribution from the asymmetric state, 
which is proportional to (1 — {), is negligible. 


0 0.5 1 1.5 2 


yt/Tt 


Fig. 6.12. Second-order correlation functions for the case of indistinguishable pho- 
tons for A = 107, Ar = A/2 and Q = 5y. In the upper plot we present gS? (7) and 
in the lower g{2) (7). The solid line is for 6 = 0.99 and the dashed line for @ = 0. 
If we change G and A to G = 1 and A = 4» for example, the graphs are almost 
identical 


In Fig. 6.12, we plot the correlation functions (6.30) and (6.31) for indis- 
tinguishable photons and A; = A/2. Again, the solid line is for G = 0.99 
and the dashed line for @ = 0. It is apparent from the graphs that with quan- 
tum interference (3 = 0.99), there are very strong correlations of photons 
on the |s) — |0) transition, whereas the photons are strongly anticorrelated 


on the |a) — |0) transition. The correlation function gS (7) oscillates with 
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the frequency 2\/2Q, which is the Rabi frequency in the symmetric basis, 
and attains the maximum value at time tT = (2V20)~1!z. Moreover, the cor- 
relations decay at a very low rate and it takes a time in excess of 3007/71 
before g°?) gets close to unity. The correlation function ge (7) oscillates with 
frequency V2Q, and in the presence of quantum interference is less than unity 
for all times, whereas for 3 = 0, the values can exceed unity, with a maximum 
value of around 2.8. 


We emphasize that very large values of g? (7) are possible for 6 ~ 1 
( 


(superbunching), whereas the maximum value of g&? (7) remains of the order 
of unity for @ = 0. Thus in Fig. 6.12 it is seen that the maximum value 
is about 22.5 for G ~ 1. In fact, we have chosen the parameters to ensure 
a particularly small maximum value for g? (7) with @ = 0.99 in order for 
the correlation function with G = 0 to be visible on the same set of axes. 
For example, if we reduce the value of 2 to 71, leaving other parameters 
unchanged, then the maximum value of gS? (7) with @ = 0.99 increases to 
almost 1500! 

If we reduce the value of A, the difference between the G = 0 and @ = 0.99 
graphs for ge (7) becomes less pronounced. Indeed for sufficiently small A 
the correlation functions for G = 0 and @ = 0.99 oscillate in a similar fashion 


with go? (7) < 2 for all times r. 


6.3.3 Physical Interpretation 


The effect of quantum interference (3 ~1) on the second-order correlation 
function is very sensitive to the splitting A of the excited levels. For degener- 
ate excited levels (A = 0) or small splittings (A + 0) the photon emissions are 
similar to those of a two-level atom, independent of quantum interference. 
For large splittings and (@ ~1), the ‘distinguishable’ correlation functions 
oo (7), i,79 =1,2 and gi (7) are smaller than unity for all times 7, while 


gS? (7) exhibits strong correlations (gS? (rT) > 1) for r & (2\/20)—!a which 


decay at a very low rate. 

We can explain these features by considering the master equation (6.14). 
For A = 0 the equations of motion show that the states |1) and |2) are equally 
driven by the laser and the coherences 0j9 and @29 oscillate in phase with 
frequency A;,. The coherences are directly coupled by the cross-damping term 
12. However, for a strong driving field (Q >> 7,712) the Rabi oscillations 
dominate over the spontaneous exchange of photons, resulting in independent 
oscillations of the atomic dipole moments. 

The situation is different when A 4 0 and A; = A/2. In this case the co- 
herences oscillate with opposite phases indicating that there is an exchange of 
photons between the states |1) and |2) which prevents photons being emitted 
from the atomic levels. The coherences oscillate with +A/2 which introduces 
the modulation of the Rabi oscillations, seen in Fig. 6.11. The exchange of 
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photons between the atomic levels is better seen in the basis of the symmetric 
and antisymmetric states (4.14). In terms of these states, setting 7, = y2 = 7 
for simplicity, the equations of motion (6.14) for the populations take the 
form 


: 1 1, : 

Oss — S50 (1 =F B) Oss — ziA (Osa => Gas) — iV20 (2s0 — 20s) ? (6.32) 
; 1 ae 

Gaa = —57(1— B) Oaa + FIA (Osa — Cas) - (6.33) 


It is evident that the antisymmetric state is populated by the coupling to the 


STEADY-STATE POPULATIONS 


Fig. 6.13. The steady-state populations gs; (solid line), Qaa (dashed line) and eo 
(dot-dashed line) as functions of A, /y for Q = A = 5y and = 0.99 


symmetric state. Since the decay rate of the antisymmetric state, y(1 — {), 
is very small for G = 1, the population stays in this state for a long time. If 
A = 0 the state is decoupled from the symmetric state and Qqgq(t) is zero if its 
initial value is zero. In this case the system reduces to a two-level atom. For 
the case A ¥ 0, the transfer of the population to a slowly decaying state leaves 
the symmetric state almost unpopulated even if the driving field is strong. 
This is shown in Fig. 6.13, where we plot the steady-state populations 055, Qaa 
and @o9 as a function of Az. It is evident that the symmetric state is almost 
unpopulated for A; = A/2. This indicates that in the presence of quantum 
interference, the driving field does not saturate the transition |0) — |s), 
even for very large Rabi frequencies. The lack of population in the state |s) 
increases the probability of returning the atom to this state from the ground 
state by the driving field. Consequently, gi? (7) attains a very large value at 
the time t = (2V20)~!x corresponding to half of the Rabi cycle between |0) 
and |s). However, gi (7) attains a maximum at T & (/20)7!n, ie. at half 
the Rabi period. This results from the fact that the driving laser takes the 
population from |0) to |s) in a time equal to half of the Rabi period. Then the 
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population can be transferred to |a) in a time equal to that the population 
will stay in |s) i.e. in a time equal to half of the Rabi period. Therefore, the 
total time of transferring the population from |0) to |a) is equal to the Rabi 
period. 


6.4 Implementation of Quantum Interference 


As we have pointed out in Chap. 4, the direct observation of the quantum 
interference effects described in that chapter and the previous sections of 
this one requires the use of systems with parallel or nearly parallel transi- 
tion dipole moments, which are very difficult to come by in nature. This 
has proved a serious obstacle in performing experiments. In this section, we 
consider alternative approaches that enable us to bypass this difficulty. The 
intention is find more easily accessible systems, such as those with perpendic- 
ular dipole moments, which simulate the properties of systems with parallel 
dipole moments, in the hope that experiments on such systems will prove 
much easier. 


6.4.1 External Field Mixing 


A mixing of atomic or molecular states can be implemented by applying 
external fields. Consider, for example, a Vee type atom with the upper states 
connected to the ground state by perpendicular dipole moments, 01 | Lo. 
When the two upper states are coupled by a resonant microwave field, the 
relevant states are linear superpositions of the bare states 


1 
1) = 5 (ID) +12) 
SSeS a (6.34) 


J2 


It is easy to find from (6.34) that the dipole matrix elements between the 
superposition states and the ground state |0) are 


1 
i090 = Va (Mo1 + Hoa) ; 


0 = % (Hoi — Ho2) - (6.35) 


When |#201| 4 |f02|, the dipole moments 449 and fa_o are not perpendicu- 
lar. However, the dipole moments cannot be made perfectly parallel or anti- 
parallel. If |~o2| < |f401|, the angle between the two dipoles f449 and ps_o is 
approximately 64— = arccos(1 — 2u25/2,). 

An alternative method for creating a Vee-type system with parallel or 
antiparallel dipole moments is to apply a strong laser field to one of the 
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Fig. 6.14. Laser induced Vee type system with nondegenerate transitions. A laser 
field applied to the |1) — |2) transition of a Lambda system creates nondegenerate 
dressed states separated by the Rabi frequency 2. The subsystem with the upper 
dressed states |+) and |—) and the ground state |0) form a Vee system with the 
dipole moments of the two transitions parallel 


two transitions in a Lambda-type atom. Let the ground states be denoted |0) 
and |1), and the excited state |2). The scheme is shown in Fig. 6.14. When the 
dipole moments of the |0) — |2) and |1) — |2) transitions are perpendicular, 
a laser may be employed to couple exclusively to the |1) — |2) transition. It 
then produces dressed states 


|+) = sin 6|1) + cos 6|2) , 


|—) = cos6|1) — sin 6|2) , (6.36) 
with 
ie 
Da oe 
cos" 9 = 5 sf Xen (6.37) 


where Az is the detuning of the laser frequency from the atomic transition, 
Q = /02 + A? and No is the on-resonance semi-Rabi frequency of the laser 
field. 

From (6.36), we find that the dipole matrix elements between the dressed 
states and the ground state |0) are 


H+o = Mi2sing , 
[eo = M12 C080 . (6.38) 


Thus, the subsystem with the upper dressed states |a),|b) and the ground 
state |1) behaves as a Vee type system with parallel dipole moments. This 
system has the advantage that the magnitudes of the transition dipole mo- 
ments and the upper levels splitting can be controlled by the Rabi frequency 
and detuning of the driving laser field. 
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6.4.2 Two-Level Atom in a Polychromatic Field 


Transitions with parallel or antiparallel dipole moments can be created not 
only in multi-level atoms, but also in a two-level atom driven by a polychro- 
matic field. To show this, consider a two-level atom driven by a bichromatic 
field composed of a strong resonant laser field and a weaker laser field de- 
tuned from the atomic resonance by the Rabi frequency of the strong field. 
Treating the fields quantum-mechanically, the effect of the strong field alone 
is to produce dressed states 


J+.n) =e (lO,n) + [1m =), 
1 
|-,n) = V2 


with energies Ey,2 = h (nwo + $0), where n is the number of photons in the 
field mode, 2) is the Rabi frequency, and wg is the atomic transition frequency. 


(|0,n) —|1,n—1)) , (6.39) 


(b) 
|+,n> |+,n> 
|-,n> |-,n> 
W g-Q 
|+,n-1> |+,n-1> 
|-,;n-1> |-,n-1> 


Fig. 6.15. (a) Two neighbouring manifolds of dressed states of a driven two-level 
atom. The arrows indicate nonzero dipole moments of magnitudes +10. (b) An 
additional coherent laser field is applied (dashed arrow) of frequency wo — 2 to 
couple the dipole moments of the two degenerate transitions at wo 


The dressed states are shown in Fig. 6.15(a). We see that in the dressed 
atom basis the system is no longer a two-level system. It is a multi-level 
system with three different transition frequencies, wo and wo + 2, and four 
nonvanishing dipole moments ij, = (n,%| w|j,n—1) connecting dressed 
states between neighbouring manifolds 


1 
M++tn = Mt—jn = ~P-4,n = ~H--,n = 7 H10 ’ (6.40) 
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where [19 is the dipole moment of the bare atom. 

There are two transitions with antiparallel dipole moments, uw++,, and 
[u__n, that oscillate with the same frequency wo. This makes the system 
an ideal candidate for quantum interference. However, they are not coupled 
(i.e. not correlated), preventing these dipole moments from being a source 
of quantum interference. This can be shown by calculating the correlation 
functions of the dipole moment operators of the dressed-atom transitions 
Cin = |ji,n) (n—-1,3|, (é,7 = 1,2). The correlation functions (CiinT jn) (oz 
7), are equal to zero, showing that the dipole moments oscillate independently. 

In order to correlate them, we introduce a second (weaker) laser field of 
frequency wo — 2 and Rabi frequency Q2 < (2, which couples the degen- 
erate transitions with dipole moments w4+,n—-1 and f—_., as indicated in 
Fig. 6.15(b). Treating the second field perturbatively, at zeroth order the 
coupling results in new “doubly-dressed” states 


|n, p+) ad s (L2—p = Laka poe 1) +t |0, — p,m + p)) ’ (6.41) 
where m is the number of photons in the weaker field mode, and 2 = n+m 
is the total number of photons. 

On calculating the transition transition rates of spontaneous emission be- 
tween the dressed states of two neighbouring manifolds, we find that the 
transition rates y,,4 between the doubly dressed states |n, p+) > |n—1, p+) 
and |n, p—) — | —1, p—) are equal to zero. Thus, in the doubly driven atom 
the effective transition rates at wo are zero due to quantum interference be- 
tween the two degenerate dipole moments of opposite phases. A consequence 
of this cancellation is the disappearance of the central component in the 
fluorescence spectrum of the doubly driven two-level atom [144]. 

Figure 6.16 shows the fluorescence spectrum for resonant excitation of 
the bare two-level atom. The atomic transition frequency is wo, y is the 
spontaneous decay rate of the bare two-level atom, and the strong and weak 
lasers have frequencies w,; and wz respectively. Supposing the strong laser 
to be resonant, w; = wo, the detuning of the weak laser field from the Rabi 
sideband frequency induced by the strong field is defined by Ag = wy +Q—wy. 

In Fig. 6.16 we assume resonant excitation by the strong laser with 
different values of the weak laser detuning A». For large Ag, the spec- 
trum exhibits the well-known Mollow triplet, as illustrated in Frame (a). 
For small but nonzero Ag, the spectrum consists of a triplet at the cen- 
tre frequency, with components at w = {w,; and w; + Q2}, and doublets 
w = {we and w2+ Oo}; w = {2w, —we and 2w, — we — 2}. See Fig. 6.16(b). 

The situation is quite different when Aj, = O: then, the incoherent 
central peak at w = wy , is suppressed, whilst additional peaks occur at 
w= Wy +0 — 02/2 and w = w, —Q4 02/2, converting the outer doublets 
into triplets, as shown in Frame (c). These interesting features are due to 
quantum interference, and arise from the cancellation of the transition dipole 
moments between the dressed states of the system [144]. 
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Fig. 6.16. The resonance fluorescence spectrum for resonant excitation by the 
strong laser, with detunings of the weak laser that are large in (a), small but 
nonzero in (b), and zero in (c) 


6.4.3 dc Field Simulation of Quantum Interference 


In this section, we study a system employing a dc field that permits the obser- 
vation of the novel features predicted for three-level systems showing strong 
quantum interference, but without the need for parallel dipole moments [145]. 
To be more precise, consider the three-level Vee system discussed in Sect. 6.3, 
which we depict in Fig. 6.17(a). We shall show that the alternative three-level 
Vee type atom with perpendicular dipole moments coupling the nearly de- 
generate upper levels with the ground level, shown in Fig. 6.17(b), is capable 
of simulating this. In this alternative system, one of the dipole transitions is 
driven by a strong laser field, and a dc field couples the two upper levels. 
The atom in Fig. 6.17(a) consists of two nondegenerate excited levels |1) 
and |2) separated from the ground level |0) by transition frequencies w 1 
and wz, and connected by the electric dipole moments fz; and pe, respec- 
tively. The dipole moments are assumed almost parallel. The excited sublevels 
decay to the level |0) by spontaneous emission, whereas direct spontaneous 
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(a) (b) 


Fig. 6.17. (a) Energy-level scheme of a three-level atom in the Vee configura- 
tion driven by a single laser field coupled to both atomic transitions, with parallel 
transition dipole moments. (b) Energy-level scheme of the three-level atom with 
perpendicular transition dipole moments. The single laser couples only one of the 
atomic dipole transitions, whilst a dc field couples the two upper levels 


transitions between the excited sublevels are dipole forbidden. For simplicity, 
we assume that 7, = yo = 7, and Q) = Q2 =. 

Under these conditions, we have shown in Sect. 6.1 that the equations 
of motion (6.14) simplify considerably when we transform to the symmet- 
ric/antisymmetric basis states (6.5), |s,a) = 2~!/?(\1) +|2)), which diagonal- 


ize the decay term of (6.4). We recall that in this new basis, the Hamiltonian 
becomes 


A 00) 
H/h = Ai (Ass + Aaa) — ot (Asa + Aas) + (Aso + Aos) , (6.42) 


and the damping term becomes 


1 
Lo= 5D) VL+8) 2AK@AK0 — Anno @Ark) , (6.43) 


k=s,a 


where A, = A; — A/2, the ‘plus’ sign refers to the ‘s’ decay rate and the 
minus sign to the ‘a’ decay rate. In these equations, A;; = |i)(j| is the usual 
transition operator. 

It is apparent that the laser field couples only to the symmetric state 
and both states decay independently to the ground state with different decay 
rates. In fact, if the dipole moments are almost parallel, so that @ ~ 1, it is 
clear that the antisymmetric level is metastable: y, = y(1 — 3) ~ 0. 

If we ignore the A, Agq term in (6.42), we observe that the system de- 
scribed by (6.43) and (6.42) is equivalent to that of a three-level system in 
which the ground state |0) is connected to the excited state |s) by a laser 
field detuned from resonance with the state |s) by the amount Aj, whilst |s) 
is also coupled to the other excited state, |a), for example, by a dec field. If 
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A, = 0 (A; = A/2) the system described by (6.43) is unitarily equivalent to 
the system exhibiting quantum interference shown in Fig. 6.17(a). 

However, in order to realize such a system we would need to find a Vee 
system with degenerate excited levels, and one of these levels would have to 
be nearly metastable in order to realize near perfect quantum interference 
(3 ~ 1). Such systems may be difficult to find in practice. Hence, in the 
remainder of this section, we consider a generalization of this system in which 
we allow the two excited states to be nondegenerate, and their decay rates to 
the ground state to be arbitrary. For notational consistency, we also redefine 
the coupling constants to be equal to the corresponding Rabi frequencies, 
and we denote the ground state henceforth as |g), rather than |0), and the 
upper states as |e) and |u). Explicitly the system we consider is described, in 
the rotating frame, by the Hamiltonian 


1 1 
H[R = NeAce + AuAwu ~ 5D (Aeu + Aue) + 50 (Aeg + Age) + (6-44) 
and Liouvillean 
1 
Lo = 9 Je (2Age@Acg 3 Aced = oAee) 


i! 
15 Vu (2A gnO Ada _ Aiwue _ Aun) ) (6.45) 
where D is the Rabi frequency of the dc field directly coupling the upper 
states. This is the system denoted in Fig. 6.17(b). 
Comparing (6.43) and (6.45), we may define 


B = cos71 0 = (Ye — Yu)/(Ye + Yu) (6.46) 


as a measure of quantum interference in this new system. We may expect 
that the level |u) has to be metastable (yu < ye; ~ 1) if we are to see 
maximal effects of quantum interference. 

However, we wish to investigate how far the effects of quantum interfer- 
ence are duplicated by the system (6.44) and (6.45) when the detunings 
are unequal, so that there is no unitary equivalence with the system of 
Fig. 6.17(a), which we shall refer to as System 1, and when we relax the 
condition 7, << Ye. Below, we shall show that the system described by (6.44) 
and (6.45), to be referred to henceforth as System 2, behaves in a largely sim- 
ilar way to System 1. However, System 1 requires dipole moments that are 
almost parallel, whilst perpendicular moments are assumed for the System 2. 


The Intensity—Intensity Correlation Function 


We demonstrated in Sect. 6.3 that the Vee system with near maximal quan- 
tum interference can exhibit extraordinarily large values of the normalized 
intensity—intensity correlation function. Here, we show that System 2 of 
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Fig. 6.18. Second-order intensity—intensity correlation functions and the density 
matrix elements for D = 10, Q=1, A. = A, = 0, and j, = 0.01. The fourth frame 
shows Qee as a solid line. The dotted line represents Qu.u(t)/max(Quu) X Max(Oee). 
To enable absolute values of 0, to be estimated, its maximum value is indicated 
in the fourth frame. In this and all subsequent figures, y. = 1 


Fig. 6.17(b) exhibits a similar type of behavior for a wide range of parame- 
ter values. The intensity—intensity correlations functions may be calculated 
using the same methods as outlined in Sect. 6.3. We illustrate the general 
features of these correlation functions by considering a few examples. In the 
following figures, we measure quantities as ratios of 7. (i.e. we take y. = 1), 
and throughout this section we take D = 10, 0 = 1. 

In Fig. 6.18 we take y, = 0.01, A, = A, = 0. In this case, System 2 
is unitarily equivalent to System 1, with the dipole moments almost parallel 
(c.f. (6.46)). The most obvious feature of this plot is the extraordinarily large 
maximum value of ge). Note, that g@) also exhibits very strong photon cor- 
relations, as expected, whilst ge as shown in the third frame, displays much 
weaker correlations. 

The properties of this system may be partially understood by considering 
the special case A, = 7, = 0. That is, we assume the laser is resonant with 
level |u), which is completely stable. It is then very easy to show that the 
steady-state solution is 


Oce = Ocu = Oeg = 0, 
Q? QD 
~ p24 92? Cug ~ 24 92 * 


Oe (6.47) 


Thus, the system eventually evolves into the pure state 
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_ Dlg) + Qu) 


independently of the values of A, and 7, and of the initial state of the system. 
Although the laser is driving the transition |g) — |e), there is no population 
in the state |e) in the steady-state in spite of the ground state |g) being 
populated, and the system is ‘dark’ — i.e. no radiation at all is emitted. We 
have a coherent population trapping situation. 

However, if we consider the evolution of the system from the initial density 
matrix 


|v) (6.48) 


o(r =0) =I9) (91 , (6.49) 


(so that 0;;(7) = P(g,0 — j,7), as appears in (6.28) and (6.29) there will, 
for short times, be population in the state |e), and fluorescence will occur. 
For 7, = 0, one cannot define the steady-state intensity—intensity correla- 
tion function, as all the relevant quantities are zero. It would, however, be 
meaningful to define transient intensity—intensity correlation functions, but 
we do not consider these here [146]. 

If we now suppose 7y,, to be small but nonzero, then there will be fluores- 
cence even in the steady-state, but the mean number of photons emitted in 
unit time will be very small. If we concentrate on the photons emitted on the 
|e) — |g) transition for definiteness, then the steady-state value of Oc. will 
be very small, whilst P(g,0 — e,7) will be much larger for shorter times. 
Thus the short-time values of g)(r) will be very large. According to the 
expressions (6.47), we expect these values to become larger if the ratio Q/w 
increases, and this we find to be so in our numerical investigations. 

Next, we investigate the effect of introducing finite detunings, and of 
relaxing the condition that y, be metastable. The system is then no longer 
unitarily equivalent to System 1. We take the detunings A,, = 0, and A, = 5, 
and increase the value of 7, to 7, = 1. We still obtain quite large values for 
gi? . This is rather surprising at first, as the fact that |u) can no longer be 
considered a metastable level may have been expected to reduce the maxi- 
mum. values of g'?)(r) to values of the order of unity. However, the steady 
state population of |e) is still much smaller than the steady state population 
of |u), but this is now due to the detuning of the |e) > |g) transition from res- 


onance. Thus we can dispense with the requirements that |u) be metastable, 


and |e) and |u) be degenerate, and still obtain large values for g&. These 


features are illustrated in Fig. 6.19. 


Resonance Fluorescence Spectra 


Another interesting feature of System 1 is that it has been shown to exhibit 
very sharp peaks in the incoherent fluorescence spectrum under certain con- 
ditions. We show that this feature is also shared by System 2. We consider 
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Fig. 6.19. Second-order intensity—intensity correlation functions as in Fig. 6.18, 
except that +, = 1, DO = 10, 0 = 1, %q=—1, Ap = 5 and Ay = 0 


the degenerate case A,, = A, = 0, taking 7, = 0.001, in Fig. 6.20(a) which 
shows the existence of an ultra-narrow line at the center of the resonance 
fluorescence spectrum. The sharpness of the line is decreased by increasing 
the value of y,. (The spectrum is actually five-peaked, but the inner side- 
peaks are so small as to be barely noticeable in the figure.) We emphasize 
that the sharp line shown in Fig. 6.20(a) is due to incoherent scattering, as 
the coherent contribution has been excluded from our figures. 

The ratio of the relative weight of the inner side-peaks to the outer side- 
peaks increases with the value of D/Q, as we show in Fig. 6.20(b). In this 
case, the five-peaked nature of the spectrum is obvious, and the fluorescence 
spectrum does not exhibit the sharp line at the central frequency. 


6.4.4 Pre-selected Cavity Polarization Method 


Patnaik and Agarwal [147] have proposed a method of generating a nonzero 
cross-damping rate in a three-level atom with perpendicular dipole moments 
which interacts with a single-mode cavity of a pre-selected polarization. In 
this system the polarization index s of the cavity mode is fixed to only one 
of the two possible directions. This arrangement of the polarization can lead 
to a nonzero cross-damping term 712 in the master equation of the system, 
even if the dipole moments of the atomic transitions are perpendicular. If the 
polarization of the cavity field is fixed, say €, = €,, the polarization direction 
along the x-quantization axis, then the cross-damping rate (4.10) becomes 


Y12 = V1172 COs A; cos 42 , (6.50) 
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Fig. 6.20. The resonance fluorescence spectrum S(w) for Ae = A, = 0, and (a) 
Q= 10, D=0.5, y = 0.001; (b) Q = 6, D=6, and y = 1. All quantities are 
measured as ratios of Ye 


where 0; is the angle between yz; and the preselected polarization vector, and 
usually 01 + 02 = 7/2. 

Zhou et al. [148] have shown that the idea of the pre-selected polariza- 
tion can be applied to engineer systems with parallel or anti-parallel dipole 
moments. To illustrate how this scheme works, we consider a Vee-type atom 
with the ground state |0) coupled by a single mode cavity field to the ex- 
cited states |1) and |2). The corresponding energies are Ey = 0, Fy = hwy 
and Ez = hw. Spontaneous emission is ignored in this system, but the cav- 
ity mode, characterized by the annihilation and creation operators @ and a! 
and the frequency w,, is damped at the rate k. The important assumption 
is that only one pre-selected polarization of the cavity mode, say €, = €1, is 
supported by the cavity. 

With direct transitions between the doublet states forbidden, the equation 
of motion for the total density matrix or in the frame rotating with the 
average transition frequency wo = (w1 + w2)/2 is 


67 = —i[(H,4 + Hac)/h, or] + Lor , (6.51) 
where 
Ha/h = bata , 
Hac/h= 5A(An — Ay) + if(g1Ao1 + g2Ao2)a' — H.c.] , 


L=K(2Qa07a' — a'aor — ora'a) , (6.52) 
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with 6 = w.— wp and g; is the atom-cavity coupling constant. Here, as usual, 
A = w2 — wi, Ai; = |i)(j| are the atomic operators, and 1;; is the dipole 
moment of the transition |) — |7). 

We assume that the bad cavity limit applies 


K > gj , pat), (6.53) 


That is, we assume that the atom-cavity coupling is weak, and that the 
cavity has a low Q-factor, so that cavity field decay dominates. The cavity 
response to the continuum modes is much faster than that produced by its 
interaction with the atom, so that the atom always experiences the cavity 
mode in the state induced by the vacuum reservoir. Under these conditions, 
one can adiabatically eliminate the cavity mode variables, giving rise to a 
master equation involving only the atomic variables. As the derivation is 
tedious, we present only the results here. Details of the method may be found 
in [65]. 

If @ denotes the reduced density operator for the atom only, g@ = Tr(er), 
we find 


6= —i[Ha/h, o] + S- F; [l9;|?(A0j0A;0 =Ag 0 = 0A) 
j=1,2 
+9195 (Ao2@A10 — A120) + H.c.] , (6.54) 


where 


B= n+i(o+da)] and Fh= n+i(o-ha)] . (6.55) 


Equation (6.54) clearly describes the cavity-induced atomic decay into the 
cavity mode. The real and imaginary parts of Fj|\g;|? represent the cavity- 
induced decay rate and frequency shift of the atomic level |7). The cross-terms 
F3g193, however, represent cavity induced correlated transitions of the atom, 
i.e. processes of the type |1) — |0) > |2) or |2) — |0) > |1) which typify 
quantum interference effects. 

Note that our assumption that the cavity support only one polarization 
mode is crucial to obtaining the quantum interference terms. If both polar- 
ization modes were supported, the factor gig; appearing in the expression 
for the cross-terms would be replaced by expressions involving a sum over 
the polarization index s, of the form 


S— gi(s)g3(s) x S > (@s+ Mor) (Es * Mia) & Mor Min (6.56) 
s=1,2 s=1,2 


Quantum interference would thus vanish if, as is usually the case, the dipole 
moments were perpendicular. 
If we assume that 
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K> OA, (6.57) 
and introduce the cavity-induced decay rates 


Cc lg ae 
Y= es (6.58) 
K 
the damping term Ce has the same form as (6.4) but with y; replaced by yf 
and 12 replaced by ,/yfy5. The latter replacement indicates that the quan- 
tum interference in this cavity system is maximal. 
Generally, the cavity-induced decay rates have the form 
Kg" 

K2 + (6+ A)’ 


14 = (6.59) 


The effects of quantum interference are most pronounced in the frequency 
region where A < 27;. 


(a) (b) 


Fig. 6.21. The absorption spectra for « = 100, 6 = 0, and gi = go = 10 in (a), 
gi = 10, g2 = 5 in (b), all quantities being measured in terms of A, (A = 1). The 
solid lines represent the spectra with pre-selection of polarization (full quantum 
interference), and the dashed lines the spectra for no pre-selection (no quantum 
interference) 


We give one example, the probe absorption spectrum, which is illustrated 
in Fig. 6.21 for the case k = 100, A = 1, 6 = 0, and gi = gz = 10 in 
frame (a), and g; = 10, gz = 5 in frame (b). The solid line is when pre- 
selection of polarization takes place, and the dotted for when it does not. 
(The cases of maximal and zero quantum interference respectively.) 


6.4.5 Anisotropic Vacuum Approach 


Agarwal [149] has proposed a totally different mechanism to produce corre- 
lations between two perpendicular dipole moments. In this method the inter- 
ference between perpendicular dipole moments is induced by an anisotropic 
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vacuum field. Using second-order perturbation theory, it is shown that the 
transition probability from the ground state |0) of a four-level system to the 
final state |f) through two intermediate states |i) and |7) is given by 


1 HC (wr — wfo) Mfi 
Top =a) 2,9, 
e jo ” (win = wx) (wjo ~ wr) 


(6.60) 


where 2; is the Rabi frequency of the |0) — |2) transition, wz is the fre- 
quency of the driving laser, and C (wz — w¢o) is the Fourier transform of the 
tensor C(r), the anti-normally ordered correlation function of the vacuum 
field operators. The anisotropy of the vacuum enters through the tensor C. 
With perpendicular dipole moments py; and py;, the transition probability 
responsible for the quantum interference between the |7) + |f) and |j) > |f) 
transitions may be nonzero only if the tensor C is anisotropic. For an isotropic 
vacuum the tensor C is proportional to the unit tensor and then the transition 
probability vanishes if pry; and per; are perpendicular. 

Examples of systems which may exhibit an anisotropic vacuum are doped 
active centers on anisotropic glasses, atoms in a waveguide, atoms adsorbed 
on metallic or dielectric surfaces, and an atom between two conducting plates. 
Some results for the final case were presented in [149]. 


6.5 Fano Profiles 


So far, we have only considered quantum interference in systems with discrete 
levels. Here we consider quantum interference in systems involving continua. 
The basic principles are the same as in the purely discrete systems we have 
considered heretofore, but the situation is complicated by the fact that we 
have to deal with the “dressing ” of discrete states by the continuum. 

We consider a discrete state |b) whose energy overlaps a band of continuum 
states. First of all, we neglect the interaction between them. A bare continuum 
state is denoted |E), with E being the bare energy. We have 


Holb) = Es|b), — HolE) = BIE) , (6.61) 


where Ho is the atomic Hamiltonian, neglecting the bound-continuum inter- 
action. The adjective ‘bare’ has been added to emphasize that the interaction 
between states is neglected. The situation is depicted in Fig. 6.22. Usually, |b) 
is an autoionizing state. 

Suppose now that there is an interaction V, such as the configuration 
interaction, connecting the discrete state to the continuum, so that we have 
the following matrix elements 
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continuum 


|E> 


la> 


Fig. 6.22. The state |b) is embedded in the continuum by the interaction V. The 
resulting dressed state |V-) is then probed by a weak laser connecting it to another 
bound state |a). In the bare picture, the probe interaction T couples |a) to both |b) 
and the continuum states |) 


(b|H|b) = Ep , (6.62a) 
(E"|H\b) = Vere , (6.62b) 
(E'|H|B") = E'5(E" — BE’) , (6.62c) 


where H = Ho+V is the full atomic Hamiltonian. We assume the eigenvectors 
of H to be of the form 


Ie) = ca(e)|b) + / ” aE cn(e)IE) , (6.63) 


where the real, continuous variable ¢ is the energy of the interacting sys- 
tem. Each energy value ¢ in the neighbourhood of FE is an eigenvalue. The 
states |W.) partake of the nature of the bound state and the continuum, and 
are often called dressed states, where the dressing is brought about by the 
discrete-continuum interaction. Substituting into the stationary Schrodinger 
equation 


H|W.) =e|W.) (6.64) 
and using the procedure of Fano [150], we find that the eigenvalues may be 
written in the form 

sin A 


|U-) = av 1B) —cos Ale) , (6.65) 


where 
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tanA = — am ; (6.66a) 
E— Lp 
Vr 
BE, = B, +P faz’ a ; (6.66b) 
Vr 
|B) = |b) +P fanrP 2p) (6.66c) 
Ty =7|Ve al? . (6.66d) 


The quantity E, is the energy of the state |b) shifted by its interaction with 

the continuum. The symbol P indicates that the principal part is to be taken. 

Similarly, |B) is the state |b) modified by its interaction with the continuum. 
We note that the coefficients in (6.65) may be expressed as 


sin A VE 
Ae a = ir (6.67a) 
iG yk. | 
ae 
cos A es Z : 172 ) (6.67b) 
(e - B,)? +13| 


which make explicit their strongly resonant nature as € sweeps through the 
value Ey. The half-width of the resonance is ['y = 7|Vz.p|?. 

To summarize, the internal, atomic interaction V that connects the dis- 
crete atomic state |b) to the atomic continuum states gives rise to a shift in 
the energy of the discrete state and a dressing of it by the continuum. The 
original continuum states are also modified by V to produce the dressed state 
|W). The half-width of the structure in the continuum due to the embedding 
of the discrete state |b) is To. 

Now we consider the effect of an additional, weak, applied field, described 
by an interaction Hamiltonian T, which connects another discrete state, |a), 
which has no energy overlap with the continuum, to the dressed state |W.). 
This single route between |a) and the dressed continuum state |W.) is equiv- 
alent to two interfering routes in the old, bare picture using the eigenstates 
of Ho, as indicated by the arrows in Fig. 6.22. In effect, we have a kind of 


Vee system. 
The relevant matrix element is 
in A 
(¥.|T|a) = (BIT a) — cos A(e|T|a) . (6.68) 
TV, 


There is a sharp variation in A as € passes through the resonance at ¢ = Es, 
which produces a sharp variation in (V.|T|a). Since sin A is an even function 
of ¢ — Ey and cos A an odd function, the two contributions on the right hand 
side of (6.68) interfere with opposite phase on the two sides of the transition. 

It is apparent that the transition amplitude will vanish when ¢ = €g is 
such that 
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TV 24, »6€0(2 la) 


tan A(éo) = (6.69) 
(B|T|a) 
is satisfied. Introducing the Fano q factor by the relation 
B\T 


d= Te Tap IAN? 
mV*,(e|T a) 


we can express the ratio of the dressed and undressed transition probabilities 
as 
|(WelT\a)|? — (qt+n)? 


RS Vera? ~ G49)’ ie 


where 


CS Ee 
= Se 6.72 


is a dimensionless energy variable. 

The quantity R gives, when perturbation theory is valid, the enhancement 
in the probability of the transition induced by the weak probe field T’ due to 
the bound-continuum coupling V. We plot it as a function of 7 for the values 
q = 0,1,2,4 and g = 10, 20, 30 in Fig. 6.23. 


-10 0 10 


Fig. 6.23. (a): A plot of R against 7 for q = 0 (dashed-dotted line), q = 1 (dotted 
line), q = 2 (dashed line), and q = 4 (solid line). For negative values of q, the plot 
may be obtained by reflecting the above curves in the R axis. (b) The same but 
for q = 10 (solid line), q = 20 (dotted line), and q = 30 (dashed line) 


When q = 0, the profile is symmetric, and flat except near 7 = O. In 
general, the zero at 7 = —q indicates complete quantum interference. For q > 
0 there is destructive interference for negative 7 and constructive interference 
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for 7 > 0. (For q < 0, the interference is constructive for n < 0.) The 
magnitude of the peak increases rapidly with the value of g. The markedly 
asymmetric profile in Fig. 6.23 for gq ~ 1 is referred to as the Fano profile, and 
similar profiles occur in a variety of situations involving continua. We note 
that as q — oo, the spectrum again becomes symmetric, as demonstrated 
in Fig. 6.23(b). 


6.6 Laser-Induced Continuum Structure 


In the previous section, we did not explicitly define the interaction V or T, 
and consequently, our analysis is quite general. In autoionization, the situa- 
tion envisaged by Fano, V is the configuration interaction, caused by a resid- 
ual electrostatic interaction between the electrons. The mixing of the bound 
state |b) and the continuum states |E) via V introduced a sharp structure 
into the continuum which enabled the interference phenomena discussed in 
the previous section. 

In 1975, Armstrong, Beers and Feneuille [151] pointed out that structure 
could also be introduced into the continuum if the bound state |b) lay be- 
low the continuum threshold in energy, but was connected to a continuum 
state by a monochromatic laser of frequency w;. Then V must be taken to 
be the atom-laser coupling Hamiltonian — usually the electric dipole interac- 
tion. The theory goes through in much the same way as in the last section, 
with the laser field treated quantum-mechanically and V interpreted as the 
atom-laser coupling. The situation is shown in Fig. 6.24. These laser-induced 
continuum resonances are directly analogous to autoionizing resonances and 
can be exploited in much the same way, but they have the advantage that 
they can be tuned in frequency, and their width varied, by altering the laser 
frequency or intensity. We first consider the situation where the probe field 
is weak so that perturbation theory may be applied. 


6.6.1 Weak-Field Treatment 


The treatment given here is fully analogous to that presented in the Sect. 6.5. 
For the moment, we ignore the lower bound atomic state |a) and the pertur- 
bation T’, and consider just the single bound state |b) interacting with the 
continuum via the atom-laser interaction V. We treat the laser field quantum- 
mechanically, and we replace the bound state |b) of Fig. 6.22 by the composite 
atom-field state |b’) = |b,n1) — the product of the bound state with the field 
state having n; photons in the laser mode of frequency w;. The energy of 
this product state is E, + n,hw 1, and it is degenerate with the continuum 
state |E") = |E,n, —1), of energy E’ + (n; — 1) hw,. The states |b’) and |E”) 
are analogous to the states |b) and |F) of Fig. 6.22. These two degenerate 
states may be mixed by the atom-field interaction V to form a state analo- 
gous to the state |W.) of (6.65). This situation is depicted in the figure in two 


276 6 Field Induced Quantum Interference 


continuum 


Fig. 6.24. Laser-induced continuum structure. The composite atom-field state 
|b,n1) is embedded into the continuum by the atom-field interaction V. This struc- 
ture is probed by a second laser connecting the atomic bound state |a) to the 
continuum via a second atom-field interaction T’ 


ways. Firstly, as a transition from the atomic state |b) to the continuum state 
|E) by absorbtion of a single photon from the laser field, and secondly, as a 
mixing of the degenerate states |b,n,) and |E,n; — 1) by the interaction V. 
(Henceforth, a prime on a ket vector denotes a composite atom-field state.) 

We may use the results of the previous section to immediately write down 
the eigenfunctions of this system as 


HV.) = e"|W4) , (6.73) 


where H' = Hy, +V, with Hy being the atomic Hamiltonian, V the atom- 
laser field interaction, and e’ = ¢ + (n — 1)hw,. With |e’) = |e,n1), we have 


in A 
ww.) = — ; |B’) — cos Ale’) , (6.74a) 

é’, / 

V2, / 2 
tan A= ealeue = ull (6.74b) 
A 
B= my +P far” 6.74 
b = Bo + as (6.74c) 
1 
V; 1 pr 
BY) = +P faze my) (6.744) 
1 


Now suppose that a second monochromatic laser of frequency w2 is ap- 
plied to an atomic bound state |a) with the same parity as |b). To maintain 
consistency of notation with Sect. 6.5, we use 7’ to denote the interaction 
between the atom and this second laser field. (See Fig. 6.24.) Consider the 
probability of a transition from the composite state |a’) = |a,ni — 1,n2) to 
the dressed continuum of states |W). In lowest order perturbation theory, 
this probability is proportional to the square of the following matrix element 
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w'ITld’) = sin A 
E 


= aay (B'|\TI\a’) — cos A(e"|T Ia’) . (6.75) 


We introduce the quantity q by analogy with (6.70) and use the assumed 
property (b|T|a) = 0 to simplify the expression to 


(B'T Ia’) 


AB VEG), ne hs =p fig We ao 
TV et Leta! TV y et Leva e! = Ee 


q (6.76) 


Written in this way, g is seen to be the ratio of the real and imaginary parts 
of the two-photon Rabi frequency which couples the state |a) to state |b) via 
the continuum 


q = Re(Q2)/Im(Qz2) , (6.77) 


where the two-photon Rabi frequency is defined by 
V; , / T ’ gl 
Q% = fanaa , @=0'. (6.78) 


In general, the integral over the continuum in (6.78) should be replaced by a 
sum over all discrete states and an integral over all continua. 

There are two routes from the state |a’) to the dressed continuum states 
|W.) given by (6.75). The direct transition from |a’) to the bare continuum 
part of the wave function |W‘) is represented by the final term, whilst the first 
term is the transition to the embedded state |B’), which proceeds indirectly 
via the bare continuum. The parameter g may also be viewed as the ratio of 
these matrix elements, multiplied by a factor to make it dimensionless. 


6.6.2 Observation of Laser-Induced Structures 


Laser-induced structures in photoionization were first observed by Heller et 
al. [152] in cesium. In the experiment, a circularly-polarized Nd:YAG laser 
was employed to embed the 8s?S, j2 excited state into the continuum. A 
frequency-doubled tunable dye laser at 33,315 cm~! was employed as a probe 
laser to investigate the position of the laser-induced structure, using linearly 
polarized light, which may be regarded as an equal superposition of left (a_) 
and right (0) circularly polarized light. The o; component sees a structured 
continuum, whilst the o_ component sees an unperturbed continuum, as 
Fig. 6.25 makes clear. 

When the probe laser is tuned to the centre of the laser induced structure, 
the o, light is strongly absorbed as a result of the q? enhancement predicted 
by the Fano formula (6.71), whereas the o_ light shows no such enhancement. 
As a consequence, the plane of polarization of the probe beam will be rotated 
as the field propagates. If the probe laser is tuned to the zero in the Fano 
profile, the a, light will not suffer any absorption. Thus, as the probe laser 
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Fig. 6.25. An intense, circularly polarized dressing laser couples the magnetic 
sublevels of the 8s7S, y2 bound state and the ¢Pj/2,3/2 continuum in cesium. A 
weak, linearly polarized laser couples the magnetic sublevels of the 6s7S, /2 and 
8875, /2 bound states. Treating the linearly polarized light as an equal superposition 
of left (o_) and right (0+) circularly polarized light, we see that the 0+ probe field 
couples to the dressed continuum states and the o_ probe field couples to the bare 
continuum states 


Fig. 6.26. The rotation of the polarization of the circularly polarized light used to 
probe the dressed continuum as a function of the probe detuning. From Y.I. Heller, 
V.I. Lukinykh, A.K. Popov, V.V. Slabko: Phys. Lett. 82A, 4 (1981). Copyright 
(1981), with permission from Elsevier 


is tuned through the zero, the polarization rotation angle will change sign, 
the rotation angle being zero at the Fano zero. The experimental results are 
shown in Fig. 6.26. Heller et al. [152] deduced a q value of about 6.8. 
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Laser-induced Fano resonances can be used to enhance the ultra-violet 
intensity in frequency up-conversion, just as autoionizing Fano resonances 
can. For example, such laser enhanced third harmonic generation has been 
observed in sodium vapour [153]. 


6.7 Nonperturbative Treatment of Laser-Induced 
Continuum Structure 


In the previous section, we treated the interactions of the bound states |b) 
and |a) with the continuum in quite different ways. This is justified if the 
interaction V is strong and the interaction T is weak, but is inappropriate if 
the two interactions are of comparable magnitudes. In the latter situation, we 
can follow the approach of Fano [150] as applied the laser-induced structure 
situation by Coleman and Knight [154] and look for eigenstates of the full 
system of the form 


H|®-.) _ e|®.) ’ (6.79) 
with 


|®-) = Cala) + cold) +f dE crl|E) , (6.80) 
0 


in which both |a) and |b), and V and T,, are treated on an equal footing. An 
arbitrary state |7)(t)) of the system may then be expanded in terms of these 
eigenfunctions as 


Ip(e)) = / ” de A(e)e“*"|6,) , (6.81) 


where the expansion coefficients A(e) are determined from the initial condi- 
tions. Here, we shall assume the initial condition 


|(O)) = Ja) . (6.82) 
The occupation probabilities for the bare states are then given by 
Pr(t) = |(kiv()) |, k= a,b. (6.83) 


The usual ‘pole’ approximation is made in the calculation of induced shifts 
and decay rates, and non-Markovian threshold effects are ignored. It is con- 
venient to introduce the notation FE, to denote the the energy of the discrete 
level |k) with the dynamic Stark shift due to the laser coupling to the con- 
tinuum included. 

After some algebra, the following expressions are obtained for the occu- 
pation probabilities: 
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P,(t) = |Py(t)e"?+* — P,(—)e“?-*/? , kk =a,b, (6.84) 
where 
1 
Pa(£) = 5 [—As,a + it (|Veo]? — |Zeal7) £Q] /2, (6.85) 
P,(+) = 1Va,eTe.o(q — i)/2. (6.86) 


Here, Apa = Ey — Ea is the detuning including the Stark shifts, 0 is the 
complex effective Rabi frequency 


i 


= { [Ada — it (|Vepl? = |Teal?)]” + 4lVenTeal?a?(q i)?" , (6.87) 


and the eigenvalues A+ are 


= ; [—As,a — im (|Veo|? + |e al?) £Q] . (6.88) 
The q factor employed here is the same as defined in (6.76). 

In Fig. 6.27, we plot the populations of the initially occupied level |a) 
and the initially empty level |b) as functions of time, assuming the values 
q=5, Tea = 5V-, and Ay, = 0, and that the fields V and 7’ maintain 
constant values after t = 0. We also plot the ionization rate P;(t) = 1—P,(t)— 
P,(t). The figure shows that population is transferred periodically between 
the two ‘bound’ levels, with an overall decay in amplitude as population is 
lost by ionization. As population is transferred to |b) from |a), the ionization 
rate slows, because the ionization rate from |a) is 25 times greater than the 
ionization rate from |b). This is the origin of the obvious plateau in the 
ionization probability. 

As in the conventional Lambda systems we have discussed elsewhere, pop- 
ulation can be trapped in a coherent superposition state of levels |a) and |b), 
which is stable. Hence, P;(t — oo) need not be unity as may have been 
expected. The condition for population trapping is that at least one of the 
eigenvalues A+ have zero imaginary part. (This corresponds to zero decay 
contributions to at least one of the exponentials in (6.86).) The condition 
may be shown to be 


Aba = mq(|Ve,o|7 = ee 7) . (6.89) 


To see that this is so, we substitute (6.89) into (6.87) for 2, when we find 2 
becomes 


Q = r(¢—i)(|Ven|? — |Te,al?) - (6.90) 


Substituting this expression for Q in (6.88) we see that the imaginary part 
of the eigenvalue A, vanishes. 

With the detuning satisfying (6.89), we find the following expressions for 
the steady-state populations 
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Fig. 6.27. The time-dependent populations of the initially populated level |a) 
and the initially empty level |b), calculated by treating both levels on an equal 
footing (i.e. non-perturbatively). The ionization probability is also shown. Here, 
g=5, Teg = 5V., and Aye —0 
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It is interesting to compare the above expressions with those for the cor- 
responding Lambda system in which the set of continuum states is replaced 
by a single bound state, which we may label |c). The rest of the system is as 
shown in Fig. 6.24. Under two-photon resonance, population trapping occurs, 
and the steady-state populations of the two lower states are 


aes f 
P,(t 2 6.92 
9°) = WGP + [Teal a 
Vi. Loy 
P(t + 00) = Veo) ITe, (6.92b) 


([Ve,o/? + [heal 2 


Note that (6.9la) and (6.91b) reduce to (6.92) under the two opposite 
conditions gq — 0 and q — ov. Under these conditions, the Fano spectrum 
becomes symmetric. When gq is very small, the time evolution of the bound 
state populations does not exhibit Rabi oscillations, whereas for q very large, 
the Rabi oscillations are extremely rapid. 

The population trapping is illustrated in Fig. 6.28, where we assume the 
parameter values q = 5, Tzq = V-, and Ay, = 0. The population trapping 
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Fig. 6.28. The time-dependent populations of the initially populated level |b), the 
initially empty level |a), and the ionization probability, with q = 5, Tz,a = V-,, and 
Aov,a = 0. Population trapping is demonstrated 


in this two channel ionization system is clearly closely relation to the popula- 
tion trapping we have previously discussed in discrete Lambda systems. The 
reason for this is that the close coupling so structures the continuum that it 
behaves like a quasi bound state. The close similarity of (6.92) to the steady- 
state populations of the discrete Lambda model, (5.37), under two-photon 
resonance is obvious. 


6.8 Quantum Interference in Photonic Bandgap 
Structures 


There are very interesting quantum interference effects that can arise in spon- 
taneous emission when atoms are imbedded in photonic bandgap structures 
(155, 156]. For example, for a two-level atom whose excited state lies in the 
band gap, it is found that the spontaneous emission does not exhibit a simple 
exponential decay, but also shows oscillations. A photon-atom bound state 
is produced, even when the atomic resonant frequency lies outside, but near, 
the gap. This bound state leads to trapping of the atomic population in the 
excited state. These features are due to the structured nature of the density 
of states available to the photon, in contrast with the essentially flat spectrum 
available for emission into free space. 

It has been shown that in photonic bandgap structures, the propagation 
of light can be prohibited in all directions for some frequency range. The 
energy of the field can consequently be localized in a spatial region without 
propagating away. If we now consider an excited atom embedded in a photonic 
band-gap structure, it will create excitations in the forbidden band, which 
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will be localized field modes. The atom will interact with field modes in the 
propagating frequency bands as well as with those self-created ones in the 
forbidden band. It has been shown that for a two-level atom in this situation, 
population can be trapped in the upper level, even when the atomic transition 
frequency lies in the propagating band. The final state is a dressed state of 
the atom with a localized field mode of the forbidden band. 

For a three-level atom, consisting of a ground state |g) and an excited 
state doublet |e) and Jez), we may arrange for the transition |g) > |e1) to 
lie near the band edge whilst the transition |g) — |e2) lies well outside it. The 
spectrum of spontaneous emission on the latter transition displays a doublet, 
analogous to the Autler—Townes doublet observed in resonance fluorescence. 
In this case, however, there is no external field, and the splitting is due to 
the interaction between the atom and its own radiation field. The linewidth 
of one of the peaks can be much smaller that the natural linewidth of the 
transition |g) — |e2). The spectral profile is reminiscent of the Fano profile, 
and exhibits a zero at the frequency corresponding to the difference between 
the gap edge and the atomic transition frequency. The spontaneous emission 
from this system also displays quasi-periodic oscillations in the populations 
of the two upper levels, which is due to quantum interference between the 
two transitions. 

Here, we consider an idealized bandgap material in which the dispersion 
relation near the gap edge can be approximated by 


We = We + M(k — ko)? , (6.93) 


where M and ko are constants. This is the so-called isotropic model. It gives 
rise to a density of states D(w) which is singular near the band-edge: 


DGS = — (Wp Wa) 2 (6.94) 


A three-level atom, consisting of a ground state |g) and an excited state 
doublet |+) and |—), is embedded in this structure. The level structure is 
such that one excited state lies in the gap and the other outside it. The 
energies of the atomic states are hwo,hw4 and hw_ respectively, as shown 
in Fig. 6.29. 

We study the spontaneous emission from this system when the atom is 
initially prepared in a superposition of the two upper levels. Analytic ex- 
pressions can be obtained in the special case that the two upper levels |+) 
and |—) are displaced symmetrically either side of the band edge at w, by an 
amount A, and these two states are coupled by the vacuum interaction to the 
ground state with the same interaction strength v;,. We restrict our attention 
to this situation, and, after applying the rotating wave approximation at Ww, 
consider the Hamiltonian 


H/h=S~ {wheal ay a liv. aja) (eee: H.c.| \ (6.95) 
k 
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Fig. 6.29. A three-level atom embedded in an ideal photonic bandgap structure, 
whose density of states D(w) is shown shaded. We consider the case where the two 
upper levels |+) and |—) are displaced symmetrically either side of the band edge 
at w. by an amount A 


where Wz¢ = We —We, and at is the creation operator for a photon in mode k. 
The first term is the Hamiltonian of the free, quantized vacuum field, and the 
second term describes the interaction of the atom with the vacuum modes. 
The state vector at an arbitrary time t is given by 


[b(t)) = [b-(E)[+) + b-(E)I-) + S7 be (EDI g) ay | [{0}) , (6.96) 
k 


where |{0}) is the state vector of the free vacuum. The first two terms in (6.96) 
denote the probability amplitudes for the atom to be found in the correspond- 
ing upper level with the field in its vacuum state, whilst the final term is the 
probability amplitude that the atom will be found in its ground state with 
one spontaneously emitted photon present in mode k. 

The details of the method of the solution can be found in [155], but briefly 
the method is to substitute (6.96) into the Schrédinger equation, using (6.95), 
to obtain a set of coupled differential equations for the b;(t). These are con- 
verted to algebraic equations by using the Laplace transform 


b(s) = / ” at D(t)en* , (6.97) 


and the system solved. The sum over wave-vectors is converted into an inte- 
gral over k, making use of (6.93). This integral has to be evaluated exactly, 
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since the frequently employed ‘pole’, or Wigner—Weisskopf, approximation 
cannot be employed with such a rapidly varying photon density of states. 


6.8.1 The Two-Level Atom 


Before considering the three-level system, we discuss the properties of a two- 
level atom embedded in a photon bandgap structure [155]. To this end, we 
consider Fig. 6.29 and equations (6.95) and (6.96) but with the level |—) 
ignored. It is then straightforward to solve the Laplace transformed equations 


to obtain 
~ ae k?dk 
1G ee ee eee / : 
6reqh J wels+i(we—w4)] 


. (6.98) 


where we have followed the usual procedure of replacing the sum over the 
field modes by an integral over the wave-vectors k. 

For a slowly varying, broadband density of states, such as in free space, 
the pole approximation may be employed. This involves including only the 
contribution from the pole in the integrand of (6.98): 


1 1 
li = —j 6 — 6.99 
sie Laer a ey 
which yields 
b(s) =[s tiA+y/2]¢ , (6.100) 


where A and y are the usual Lamb shift and spontaneous emission rate, 
respectively. The spontaneous decay is clearly purely exponential in this ap- 
proximation. 

For the rapidly varying density of states given by (6.93) the pole approx- 
imation cannot be applied, and an exact evaluation of the integral in (6.98) 
must be performed. The result is 


~ (s=iA)i/2 
= 6.101 
eG SIA GR? ren) 
where 
7/22 
Sa 6.102 
4 6rEhc3 O02) 


The inverse Laplace transform has the form [155] 


b(t) = 2a,a1 exp(Gxr7t + iAt) + a2(x2 + yz) exp(Gar2t + iAt) 


s A5Y 5 E — erf (/a238) | exp(Gx%t + iAt) , (6.103) 
j=l 
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where the 2; are the roots of the polynomial x(x? + iA) — (i3)3/? =0, y; = 
ve, the a; are the corresponding residues, and erf(a) is the error function. 
For large Gt, we note that the final term may be approximated as 


exp(iAt) : j 6.104 
Qn1/2( BE) 3/2 ae (6.104) 
j=l ay 


It can be inferred, providing |A| is not too large so that the energy level 
of |+) is not too far from the band edge, that 3 can be considered as a 
resonant energy splitting, analogous to the vacuum Rabi splitting of cavity 
quantum electrodynamics. The atomic level splits into dressed states caused 
by the interaction of the atom with its own radiation. They occur at fre- 
quencies w. — 03 where 6 ~ 1. The terms giving rise to the splitting derive 
from the poles of (6.101). The branch point yields what has been called a 
‘quasi-dressed’ state at the band-edge frequency w,. The quantum interfer- 
ence between the dressed and quasi-dressed states leads to oscillations in the 
spontaneous decay. 

It can be shown that x7 is pure imaginary. It therefore corresponds to a 
photon-atom dressed state with no decay. A photon emitted from this state 
will exhibit tunnelling on a length scale given by the localization length before 
being Bragg reflected back to the emitted atom. The presence of this stable 
dressed state means that population will be trapped in the excited state: 


Pile): = Jim |b. (t)|? = 4Jaxry|? . (6.105) 


One level of the doublet is a localized state within the band gap, whereas 
the other is a resonance in the extended state continuum. The frequency 
of oscillations is determined by the magnitude of the atomic level splitting. 
These features are illustrated in Fig. 6.30(a), where P(t) = |b1(t)|? is shown 
for various values of A//. 

It is important to realize that the photon-atom bound state exists even 
when the atomic transition frequency w+ lies in the region where the density 
of states is nonzero — that is, outside the band gap. This feature is further 
illustrated in Fig. 6.30(b), where we plot the steady state population in the 
excited state, P,(oo), as a function of A/Z. It can be seen that the steady- 
state population is nonzero for detunings outside the band gap, although it 
tends to zero rapidly as the distance of the detuning from the band edge 
increases. 

The nature of the dressed state can be examined by observing the sponta- 
neous emission from this level to a third level, whose decay rate is 71, which 
makes a Lambda configuration with the existing two levels. We suppose the 
transition frequency from |+) to this level, w+, lies well outside the gap, so 
that the pole approximation may be employed to calculate the spontaneous 
emission on this transition. The expression for b(s) is then modified to 
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Fig. 6.30. (a) The atomic population in the excited state as a function of (t for 
the values of the detunings from the band edge of 6 = —108 (solid line), 6 = —4G 
(dotted line), 6 = —G (long dash-short dash line), 6 = 0 (short dash line), 6 = —4G 
(dotted line), 6 = 3 (long dash line), and 6 = 10 (short-dash line). (b) The steady- 
state excited state atomic population as a function of 6/3. From the paper of S. 
John, T. Quang: Phys. Rev. A 50, 1764 (1994). Copyright (1994) by the American 
Physical Society 
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The spectrum of spontaneous emission from |+) to this third level is given by 
S(v) ~ |b(s = —iv) |? , (6.107) 


where v is the detuning from the transition frequency w,. Examples of these 
spectra are shown in Fig. 6.31. For positive detunings A the curves ex- 
hibit markedly the effects of quantum interference, and are almost Fano-like, 
whereas for large positive detunings (the level |+-) well away from the band 
edge) the spectrum is almost symmetric. 
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Fig. 6.31. The spontaneous emission spectrum from |+) to the third level, assuming 
B= =1, for A = 2 (solid line), A = 0 (dashed line), and A = —4 (dot-dashed 
line) 


6.8.2 The Three-Level Atom 


Now we return to the study of the three level system shown in Fig. 6.29, in 
which both excited levels are close to the band gap, but equally displaced 
either side of the gap edge at w.. The Laplace-transformed equations for the 
upper-state amplitudes are easily solved to give: 


bs. (0)\/s(s — iA) + 80(0)(18)3/? 
/s(s? + A?) — 28(49)8/2 


where 60(0) = b4(0) — b_(0), @ is given by (6.102), and wp = (w4 +w_) /2— 
Wy, With uw = U4, = Lg, being the dipole moment of the transition |g) — |+). 

The right-hand side of (6.108) contains four poles, s; = x?, i = 1,2,3, 4, 
corresponding to the roots of the equation 


bi (s) = (6.108) 


a* + A? — 22(ip)3/? =0. (6.109) 


These poles are located in the second, fourth, third and first quadrants of the 
complex plane, respectively. 
Taking the inverse Laplace transform yields 


bs (t) = Yess [, + Yj (1 ae enfe(ty/2?)) ert (6.110) 


where erfc(X ) = 1 — erf(X) is the complementary error function, cy; is the 
expansion coefficient corresponding to the pole x;, and y; = x?. If x; lies in 
the right half-plane, we have y; = x;, and if x; is in the left half-plane, then 
yi = —2;, in order to keep the phase angle of x3 within the range —7 to 7. 

The radiated electric field amplitude may be expressed as the sum of three 
terms: 
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E(r,t) > h(t)+ b(t)+ b(t) as to. (6.111) 


The first term, [;(t), describes a localized field. It arises from the x4 term, 
and does not decay in time, although for large r its amplitude decays ex- 
ponentially with distance as exp(—r/I-), where 1. = VD/|sa|. Its frequency, 
(we — eal?) lies within the forbidden band, whilst its amplitude is propor- 
tional to [1 — i,/we/(kr|x|?)|, and tends to zero as A increases. 

The second term, J2(t), stems from the x2 pole, and describes an expo- 
nential pulse with phase velocity vp and energy velocity ve, where 


i c + Re (ixd/.) ko/ 21 (6.112) 
v, | = —Im (/is3 ko/zo , (6.113) 


with 


21 = We — Im(a32) , 
Zz = —Re(x2) , (6.114) 


and a is the frequency of the pulse that lies within the forbidden band. The 
energy velocity is much less than the speed of light in vacuum c and could 
be close to zero. The phase and amplitude propagation is proportional to 
exp [—ia (t — r/vp)] exp [—Z2 (t — r/ve)]. 

The third part Jz; can only be evaluated approximately, for large (Gt. It 
contains only a phase propagating factor exp [—i(w.t — kor)]. Unlike Io, it 
does not contain a factor such as exp |n(t — r/v)], which represents a wave 
travelling away from the origin. It represents a decaying field: at any fixed 
time, the amplitude of [3 decreases exponentially with r, and at any fixed 
position, the amplitude decays with a factor t7°/?. 

The evolution of the atomic populations is influenced by the particular 
superposition state in which the atom is initially prepared, and by quantum 
interference between the two interaction channels. A study of the possible 
evolutions builds up a picture of how the energy is transferred between the 
atoms and the travelling wave and localized fields. Examples are shown in 
the following figures, which are taken from Zhu, Chen and Huang [156]. 

In Fig. 6.32, the population is initially in state |+). Quantum interference 
leads to the oscillating population transfer between levels |+-) and |—) evident 
in the figure. The dominant decay follows a (yt)~!/? law. The populations 
undergo many cycles before they settle down to their nonzero steady-state 
values — population trapping occurs. The large amplitude of the oscillations is 
due to the enhancement of quantum interference caused by the localized field. 
The energy in the decaying localized field, provided initially from the atom, is 
transferred back to the atom, and then becomes the energy of the travelling 
wave and the localized field. This accounts for the small value of V,. For 
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Fig. 6.32. Time evolution of the atomic populations for the atom in state |+) at 
t = 0, with A = ¥. The curves pi(t) and p2(t) are the populations of states |+) 
and |—), respectively. From the paper of S.-Y. Zhu, H. Chen, H. Huang: Phys. Rev. 
Lett. 79, 205 (1997). Copyright (1997) by the American Physical Society 


Fig. 6.33. The atomic populations for the initial state 2~'/? (|+) + |—)) at t =0, 
with A/y = 1. Notice the significantly different timescale for decay as compared 
with Fig. 6.32. From the paper of S.-Y. Zhu, H. Chen, H. Huang: Phys. Rev. Lett. 
79, 205 (1997). Copyright (1997) by the American Physical Society 


the particular initial state illustrated in Fig. 6.33, it can be shown that the 
amplitude of the oscillations is a minimum, and that the population decays 
as t~3/2 — the same law as for a two-level atom. 

The proportion of population trapped in the upper levels depends upon 
the initial state. Population in the band gap level |—) may be transferred 
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to the transmitting band level |+), which can then emit the travelling wave. 
The final state contains an upper level part, and a lower level part with one 
photon in the localized mode. 

Thus, in a photonic band gap material, the interference in the spontaneous 
emission of a three-level atom can be significantly enhanced, without the 
presence of the driving field that is essential in free space. 


7 Slow and Fast Light and Storage of Photons 


In Chap. 5 we have seen how coherent population trapping and electromag- 
netically induced transparency (EIT) can modify the absorptive properties of 
multi-level atoms. The basic manifestation of EIT is a significant reduction of 
light absorption in an atomic medium near a resonance transition frequency. 
Detailed analysis has shown that in the presence of a strong driving field an 
atomic system can establish frequencies at which the atomic absorption van- 
ishes or may even be negative. This unusual effect results from the quantum 
coherence between two atomic transitions created by a strong driving field 
applied to one of the two transitions and a weak probe field applied to the 
other. The origin of these effects has been explained in terms of superposition 
states induced in a multi-level atom driven by two laser fields. One of these su- 
perpositions, referred to as the “coupled” or“bright” state, strongly interacts 
with the driving field, whereas the other superposition is completely decou- 
pled from the interaction, and therefore is referred to as a “non-coupled” or 
“dark state”. The cancellation of the interaction results in zero absorption of 
the probe field, thereby allowing the field to propagate without attenuation. 
Another interesting property of EIT is that atoms prepared in a coherent 
superposition of their energy levels can produce a large, controllable index 
of refraction in frequency regions of vanishing absorption. A more important 
reason for interest in EIT is that the transparency is usually accompanied by 
a very fast variation of the refractive index with the frequency of the propa- 
gating light. The fast variation can result in a dramatic reduction of the group 
velocity of light, which can be viewed as temporary storage of light energy 
in the transparent medium. Carefully controlled, the slow group velocity of 
light might lead to a very efficient nonlinear interaction between laser fields of 
extremely low intensities, even down to the level of a single photon field. This 
property represents a significant difference from earlier single-photon inter- 
actions and has been suggested as a means to create quantum entanglement 
between single photons without an ultrahigh finesse cavity, and therefore is of 
great interest for quantum information processing. The field of applications 
of slow light is rich, and interesting proposals range from controllable opti- 
cal delay lines and optical data storage to optical memories and fast optical 
switches. 
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In this chapter, we continue our study of the effect of EIT on the prop- 
agation of a weak probe field in an optically dense medium composed of a 
large number of multi-level atoms. First of all, we will be interested in the 
dispersive properties of a material system transparent to a propagating probe 
field. In particular, we will analyze the effect of EIT on spatial propagation 
and the possibility of slowing down the group velocity of the propagating 
probe field. We shall show that, associated with the transparency, is a very 
large variation (dispersion) of refractive index with probe frequency. When 
the dispersion is very steep and increases with increasing frequency (positive 
or normal dispersion), we can obtain a substantial reduction of the group 
velocity of the probe field. By reducing the group velocity in the presence of 
EIT, the probe field can travel slowly through the atomic medium without 
absorption and can even be brought to a full stop. In this process the probe 
field and, most importantly, its quantum state, can be completely transferred 
to the atomic system and stored in the form of quasi-particles called dark- 
state polaritons. The process can then be reversed, the stored quantum state 
can be transferred back to the field with perfect fidelity, and the light field 
regenerated. Another interesting property of an optically dense medium is 
that its dispersion can be prepared to be very steep and decreasing with in- 
creasing frequency (negative or anomalous dispersion). Negative-dispersion 
media have various odd properties. The group velocity for instance, can be 
greater than that of the velocity of light in vacuum. Moreover, under special 
conditions, the group velocity can even be negative. A negative group velocity 
corresponds to the case when the peak of a propagating field emerges from a 
medium before the same peak enters the medium. 


7.1 Refractive Index and Group Velocity 


In our discussion of the dispersion—absorption relation, we found it conve- 
nient to introduce the electric susceptibility of the medium. We have seen 
that the dispersive properties of an atomic system are determined by the 
real part of the susceptibility. We can relate the susceptibility to the measur- 
able quantities such as refractive index and group velocity of the propagating 
field [157, 158). 

A simple way to obtain the refractive index in terms of the susceptibility 
is to write the polarization in the direction z as 


P(z,t) = €0x (Wp) E(z, 4) , (7.1) 


and next expand x (w,) around the center frequency wo, which usually is equal 
to the transition frequency of the atoms composing the optical medium, or is 
equal to the frequency wz, of an additional strong field driving the medium. 
Retaining terms up to those quadratic in Aw = w, — wo, we obtain the 
dispersive relation 
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where yo = X (wo) is the susceptibility of the medium at the transition fre- 
quency. This dispersion relation can be used to obtain the propagation equa- 
tion for the slowly-varying amplitude of the probe field. 

Inserting the expansion of x (w,) into (7.1) and noting that 


AwEi(z,t) = | 
~ 8? F(z, t) 
where 
E(z,t) = E(z,t) exp (—iw t) (7.4) 


is the slowly varying amplitude of the field, we obtain 


~ e ~ . OX (Wp) OE 
P(z,t) = coxoF(z,t) + ico "Oily Deere OE 
1 0?y (wy) OPE 
—5E0 ae _ ae (7.5) 


In terms of this model, we can determine the group velocity of the propagating 
probe field and the group-velocity dispersion through the application of the 
propagation equation (5.74). On substituting (7.5) into (5.74), we obtain the 
following probe-field propagation equation 

OE a é OB PE 
€ i3) + Bis, + baFe ; (7.6) 


where a = (k/2)Im(xo) is the absorption coefficient, and 


k; 
B = 3 Re(xo) ’ 
Pe RO 
Py = ee x We) ) 
é- 2 OW, en 
ik 07 y (wy) 
ats, SPs te 
ve 4 Ows, Wy=WO 


Let us examine the physical significance of the parameters 3, 01, and (9. 
The parameters 3, and (2 have their origin in the frequency dependence of 
the propagation of the probe field. In particular, 4; is related to the group 
velocity vu, by 3; = 1/vg, whereas {2 is related to the frequency dependence 
of vg as 
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a2 (2) : 


For this reason, (2 is called the group-velocity dispersion parameter. This 
parameter is responsible for the distortion of a pulse propagating through a 
dispersive medium. Since the transit time through a medium of length L is 
given by T = L/v, = L1, the spread in transient times is given approxi- 
mately by 


AT = LAG, = LB. Aw ; (7.9) 


where Aw is a measure of the frequency bandwidth of the pulse. Thus, the 
propagating pulse broadens when (2 ¥ 0, and the shape of the pulse remains 
unchanged when (2 = 0. 

Using the plane-wave representation for the probe field, the propagation 
equation (7.6) leads to the dispersive relation 


D oe P Ox (wp) 
n= F 1+ 5 Rexo = 5 R ( Du, i 
= E = wm (32)| (7.10) 


where the real part represents the refractive index and its dispersion, whereas 
the imaginary part represents the absorption rate and the group-velocity 
dispersion. 

By writing k = w,/vg, we can analyze the group velocity normalized to 
the speed of light in vacuum as 


é dn 
— = ——— ill 
: Oar, (7.11) 
where 
1 
n= is gRe(xo) (7.12) 


is the refractive index of the medium, and 


dn E (Wp) | 
ee) 
diy. <2 OW eee 


(7.13) 


is the refractive-index dispersion. The medium dispersion can be positive 
(normal dispersion) or negative (anomalous dispersion). For normal disper- 
sion the index of refraction increases with increasing frequency, whereas 
for anomalous dispersion the refractive index decreases with increasing fre- 
quency. 

Equation (7.11) predicts the variation of group velocity with refractive 
index, and refractive-index dispersion. That is, the group velocity of a probe 
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field propagating in a medium can be significantly reduced when the refrac- 
tive index is large and/or when the refractive-index dispersion is positive in 
the spectral region centered at w, = wo. In a driven atom, the refractive 
index usually remains nearly unity at the central frequency, Re(xo) = 0. In 
this case, the group velocity can still be reduced. It happens when the re- 
fractive index dispersion is very steep and positive. It is also possible to have 
negative dispersion in the region of Im(xo9) = Re(xo) = 0, which is character- 
ized by a negative value of the second term on the right-hand side of (7.11). 
In Sect. 7.1.4, we present an example of an atomic system that can exhibit 
anomalous dispersion. According to (7.11), a strong negative (anomalous) 
dispersion leads to an increase in the group velocity that can even be greater 
than the speed of light in vacuum, c. In addition, a negative value of the 
second term in (7.11), larger than the first term n, gives a negative group 
velocity which implies that the probe field can travel backwards. In other 
words, a negative group velocity implies that the peak of the propagating 
probe pulse emerges from a material medium before the peak of the same 
pulse enters the medium. This counterintuitive situation has been observed 
experimentally, and some of the experiments will be discussed in Sect. 7.3. 
It should be mentioned here that in spite of the counterintuitive nature of 
propagation with a negative group velocity, there is no violation of the prin- 
ciple of causality. Propagation of a pulse with a negative group velocity is a 
result of interference within a wave-packet between spectral components of 
the pulse moving with the phase velocity vp = c/n. 

In the following sections, we present some examples of modified disper- 
sive atomic media where the interesting effects of light guiding light and 
slow group velocities have been predicted and experimentally observed. We 
shall discuss the phenomenon of slow propagation in two schemes; a driven 
Lambda-type atom and a Vee-type atom with decay-induced coherences. In 
addition, we illustrate a scheme for phase control of group velocity that can 
produce superluminal velocities. 


7.1.1 Light Guiding Light 


Our examination of the dispersion—absorption relation in optical systems 
has thus far been confined to the simplest model of the atomic medium: 
two-level atoms. We now examine the dispersive and absorptive properties 
in three-level atoms. We first consider Vee-type atoms interacting with two 
external fields. One of the fields is a strong laser beam tuned to the |0) > |2) 
transition, and the other is a weak (probe) laser beam tuned to the |0) > |1) 
transition. The dipole moments of the atomic transitions are perpendicular to 
each other, and the transitions |1) < |2) are forbidden in the electric dipole 
approximation. 

The master equation (2.72) for the Vee-type atom interacting with two 
laser fields leads to the following equations of motion for the density matrix 
elements 
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é2=—|5 (v1 +2) — idp} o12 — 382610 = 5 tpbo2 ; (7.14) 
where y,; and yg are the damping rates of the |1) — |0) and |2) — |0) 
transitions, respectively, Q, is the Rabi frequency of the probe field, 6, = 
W,» — W319 is the detuning of the probe field from the |1) + |0) resonance, and 


020 (t) = 020 (t) exp(iwzt) , 010 (t) = @10 (t) exp(iwyt) , CA15) 


are the slowly varying parts of the off-diagonal density matrix elements. In 
the derivation of (7.14), we have assumed that the frequency of the driving 
field is on resonance with the |0) — |2) transition. 

The equations of motion for the remaining off-diagonal density matrix 
elements 021, 002, and 09; are obtained from (7.14) by complex conjugation 
of the equations of motion for 012, 029, and 010, respectively. 

We solve (7.14) in the steady-state, and find that to first order in Q, and 


(—1) 


equal damping rates 7; = y2 = 7, the stationary coherence aio" is given by 


1) 7 (27? + 7) — 216, (7? + 07) 
O19 = —Qp ’ 
U (wp) 


(7.16) 


where U(wp) = (77 + 27) (277 + 0? — 462 — Bip). 
Hence, the susceptibility of the atomic medium at the probe transition 
takes the form 


2 2 Q? — 216 2 QQ? 
Pe Cs ee eel) ¥ (9? + 07) — iby (¥? +2") 
Egh U (wp) 


(7.17) 


We shall focus on the real part of the susceptibility, which determines the 
refractive index of the medium. 

Figure 7.1 shows the refractive index as a function of the probe field 
frequency for different Rabi frequencies of the driving field. Depending on 
the frequency w,, the probe field can experience a refractive index greater 
or smaller than unity. In particular, a probe field tuned to the red of the 
resonance (Ww, < wW 19) will experience a refractive index greater than one, and 
vice versa, a probe tuned to the blue (wy > w 19) will experience a refractive 
index smaller than one. In addition, the magnitude of x (w,) decreases with 
increasing (2, causing a decrease in refractive index. Therefore, by creating a 
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Fig. 7.1. The normalized real part of the susceptibility as a function of the probe 
field detuning 6, for different Rabi frequencies of the driving field: Q = 0.5y (solid 
line), Q = 1.0y (dashed line), Q = 1.5y (dashed-dotted line). The dotted line shows 
the absorption rate for Q = y 


spatial transverse structure of the Rabi frequency of the driving field, e.g. a 
doughnut shaped structure such that 2 inside the doughnut is much smaller 
than along the ring, makes the refractive index dependent on the spatial 
coordinate of the propagating probe beam. The red detuned probe beam in 
the presence of the doughnut shaped driving field will see a local refractive 
index in the region of the doughnut ring smaller than in the central region, 
and therefore will tend to be refracted away from the strong field region. 

Following this observation, Truscott et al. [159] experimentally demon- 
strated an optically written waveguide in an atomic vapor, showing that one 
of two fields applied to the vapor can be guided by the other. In the exper- 
iment, shown schematically in Fig. 7.2, they used rubidium vapor at tem- 
perature of 100°C placed inside a 10-cm-long cell. A weak Gaussian probe 
beam was tuned close to the rubidium Dg line (5781/2 > 5°P3/2) of the 
wavelength 780 nm, while a strong doughnut shaped driving field was tuned 
to the rubidium Dy line (57S; /2 > 5?P 1/2) of the wavelength 795 nm. The 
driving field was a Laguerre—Gaussian charge 3 doughnut beam, produced by 
illuminating a computer generated blazed phase hologram with a Ti-S laser. 
The Rabi frequency of such a beam is 


Q = ( at : exp | 7]: (7.18) 


~ 6n w?(z w?(z) w?(z) 


where w(z) is the beam width at a point z, r is the transverse radius of the 
beam, and Qp9 is proportional to the power of the beam. 
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Fig. 7.2. Schematic diagram of the Truscott et al. [159] experiment to demonstrate 
the light guiding light effect in rubidium vapor 


In the experiment, the driving and probe beams were combined using 
a polarization beamsplitter cube (PBS) and their intensities were adjusted 
using A/2 plates. Two lenses L; and Lz were used to bring both beams to 
a focus so that the probe beam was focused onto the entrance window of 
the cell, while the driving beam was focused into the center of the cell. The 
output field was sent into two 780 nm interference filters (F) to separate the 
probe beam from the driving beam. The image of the probe beam, observed 
on the screen, was recorded using a CCD camera. 


(A) (B) 


Fig. 7.3. Experimental results of Truscott et al. [159] showing the light guiding 
light effect in rubidium vapor. Frame (A) shows the image of the probe beam 
tuned to the red of the rubidium Dg line, and frame (B) shows the image of the 
probe beam tuned to the blue of the rubidium line. From A.G. Truscott, M.E.J. 
Friese, N.R. Heckenberg, H. Rubinsztein-Dunlop: Phys. Rev. Lett. 82, 1438 (1999). 
Copyright (1999) by the American Physical Society 


The results of the experiment are shown in Fig. 7.3. Here, frame (A) shows 
an image of the probe beam tuned 2.5 GHz to the red of the rubidium D2 
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resonance. The observed spot of the output probe beam is much smaller than 
the size of the input probe beam, which is clear evidence that the probe beam 
was guided into the dark center of the doughnut beam. Frame (B) shows an 
image of the probe beam tuned 3.8 GHz to the blue of the rubidium Dg line. 
In this case, the probe beam was guided to the ring of the doughnut beam 
leaving a black spot at the center. 

The experimental observation agrees perfectly with the above simple the- 
oretical analysis involving a Vee-type energy-level system. A more extended 
explanation of the experimental results was provided by Kapoor and Agar- 
wal [160]. A complete theoretical analysis of the experimental system in- 
volving all the rubidium D, and D2 sublevels was presented by Andersen et 
al. [161]. 


7.1.2 Group Velocity Reduction in a Driven Lambda-Type Atom 


We now turn our attention to the dispersive and absorptive properties of 
three-level atoms at resonant frequencies where both absorption and disper- 
sion vanish due to the EIT. However, at these frequencies, the refractive-index 
dispersion can be nonzero, which leads to many interesting and unusual ef- 
fects. 


Fig. 7.4. Energy level diagram of a three-level Lambda system driven by a strong 
field of frequency wz and probed by a weak field of frequency w,. The lower state 
|1) is not metastable and decays with a rate yo 


We first consider a Lambda-type atom where one of the two dipole allowed 
transitions is driven by a laser field of arbitrary intensity, whereas the other 
transition is probed by a weak tunable laser field. The dipole moments of the 
atomic transitions are taken to be perpendicular to each other, so there are 
no quantum interference effects due to spontaneous emission. In this system, 
quantum interference effects result from a quantum coherence between the 
atomic transitions induced by applying a strong driving field on one of the 
atomic transitions and a weak probe field coupled to the other transition. 
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Consider a scheme, proposed by Harris et al. [158] and shown in Fig. 7.4. 
A strong laser field of Rabi frequency 2 drives only the |1) — |2) transition, 
whereas a weak probe field is used to study the susceptibility associated with 
the |0) — |2) transition. The electric dipole moments of the atomic transitions 
are perpendicular to each other, and consequently each of the fields couples 
to only one of the atomic transitions. In contrast to the traditional EIT 
schemes, we will assume that the level |1) is not metastable and there is a 
small nonzero decay rate yo from the lower state |1) to |0). 

The master equation (2.72) for the Lambda-type atom driven by two 
coherent fields leads to the following equations of motion for the density 
matrix elements 


iets cee he” Re oe, ek 
022 = —272022 — 522 (G12 + 621) — he (G02 + G20) ; 


; iL os a 7 
011 = —Yo011 + Y2022 + 52 (O12 + O21) , 
: if % re 
000 = YoO11 + 2022 + 3° (002 + 020) , 


5 1 1 | Pere 
G21 = —5 (Yo + Y2) O21 + 5 (022 — @11) — 5 {p01 


ES : ~ 1 1. 
020 = — (72 — ip) 620 + ait (22 — Goo) — 382610 ; 


. 1 . 7 i eae eee 
ei = (57% = ip) G10 + 52620 + 5 Qn621 » (7.19) 
where 72 is the damping rate of the |2) — |0) and |2) > |1) transitions, 2, 
is the Rabi frequency of the probe field, 6, = wy, — wg9 is the detuning of the 
probe field from the |2) + |0) resonance, and 


621 (t) = 21 (t) exp(—iwzt) , 
020 (t) = 020 (t) exp(—iwpt) , 
O10 (t) = @10 (t) exp(i(wt — wp)t) , (7.20) 


are the slowly varying parts of the off-diagonal density matrix elements. In 
the derivation of (7.19), we have assumed that the frequency of the driving 
field is on resonance with the |2) — |1) transition. 

Equations (7.19) represent the general interaction of a three-level Lambda- 
type atom with two laser fields. We look at the case of the steady state solu- 
tions of the equations of motion (7.19) when the probe field is much weaker 
than the driving field (Q, < ©). We follow exactly the same technique we 
outlined in Sect. 5.5, and solve (7.19) in the steady state by decomposing the 
density matrix elements into the Fourier harmonics oscillating with frequen- 
cies +/6,. According to (5.85), we only need the harmonic oso? to find the 


susceptibility of the probe field. 


We now focus on the steady-state coherence aso? and find, after long 


but straightforward algebra, that to all orders in 2 and first order in Q,, the 
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stationary coherence is given by 


~(—1) _ 52 (370 idp) 


Qog 0. = DG) (E21) 


where D (5p) = ($70 — idp) (72 — ip) + 5. 
Hence, the susceptibility of the atomic medium at the probe transition 
reads 


(wp) = eh’ Woel? (570 = i6p) (722) 

x Eoh D (dp) 
By taking the real and imaginary parts of y(w,) and the first and second 
derivatives of y(w,) over 6), we find the absorption rate of the medium, 
refractive index, refractive-index dispersion and group-velocity dispersion. 
These parameters are easily found from (7.22), and are given by 


Pa. N |uo2\? (476 a bp _ as) Op 


= Eoh |D (5,) |? ’ 
we N |po2|? $0 (Yor2 + 52?) + 71202 
aun ID (5p) P 3 


Ox — Ox _ N|to2|? —1? + 40? 
De, 06). gh. DEE. 
Ox — N pool? 2i [(% + G) D (5p) — YG? 


Bie gh D3(6,) : es) 


where Y = ($0 — idp) and G = (0 + Y2)/2 — 2idp. 

Equation (7.23) contains all the information about the dispersive and 
absorptive properties of the driven atom. At the atomic resonance, 6, = 0, 
and then the transmission depends only on the decay rate yo. In the limit 
of yo = 0, which is characteristic of the traditional EIT schemes, and at 
dp = 0, both x’ and x” vanish indicating perfect transparency of the atomic 
medium: the probe field can propagate without absorption and refraction. 
Thus, at resonance, the refractive index is unity and the refractive-index 
dispersion term dominates in (7.11) leading to the possibility of observing 
a reduced group velocity of the propagating probe field. Another important 
property of the transparent medium is that on resonance the dispersion of the 
group velocity is zero, i.e. Re(0?/00;) = 0. This means that the probe field, 
if propagating as a pulse, will maintain its shape during the propagation. 
We may summarize as follows: in the limit of a large Rabi frequency of the 
driving field, a probe pulse can experience small loss, unity refractive index, 
slow group velocity, and zero group-velocity dispersion. 

The predictions of this model are shown in Figs. 7.5, where we plot the 
real and imaginary parts of the susceptibility as a function of the probe field 
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Fig. 7.5. (a) The real y’ and (b) the imaginary y” parts of the normalized linear 


susceptibility x/(M30/eohy2) as a function of 6) for yo = 0.1y2 and different : 
Q = 1072 (solid line), Q = 0 (dashed line) 


detuning for two values of 2. For Q = 0 the dispersion changes rapidly near 
dy = 0, but in this frequency region the absorption is large. The properties of 
x’ and x” are dramatically different for 2 4 0. In this case, the absorption 
vanishes at resonance, w, = W 9. In addition, the dispersion x’ also vanishes 
at resonance indicating that at the central frequency, the system exhibits 
perfect transparency. In other words, at the central frequency, the probe 
field propagates without absorption and refraction and the refraction index 
remains nearly unity. However, near the central frequency the refractive-index 
dispersion is very steep and positive. This can lead to a reduction of the group 
velocity of the probe field. 

Figure 7.6 shows the refractive-index dispersion Re(0x/06,) as a function 
of the dimensionless detuning 6,/72. We see that, depending on the frequency 
of the propagating probe field, the dispersion can be positive or negative, 
indicating that the group velocity can be smaller or larger than the speed of 
light in vacuum. For a positive dispersion, the group velocity of the probe 
field at frequency wp) = Wao is given by 


Cc 
7 1+ 2w9| p20 |2V /(eohO?) 


Ug (7.24) 
The group velocity depends on the Rabi frequency of the driving field and 
the atomic density. We see from (7.24) that one can make v, smaller by de- 
creasing the Rabi frequency or increasing the atomic density. In practice, the 
Rabi frequency should be sufficiently large to obtain a narrow transparency 
window and therefore a reduction of the group velocity is usually obtained 
by increasing the atomic density. There is an optimal Rabi frequency at 
which the group velocity reduction is maximal. It is seen from (7.23) that the 
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Fig. 7.6. The normalized refractive-index dispersion Re(Ox/06p) /(N 50 /eohiy2) 
as a function of 6, for yo = 0.ly2 and different Q: Q = 0.542 (solid line), Q = 0 
(dashed line) 


derivative 0/06, is maximal at 6, = 0 when 0? = yo(2y0 +72). Thus, group 
velocity reduction is limited by the relaxation rate of the lower state |1), and 
a reduction of yo would allow very low group velocities to be reached. 

Finally, we should point out that a number of other schemes for the gen- 
eration of slow light have been investigated. These include four-level and even 
multi-level systems, some of which are modifications of the traditional scheme 
for slow group velocities. 


7.1.3 Group Velocity Reduction in a System with Decay-Induced 
Coherences 


For the example discussed in the previous section, the coherence between 
the atomic transitions was induced by the driving field. It is also possible 
to obtain slow light in a three-level system with the coherence induced by 
spontaneous emission. In this case, spontaneous emission in one of the atomic 
transitions can drive the other transition leading to quantum interference be- 
tween the amplitudes of the atomic transitions. This interference creates a 
coherence between the atomic transitions, which is associated with the indis- 
tinguishability of photons arising from both transitions. We now investigate 
the effect of the spontaneously induced coherence on the group velocity in a 
three-level scheme proposed by Bortman-Arbiv et al. [162]. In this scheme, a 
three-level Vee-type atom with parallel transition dipole moments is probed 
by a weak tunable laser (pulse) field. The susceptibility of the system is cal- 
culated in the absence of driving fields: the only external field applied to the 
system is the probe field coupled to both atomic transitions. The absorp- 
tion of the probe field in this system has been analyzed in Chap. 4, where 
we showed that the absorption spectrum exhibits ultranarrow transparency 
windows. We now examine the dispersive properties of the atom and show 
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that the transparency experienced by the probe field is accompanied by a 
steep linear and positive dispersion. As shown in Sect. 7.1, this property is 
the major factor in reducing the group velocity of the propagating field. 

The master equation (2.74) for the Vee-type atom interacting with a sin- 
gle coherent (probe) field coupled to both atomic transitions leads to the 
following equations of motion for the density matrix elements 
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where 712 is the cross-damping rate, defined in (2.45), Q,1 and Q,2 are the 
Rabi frequencies of the probed |1) —|0) and |2) —|0) transitions, respectively. 
The parameter 6, = Wp — wo is the detuning of the probe field frequency 
w, from the average frequency wo of the two atomic dipole transitions, A = 
W2 — Ww, is the frequency splitting of the upper levels, and 


O10 = O10 exp (iwpt) , 020 = 020 EXP (iWpt) , 


@o1 = 001 EXP (—iwpt) , Go2 = G02 exp (—iw,t) , (7.26) 


are the slowly varying components of the atomic coherences. 

As before, we solve the above equations in the steady-state and weak- 
field limits. For simplicity, we assume equal dipole moments of the atomic 
transitions; 10° = foo. = pe Then = 4o. = -ad: Da = Qo. = De: 
Since the probe field couples to both atomic transitions, the system responds 
at both atomic transition frequencies and then the susceptibility (5.85) is 
given by 


~(—1 ~(—1 Ni (1 ~(—1 
Ne (uordto + 02059 " = Ke (ato + abo ’) » (7.27) 
where oo? and a? are the steady-state values of the atomic coherences. 


In the weak-field limit, the steady-state values for the atomic coherences 
can be readily found from (7.27), and then to lowest order in Q,, the linear 
susceptibility takes the form 
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N|uI? iy — N12 — 2i5p) 
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from which we find the first derivative over wy as 


Ox _ N|ul? 0 (30 — 2i6p) + 263 + 5A? = 
Ow - Egh D?(6p) ; : 


D(6p) = 5 -i (6, + 4) 5 =i (6, — 4) — ah ERO} 


and Ya = 7 — 12: 

The solution (7.28) has been obtained assuming that the system is probed 
by a continuous laser field whose Rabi frequency is constant and independent 
of time. This solution can also be applied to a pulsed probe field whose Rabi 
frequency depends on time, subject the pulse being sufficiently long that the 
system reaches the steady-state before the pulse has died out. When such a 
pulse propagates in the medium, under the condition of steep and positive 
dispersion, its group velocity is significantly reduced. 
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Fig. 7.7. The real x’ (solid line) and imaginary x" (dashed line) parts of the 
normalized linear susceptibility x/(N||?/eohy) as a function of 5p/y for y12 = 7 
and A= 0.1y 


We first analyze the absorptive and dispersive properties of the system. 
These are determined by the real and imaginary parts of y, and are illustrated 
in Fig. 7.7 as a function of the dimensionless detuning 6,/y for A = 0.57. 
Clearly, the system exhibits transparency (Im(x) = 0), and the dispersion 
is very steep and positive. In addition, Re(y) = 0 at 6, = 0 indicating that 
the refractive index is equal to unity at resonance. Thus, the probe field 
propagates in the medium without changing its amplitude and direction. 


308 7 Slow and Fast Light and Storage of Photons 


dx/d@ 


Fig. 7.8. The real part of the normalized refractive-index dispersion 
(Ox /Owy) /(N |u|? /eohy?) as a function of 6,/y for A = y and different y12: y12 = Y 
(solid line), yi2 = 0.5y (dashed line), y12 = 0 (dashed-dotted line) 


Figure 7.8 shows the corresponding behavior of the refractive-index dis- 
persion Re(0x/06,) which corresponds to the slope of the dispersion. The 
magnitude of the dispersion is large and positive near the resonance wo, indi- 
cating that the group velocity can be significantly reduced at this frequency. 
It is interesting to note that the slope of the dispersion, and thus also the 


((cWv,)-1 yK 


Fig. 7.9. The normalized group velocity parameter relative to the speed of light in 
vacuum (c/vg — 1)/K, where K = wpN |p|? /(2eohiy”) as a function of A for dp = 0 
and different y12: yi2 = 0.99y (solid line), yi2 = 0.95y (dashed line), yi2 = 0 
(dashed-dotted line) 


group velocity reduction, are very sensitive to the splitting A. The group 
velocity decreases as the splitting A increases. This is shown in Fig. 7.9, 
where we plot (c/v,g — 1) as a function of A/y for 6, = 0. This property can 
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be contrasted with the traditional EIT property where the Rabi frequency 
of the driving field, rather than A determines the group velocity reduction. 
This unusual dependence of the group velocity reduction on the splitting A 
can be easily understood by referring to the probe absorption spectrum dis- 
cussed in Chap. 6. The width of the hole bored in the absorption spectrum 
is proportional to A?. Hence, the width of the dispersion is also proportional 
to A?. Thus, the slope of the dispersion decreases with increasing A leading 
to larger group velocities for larger A. 


7.1.4 Phase Control of Group Velocity 


As demonstrated in Chap. 4, spontaneous emission from a multi-level atom 
can be controlled not only by changing the mutual orientation of the atomic 
transition dipole moments, but also by changing the relative initial phases 
of driving laser fields applied for the excitation of the atom. Phase depen- 
dent effects in spontaneous emission have been predicted in atomic systems 
with nonorthogonal as well as with orthogonal transition dipole moments. In 
the first case the phase dependent effects, which arise from a spontaneously 
induced coherence between atomic transitions, can be observed with one or 
with two driving fields coupled simultaneously to all of the atomic transitions 
or to only some selected transitions. In the latter case the observation of phase 
dependent effects requires at least three driving fields. It is of particular inter- 
est to observe phase dependent effects, as they represent interference effects 
which can be induced by driving fields even in the absence of the vacuum 
induced quantum interference. 

In this section, we shall take a closer look at the phase control of spon- 
taneous emission as this effect can give rise to a wide range of behavior of 
the dispersion, ranging from absorptive to dispersive profiles with positive 
or negative slopes, leading to subluminal or superluminal group velocities. 
Our examination of the phase control of the group velocity through a vari- 
ation of the initial relative phase of the driving fields follows the treatment 
of Bortman-Arbiv et al. [162] and concentrates on the example of a Vee-type 
atom with nondegenerate transition frequencies and non-orthogonal transi- 
tion dipole moments. The atomic dipole transitions are driven by two lasers 
of equal angular frequencies but different polarizations and phases such that 
each laser couples to only one of the two dipole allowed atomic transitions. 
The laser fields are treated as weak perturbing fields such that saturation 
effects and ac Stark shifts (Rabi splittings) are neglected. 

The external field interacting with the atom is of the form 


E (r,t) = E,(r) exp [—i(wzt + ¢1)| + Eo(r) exp [—i (wrt + ¢2)| 
= | Ea (r) + E2(r)e~**| exp [—i(wrzt+ ¢1)] , (7.31) 


where 50 = ¢2 — ¢, is the relative (time independent) phase between the two 
components of the driving field. 
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The relevant equations of motion for the density matrix elements are 
derived from the master equation (2.74). Introducing slowly varying parts of 
the density matrix elements 

G10 = 010 exp [i (wpt + 1)] , 
620 = 020 exp [i (wpt + 2)] , 
021 = 021 exp (i6®) , (7.32) 


we find from the master equation the following equations of motion 
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where 6p = Wp — wo, A = wg — wy, and 9; (M2) is the Rabi frequency of the 
\1) — |0) (|2) > |0)) transition. 

Note that the cross-damping terms are accompanied by the phase-dependent 
terms, exp(+id®). In other words, phase control of the atomic dynamics is 
only possible in the presence of the vacuum induced coherence, yj2 4 0. 
This dependence represents a striking departure from the traditional stud- 
ies of absorption and dispersion, and will lead of course to some interesting 
phenomena. 

Following the Floquet method outlined in Sect. 5.5, we analyze the ab- 
sorptive and dispersive properties of the system at the transition frequencies 
w , and wg. These are determined by the coherences 019 and 029, which we 
find by solving the equations of motion (7.33) in the steady-state and the 
weak-field limits. After some algebra, we find 


[v2 — 21 (5p — 3A)] — O12 exp (i5®) 
[1 — 2i (Sp + ZA)] [42 — 21 (6, — 2A)] — 92,’ 


G19 = —4 (7.34) 


and 


7.1 Refractive Index and Group Velocity 311 


Q v1 9h (6p + sA)| — 712 exp (—id®) 
[v1 — 21 (5p + 3A)] [2 — 21 (5p — gA)] — Vf | 


620 = —O1 (7.35) 
where Q = Q2/94. 

We first find from (7.34) the condition for the phase difference which 
gives zero absorption and dispersion at 6, = 0 that is, Im(x190) = 0 and 
Re(x10) = 0, where 


(7.36) 


Under this condition, a weak probe field can propagate nearly unchanged. 
The dispersion Re(x10) is zero when the phase difference obeys the relation 


20A 
d6® = arcsin ( ae (7.37) 
M2 Vat ayo 
In the case of y1 = y2 and 2251 = Qype, it simplifies to 
A 
6® = arcsin (=) (7.38) 
12 


which shows that the phase difference required for an undisturbed propaga- 
tion of a probe field is determined solely by the internal parameters of the 
specific system. Thus, by an appropriate choice of the phases of the probe 
fields, we can efficiently control the behavior of absorption and dispersion 
and thus the propagation of the probe field. 

Figure 7.10 shows the real and imaginary parts of the susceptibility y 
that determine the dispersive and absorptive properties of the system. The 
behavior of the susceptibility is seen to be qualitatively different from the 
traditional EIT schemes. At the central frequency, the slope of the dispersion 
can switch from a positive to a negative value as the phase difference changes. 
This can result in a change of the group velocity of the propagating probe 
field from subluminal to superluminal. 

With a different choice of the phases, one can create much steeper positive 
dispersions, and consequently smaller group velocities, accompanied by an 
amplification of the probe field. This feature is shown in Fig. 7.11, where we 
plot x’ and y” for two different values of 6®. The gain features are observed 
at 6) = 0 and the slope of the positive dispersion increases with increasing 
amplification. 

The results clearly demonstrate the crucial role of phase control in deter- 
mining probe propagation. They also demonstrate that subluminal propaga- 
tion without changing the shape of the probe field is only possible if the phase 
difference between the two probe fields satisfies certain conditions imposed 
by the internal properties of the atomic system. In addition, the superluminal 
propagation is accompanied by a large absorption. 
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Fig. 7.10. The real x’ (solid line) and imaginary x’" (dashed line) parts of the 
normalized linear susceptibility y/(Mu?/eohy1) as a function of 6)/71 for y2 = 
0.75y1, 2 = 1, and (a) yi2 = 0.89,/7172 and 6® satisfying the condition (7.37), 
(b) yi2 = 7172 and 66 = 7 
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Fig. 7.11. The real x’ (solid line) and imaginary x" (dashed line) parts of the 
normalized linear susceptibility x/(NV uw? /eohy1) as a function of 5,/y1 for ye = 
0.7571, Yi2 = J/NY2, Q = yi, and (a) 5©® satisfying the condition (7.37), (b) 
66 = 0 


One of the most interesting aspects of phase control of the group velocity 
is that the effects can be associated with the indistinguishability of sponta- 
neously emitted photons from different transitions. According to (7.34), the 
effects become maximal if the transition dipole moments are parallel and 
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the transition frequencies are almost equal, i.e. photons arising from both 
transitions are essentially indistinguishable. If our system is further prepared 
in a superposition of the upper levels |1) and |2), e.g. by a de field, the 
phase-dependent effects are observed even if yig = 0, as pointed out by 
Bortman-Arbiv et al. [162]. 


ec, 


Fig. 7.12. The arrangement for the polarization of two laser fields each coupled 
to only one of the nonorthogonal atomic dipole moments. The angle # between the 
dipole moments is smaller than 7/2. The unit polarization vector €; of the field 
F is perpendicular to jez, and the unit polarization vector €2 of the field EF is 
perpendicular to p11 


We conclude this section by emphasizing that the phase control of the 
group velocity predicted here can be observed experimentally only in atomic 
systems with nonorthogonal transition dipole moments, and the phase- 
dependent effects are maximal if the dipole moments are parallel. However, 
the transition dipole moments cannot be chosen to be parallel in order to 
ensure that each of the probe fields couples exclusively to one of the atomic 
transitions. This requirement might be difficult to achieve in traditional ex- 
perimental situations as it is difficult to find atomic or molecular systems 
with transition dipole moments oriented at an angle 0 < @ < 1/2. However, 
there is, at least theoretically, a scheme to overcome this difficulty involving 
different linear polarizations of the driving fields relative to the orientations of 
the transition dipole moments. The scheme is shown in Fig. 7.12. According 
to this scheme, we select the polarization vectors €; and €2 of the laser fields 
FE, and Eg such that wy ,-E2 = 2: EF; = 0. Since pq is not parallel to 2, we 
find that w,-E&, #40 and po: Eo £0, giving the required selective coupling 
of each field to only one of the non-orthogonal atomic dipole moments. 


7.2 Experimental Observations of Slow Propagation of 
Light 


As we have shown in Sect. 7.1, a practical requirement for the production of 
slow light is the achievement of a very steep normal dispersion in the pres- 
ence of EIT. Early experimental observations of slow propagation of light in 
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EIT systems showed group velocities as slow as vz = c/165 in a Pb vapour 
cell [163], and measurements of steep dispersion in a cesium vapour cell [164] 
indicated the possibility of observing group velocities as low as vg = c/3000. 
These initial experiments demonstrated that it is possible to achieve slow 
light propagating with almost zero absorption through an optically dense 
medium. Shortly after these observations, extremely slow group velocities of 
a few meters per second were observed experimentally with weak laser pulses 
propagating in hot and ultracold atomic gases. It has also been possible to 
observe slow group velocities in a ruby crystal at room temperature and in 
cold crystals doped by rare-earth ions. These experimental studies demon- 
strated group velocity reductions in EIT media and variations of the group 
velocity with the intensity of the driving field (width of a transparency win- 
dow) and the temperature of the atomic gases. In addition, the experiments 
with atomic gases showed a range of unusual nonlinear optical effects, such 
as giant Kerr nonlinearities and nonlinear field generation. 
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Fig. 7.13. Schematic diagram of the experimental setup of Hau et al. [165] to 
observe slow propagation of light through a cloud of cold sodium atoms 


Propagation of a weak laser pulse through an optically dense EIT sam- 
ple of cold atoms was investigated by Hau et al. [165] who observed group 
velocities reduced to vz = 17 ms~!. The experimental arrangement, shown 
schematically in Fig. 7.13, consisted of a magneto-optical trap and an evapo- 
rative cooling system. In the experiment, the sodium atoms were first trapped 
and cooled using laser light in a magneto-optical trap. In few seconds they 
collected a cloud of 10!° atoms at a temperature of 1 mK and a density of 
6x 10!! cm~3. After being further cooled to 50 uK and optically pumped into 
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a suitable magnetic sublevel, the atoms were then loaded into a pure mag- 
netic trap, providing an essentially harmonic confining potential with axial 
and transverse oscillation frequencies of 21 and 69 Hz, respectively. At this 
point, the technique of evaporative cooling was employed to achieve a further 
reduction in the temperature of the cloud. Briefly, this cooling technique is 
based on the preferential removal of atoms with an energy higher than the av- 
erage energy. Subsequential rethermalisation of the cloud by elastic collisions 
produced an equilibrium state at a lower temperature. This technique enabled 
the attainment of a temperature of 450 nk, close to the critical temperature 
T. x 435 nK for a Bose-Einstein condensate of the atomic sample. The next 
step was to pass a short probe light pulse through a cloud of trapped and 
cold sodium atoms driven by another long laser pulse. The relevant energy 
levels of the sodium atoms are shown in Fig. 7.14. Two hyperfine sublevels 
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Fig. 7.14. Energy level diagram for sodium atoms with the driven and probed 
transitions relevant in the experiment of Hau et al. 


F =1 and F = 2 of the sodium ground state 3°Si/2, separated by 1.8 GHz, 
served as lower states of the required Lambda system. The common upper 
level of the system was the hyperfine state 3?P, /2- In terms of the energy lev- 
els, a long linearly-polarized laser pulse, the driving field, was applied to the 
|1) —+ |2) transition. The hyperfine state |3) of the atoms is separated from 
|2) by 60 MHz, and therefore was weakly coupled to the state |2) through the 
driving field. The coupling led to a small shift of the |2) — |1) transition. A 
weak probe laser field (left circularly polarized) was applied to the |0) > |2) 
transition to form a traditional EIT system. Both driving and probe fields 
were derived from the same dye laser. Due to the very low temperature of the 
sample, the Doppler broadenings of the atomic transitions were less than the 
natural linewidths, and hence were not important. This allowed the observa- 
tion of a very narrow transparency window, with a width much smaller than 
the linewidth of the |2) > |0) transition. Consequently, the dispersion was 
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much steeper at the probe resonance than one could obtain with hot atomic 
samples. 

In the absence of the probe pulse, the initial population distributed among 
|0) and |1) was quickly transferred by the driving field and spontaneous emis- 
sion from the state |2) to the ground state |0). The probe pulse was launched 
4 us after the driving field was turned on. In the presence of both fields, 
the atoms adiabatically evolved to the bright and dark superpositions of the 
lower states |0) and |1). At the end of the probe pulse, the atoms adiabati- 
cally returned to the original ground state |0). During the pulse propagation 
through the atomic cloud, a pinhole was used to select only the part of the 
probe beam that had passed through the central 15 um of the cloud where 
the atom density was the greatest. The size of the atomic cloud in the di- 
rection of propagation of the probe field and in the transverse directions was 
measured using charge-coupled-device (CCD) cameras. Figure 7.15 shows the 
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Fig. 7.15. Experimentally observed pulse delay after passing through a cold sample 
of atoms. The front pulse (open circles) is a reference pulse with no atoms in the 
sample. The other pulse (black circles) is the delayed pulse after passing through a 
dense cloud of cold atoms. From L.V. Hau, S.E. Harris, Z. Dutton, C.H. Behroozi: 
Nature 397, 594 (1999), with permission 


experimental results. The front pulse is the reference pulse when it was trans- 
mitted through the system but devoid of atoms. By contrast, when the system 
contained a 229-um-long atom cloud cooled to temperature of 450 nk, the 
transmitted pulse was delayed by 7.05 us. The resulting group velocity of the 
pulse was 32.5 ms~!. When the atoms were cooled to a lower temperature of 
50 nk, which resulted in higher densities of the atoms, the measured group 
velocity was much lower, reduced to 17 ms~!. The observed decreasing of the 
group velocity with the increasing atom density was clearly in agreement with 
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the theoretical prediction, given by (5.117). Thus, EIT induced in the system 
enhanced the slow propagation of the laser pulse, which would normally be 
totally absorbed by the atoms. 

A further demonstration of group velocity reduction in optically dense 
media, this time with hot atomic beams, was reported by Kash et al. [166]. 
In their experiment the very large group delay of a weak pulse was observed 
in a cell of hot (360 K) isotopically pure °’Rb atoms. In this system, the 
lower states |0) and |1) of the required Lambda system were the hyperfine 
states 5°S1/o(F = 2) and 5?P)/2(F = 2), separated by 6.8 GHz, and the 
common upper state |2) was the state (Ff = 2) of the closely spaced hyperfine 
structure 57Pj/.(F = 1,2). The driving field was tuned to the |1) — |2) 
transition, and a copropagating probe laser pulse was tuned to the |0) — |2) 
transition. Both fields were phase locked and the probe laser power was 5% 
of the driving laser power. The probe field was amplitude modulated by 
approximately 50% at a frequency that was varied in the range of 0.1 — 10 
kHz. The group velocity delay in passing through the cell was measured by 
observing the time retardation of the amplitude modulated field upon passing 
through the cell. The time delay was independent of the modulation frequency 
up to the linewidth of the EIT window, which allowed them to perform the 
experiment with many different pulses of the probe field. 

The main idea of the experiment with hot atoms was that a narrow EIT 
window can be obtained in a broadened absorption profile by suppressing 
the line-broadening mechanisms arising from the motion of the atoms. The 
dominant broadening mechanism in a hot gas is the Doppler effect, which 
can be eliminated by making the driving field copropagate with the probe 
field. To illustrate why this is the case, consider the susceptibility of an atom 
moving with a velocity v. The motion changes the frequencies of the driv- 
ing and probe fields “seen” by the atom. The frequencies of the fields are 
Doppler-shifted and became wy, — kg: v and wy) — ky - v, where kg and ky, 
are the propagation vectors of the driving and probe fields, respectively. As- 
suming that the atomic velocities obey the Maxwell—Boltzmann distribution, 
we may find the susceptibility of a EIT Lambda-type system by averaging 
the susceptibility (5.115) of the motionless atoms over the thermal velocity 
distribution, and obtain 


_ N02? (de = i[bp = A + (ka = hp) a (7.39) 


Xx (Wp) coh Du (6p) 


where 
1 
Dy (dp) = 157 =i[op— A+ (ka — ky) wl} 
1 
x [72 — 1 (dp + Kp - v)] + ria ) (7.40) 


and (...),, denotes an average over the velocity distribution. 
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Fig. 7.16. Experimental results of Kash et al. [166] demonstrating the dependence 
of the group velocity on strength of the driving field. From M.M. Kash, V.A. Saut- 
enkov, A.S. Zbirov, L. Hollberg, G.R. Welch, M.D. Lukin, Y. Rostovsev, E.S. Fry, 
M.O. Scully: Phys. Rev. Lett. 82, 5229 (1999). Copyright (1999) by the American 
Physical Society 


By comparison with the result (7.22) obtained with motionless atoms, we 
see that the position of the resonance (EIT window) is now spread over the 
distribution of v, which leads to a broadening of the resonance. However, 
the term in the numerator of (7.39), primarily responsible for the width of 
the EIT resonance, depends on the difference of the two propagation vectors. 
Thus, for copropagating and nearly equal frequency driving and probe fields, 
the velocity dependent term essentially vanishes. 

Figure 7.16 shows the measured group delay and average group velocity as 
a function of the power of the driving field. From the measured group delays, 
it was determined that the group velocity of the probe pulses was reduced to 
values of order 90 ms~! for the driving laser power of 4.3 mW. The observed 
reduced group velocity was the best achievable in this system in view of the 
finite decay rate 7, of the lower state |1). It was concluded that a reduction 
of 7; would allow one to reach much lower group velocities of the order of 10 
ms~! in this system. This could be achieved, for example, by increasing the 
driving field diameter. 

Using a similar technique, Budker et al. [167] have succeeded in the ob- 
servation of ultraslow group velocities as low as v, = 8 ms‘. This extremely 
slow group velocity was observed in resonant light propagation through a 
rubidium vapor contained in a cell with an antirelaxation wall coating. This 
experiment also demonstrated the relation between group velocity reduction 
and nonlinear magneto-optic rotation. Their apparatus, shown schematically 
in Fig. 7.17, consisted of a vapour cell contained in a multilayer magnetic 
shield and a glass Faraday rotator coil, causing a rotation of the polarization 
of the light before the cell. The cell and the Faraday rotator were positioned 
between crossed polarizer and analyzer. The cell was 10 cm in diameter and 
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Fig. 7.17. Diagram of the principal elements of the apparatus used by Budker et 
al. [167] to observe the slow group velocities of probe pulses propagating through a 
rubidium vapor. From D. Budker, D.F. Kimball, $.M. Rochester, V.V. Yashchuk: 
Phys. Rev. Lett. 83, 1767 (1999). Copyright (1999) by the American Physical So- 
ciety 


contained ®°Rb atoms. The experiment was performed on the D1 line of the 
rubidium atoms, and similar observations were also made on the D2 line. In 
this atomic system, two groups of transitions from the two ground hyperfine 
sublevels F, = 2 and F, = 3 to unresolved hyperfine levels (F. = 1, 2,3, 4) 
of the excited state form a degenerate three-level Lambda system. A selected 
magnetic sublevel of the excited state decays with different polarizations to 
the ground levels. Therefore, driving and probe fields of different polariza- 
tions each couple exclusively to one of the atomic transitions. A diode laser 
was used to produce a cw driving field at 795 nm (D1 transition) or 780 
nm (D2 transition). In the experiment, the probe was of the same central 
frequency as the driving field and was produced from the driving field by 
slightly rotating the input polarization with the Faraday rotator. In this way, 
it was possible to produce a weak probe pulse of a time-dependent intensity 
I,(t) x i?(t), where i(t) is the time dependent current applied to the Fara- 
day rotator. The driving field was considered constant and unchanged after 
passing the Faraday rotator. The polarization of the probe field was adjusted 
to be perpendicular to the polarization of the driving field so as to obtain 
the selective coupling of each field to only one of the atomic transitions. 
Figure 7.18 shows the experimental results for the transmission, nonlinear 
optical rotation and phase shift of the probe pulse obtained by varying the 
magnetic field amplitude. The observed negative phase shifts corresponded to 
negative group velocities. From the measured phase shift, it was determined 
that the group delay of the pulse was 13 ms corresponding to the group 
velocity of the pulse v, + 8 ms—'. In the absence of the magnetic field, the 
maximum phase delay of the pulse was observed, and no delay was observed 
when a strong magnetic field was applied or the laser fields were detuned 
from the atomic resonances. This observation is in perfect agreement with 


320 7 Slow and Fast Light and Storage of Photons 


60 


> 

8 

~ 

= 40 ii 

= wl 

mH 20 

Xx 

3 5 

= O 

a= 

S 20 b 
& 

2 

&% 10 

i 

a 

is 

Ss 

a) iN | —— 
i 

& 

3 1.00 a 
2 XT 7 by 

= 0.80 

s F=3>F' F=29F 

8 0 1 2 3 4 5 


Laser Frequency Detuning (GHz) 


Fig. 7.18. Observation by Budker et al. [167] of (a) the transmission, (b) nonlinear 
optical rotation and (c) phase shift of the probe pulse propagating through a rubid- 
ium vapor. From D. Budker, D.F. Kimball, $.M. Rochester, V.V. Yashchuk: Phys. 
Rev. Lett. 83, 1767 (1999). Copyright (2001) by the American Physical Society 


the theoretical prediction. In the absence of the magnetic field and with the 
laser fields tuned to the atomic resonances, the fields satisfy the two-photon 
resonance condition for EIT and a steep dispersion. When the magnetic field 
is applied to the system, it splits the lower degenerate atomic levels leaving 
the laser fields off-resonant with the atomic transitions. This destroys the two- 
photon resonance required for EIT and also the dark state, as we discussed 
in Chap. 5. 

In the preceding experiments, extremely slow group velocities were ob- 
served in atomic gases. A different example of optical systems and tech- 
niques to produce reduced group velocities are the experiments of Turukhin 
et al. [168] and Bigelow et al. [169], which measured ultraslow group ve- 
locities of light in optically dense crystals. In the experiment of Turukhin 
et al. [168], slow light with a velocity 45 ms~! was observed in a solid 
material, Pr doped Y2SiO; (Pr:YSO), maintained at a cryogenic tempera- 
ture of 5 K. The apparatus involved a Pr:YSO crystal of thickness 3 mm 
in the light propagation direction and cooled to 5 K. Acousto-optic fre- 
quency shifters were used to generate three different coherent laser beams 
from the output of a single dye laser. The laser beams were focused to a 
diameter of ~100 um in the crystal and intersected at angles in the range 
of 10 — 20 mrad. All beams were linearly polarized along the crystal axis 
to obtain maximum absorption. Figure 7.19 shows the relevant energy levels 
of the Pr:YSO crystal. The driving field of frequency wz and intensity 470 
W/cm? was coupled to the ?H4(+1/2) >'Do2(+3/2) transition, while the 
probe field of frequency w, # wy and intensity 1.1 W/cm? was coupled to 
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the °H,(+3/2) >1D2(+3/2) transition to form a nondegenerate three-level 
Lambda system. The driving and probe fields produce coherence between 
the lower states 93H4(-+1/2 © +3/2). In addition, a pump field of frequency 
wA was applied to refill the spectral hole burned by the driving and probe 
fields so as to provide a high optical density for EIT. To measure the group 
velocity, the probe field was chopped and its phase delay was measured using 
a lock-in amplifier. Group delays greater than 65 Us were measured, which 


corresponded to group velocities of ~45 ms~!. 
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Fig. 7.19. Energy levels of the Pr:YSO crystal and laser frequencies used in the 
slow light experiment of Turukhin et al. [168] 


With the use of a spectral hole burning technique, Bigelow et al. [169] 
were able to demonstrate that the hole burned in the absorption spectrum of 
a probe field, due to population oscillations, discussed in Sect. 5.5.3, can be 
extremely narrow, resulting in a rapid frequency variation of refractive index, 
and consequently, a reduction of the group velocity to values as low as 57.5 
ms~!. This experiment looked at the propagation of a probe field in a medium 
of two-level atoms, and therefore differs significantly from the experiments 
based on EIT in three-level Lambda-type atoms. In the experiment, they used 
a 7.25 cm long ruby crystal kept at room temperature and illuminated by 
long laser pulses. For the pulse sources, they used a single-line argon-ion laser 
operating at 514.5 nm. The laser beam was sent through a variable attenuator 
and an electro-optic modulator which produced long pulses of light with 
almost no background intensity. A glass slide was used to separate a small 
part of the laser pulses for reference. The remaining light was focused with 
a 40 cm focal lens to a beam waist of 84 um to excite the ruby crystal. The 
beam then passed through the crystal into a detector, and the detected signal 
was stored along with the reference beam signal on a digital oscilloscope. 
The reference and transmitted signals were compared on a computer and the 
relative delay was measured. The largest delay observed in the experiment 
was 1.26 ms with an input power of 0.25 W, which corresponded to the group 
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velocity v, = 57.5 ms~'. The experimental team has also observed that with 
this technique it is not necessary to apply separate driving and probe fields 
to the ruby crystal in order to observe reduced group velocities. Additional 
measurements showed that a single intense pulse of light is able to provide 
the saturation required to modify the group velocity. These pulses can be 
considered as producing their own driving field and were thus self-delayed. 


7.3 Experimental Observation of Negative Group 
Velocities 


In slow light propagation, the experimental techniques have made use of 
EIT to produce optically transparent medium with refractive index close to 
unity and with positive refractive-index dispersion strong enough to reduce 
the group velocity of the propagating field. As we have discussed in Sect. 7.1, 
group velocities may be faster than the speed of light in vacuum, and can even 
be negative. A practical requirement for the production of fast light is the 
attainment of a very large anomalous dispersion in the absence of absorption 
and group-velocity dispersion. According to (7.11), the group velocity of a 
propagating pulse can be negative when n/w, < dn/dw, < 0. 

One of the first experimental observations of fast light was made by Basov 
et al. [170], who investigated the propagation of a pulse through a laser am- 
plifier for the case in which the intensity of the pulse was high enough to 
induce a nonlinear optical response. They found that nonlinear optical satu- 
ration of the amplifier gave rise to superluminal light. Subsequent experiments 
conducted by Chu and Wong [171] in early 1980’s observed negative group 
velocities of laser pulses, propagating with vg = —c/23 in a GaP:N crystal as 
the laser frequency was tuned through the absorption resonance arising from 
the bound A-exciton line. 

In more recent experiments, Akulshin et al. [172, 173] have proposed an in- 
teresting technique based on the phenomenon of electromagnetically induced 
absorption (EIA) to render the material medium highly transparent while still 
retaining the strong negative dispersion required for the creation of super- 
luminal light and even negative group velocities. Using this technique, they 
were able to observe negative group velocities of propagating probe pulses 
through atomic vapours. In their earlier experiment, they measured a steep 
anomalous dispersion in a degenerate two-level rubidium atoms. Though they 
did not directly measure the delay of the probe pulses propagating through 
the atomic medium, they indirectly determined negative group velocities re- 
duced to vg = —c/23000. However, the propagation was accompanied by an 
absorption. 

In a subsequent experiment [174] they directly measured the advance and 
delay of pulses propagating through an atomic cell and observed both slow 
and fast group velocities, but still in the presence of absorption. In the ex- 
periment, the absorption was enhanced, but the value of the absorption was 
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Fig. 7.20. Experimental setup of Akulshin et al. [174] to measure negative group 
velocities in Cs vapor 


not very critical for negative vg. The width of the EIA resonance was much 
more important for high dispersion. The experimental scheme is illustrated 
in Fig. 7.20. In the experiment, a 2-cm-long Cs cell was excited by two fields 
of the same frequency but opposite circular polarizations to ensure that each 
of the fields coupled to different atomic transitions. The fields were obtained 
from an extended-cavity diode laser whose output was sent through acousto- 
optic modulators to produce the mutually coherent driving and probe beams. 
The two beams were then carefully combined into a copropagating bichro- 
matic beam and their polarizations were set with polarizers and quarter wave 
plates. The bichromatic beam was sent through the Cs cell to produce a co- 
herence between ground-state sublevels belonging to the same hyperfine level 
of the Cs atoms. After passing through the cell, the beams were separated 
by a Glan—Thomson prism and detected with fast photodiodes. 

The induced coherence between the Zeeman sublevels affected the shape 
of the probe pulse during the propagation through the cell. Figure 7.21 shows 
the experimentally observed distortion of the probe pulse. In the region of 
EIT, the observed transmitted intensity was increasing with time due to 
pumping of the atoms into a dark state. In the EIA region, the situation 
was reversed: at the beginning of the pulse the transmitted intensity was 
higher and decreased with time due to pumping the atoms into a bright 
state. Figure 7.22 gives experimental results for negative pulse delays in the 
Cs vapour with steep anomalous dispersion as a function of the duration 
of the pulses. Note the visible advance of the propagating pulse relative to 
the reference pulse and the increase of the advance with the density of the 
Cs vapor. For an atomic density of 1.5 x 10'' cm, the observed advance 
was AT = 0.1 + 0.01 us, and a larger advance of AT’ = 0.34 + 0.01 Us was 
observed with the atomic density 7 x 10't cm~?. The advanced propagations 
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Fig. 7.21. Shapes of probe pulses propagating in Cs vapour. The trace a is an 
off-resonance reference pulse propagating with v, = c. Trace b is the shape of the 
probe pulse propagating in the EIA frequency region of the atomic vapour, and 
trace c is the shape of the probe pulse propagating in the EIT frequency region. 
From A.M. Akulshin, A. Cimmino, A.I. Sidorov, P. Hannaford, G.I. Opat: Phys. 
Rev. A 67, 011801 (2003). Copyright (2003) by the American Physical Society 
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Fig. 7.22. Negative pulse delays observed by Akulshin et al. [174] in Cs vapour 
with steep anomalous dispersion. The trace a is a reference pulse. Traces b and c are 
advanced probe pulses propagating at different atomic densities, 1.5 x 10'' cm~? 
and 7 x 10'' cm7?, respectively. From A.M. Akulshin, A. Cimmino, A.I. Sidorov, 
P. Hannaford, G.I. Opat: Phys. Rev. A 67, 011801 (2003). Copyright (2003) by the 
American Physical Society 


corresponded to negative group velocities of vu, = —c/1500 and v, = —c/5100, 
respectively. 

Another compelling experimental observation of a negative group velocity 
was reported by Wang et al. [175] who observed a negative group velocity in 
the spectral region between two closely spaced Raman gain lines in Cs va- 
por. The advantage of using Raman gain lines is that a suitably tuned probe 
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Fig. 7.23. Cesium energy levels and laser fields used in the superluminal light 
experiment of Wang et al. [175] 


pulse can propagate without absorption. The atomic system employed in the 
experiment was a cell of cesium (Cs) atoms kept at a temperature of 30°C. 
The atomic cell was placed in a weak (1.0 G) uniform magnetic field which 
split the hyperfine 6S; /2 magnetic sublevels into nondegenerate levels to pro- 
duce the required nondegenerate Lambda-type atomic system. The relevant 
atomic levels are shown in Fig. 7.23. The atoms were first optically pumped 
by two laser fields into the hyperfine magnetic sublevel |F = 4,m = —4), 
which served as the ground state |0) of the system. Next, two laser fields of 
slightly different frequencies were propagated through the atomic medium to 
drive the atomic |0) — |2) transition. The frequencies of the driving fields dif- 
fered by 2.7 MHz and both fields were significantly detuned from the atomic 
transition frequency w29, as shown in Fig. 7.23. A tunable probe field was 
applied to the |1) — |2) transition to produce Raman transitions causing the 
atoms to absorb a photon from the driving fields and emit a photon into the 
probe field. This process results in the atoms making a transition from |0) 
to |1). Obviously, there are two frequencies at which the probe field is am- 
plified. These frequencies correspond to two-photon resonances of the probe 
field with the two frequencies of the driving fields. The most important for 
the experiment was that between the gain lines the system was transparent 
for the probe field and produced a steep and anomalous dispersion. Before 
entering the atomic cell, the probe field was divided at a beam-splitter into 
two parts: one directed into a detector as a reference pulse, and the other di- 
rected into the atomic cell and detected after passing the cell. The probe field 
was tuned midway between the gain features to make use of the maximum 
anomalous dispersion. 

Experimental results are shown in Fig. 7.24. The solid line shows the 
time evolution of the probe pulse in the absence of the driving fields, and the 
dashed line shows the time evolution in the presence of the driving fields. We 
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Fig. 7.24. Superluminal propagation without absorption and pulse distortion ob- 
served by Wang et al. [175]. The solid line represents the pulse propagating in 
vacuum, the dashed line is the transmitted pulse through the anomalous medium. 
The inserts are enlargements of the leading and falling edges of the pulse. From 
L.J. Wang, A. Kuzmich, A. Dogariu: Nature 406, 277 (2000), with permission 


see that in the presence of the driving fields the probe pulse is advanced by 
62 ns, corresponding to vg = —c/310. It was observed that the shape of the 
pulse did not change much during the propagation, as it had been believed 
that severe pulse reshaping necessarily accompanies superluminal propaga- 
tion. The ratio of the pulse advancement to pulse width in this experiment 
was of the order of 1.5%. Thus, the experiment also demonstrated that su- 
perluminal light propagation can occur under conditions such that the input 
laser pulse undergoes negligible reshaping. 


7.4 Bright- and Dark-State Polaritons 


Since the first experimental observations of Hau et al. [165], the techniques 
for the production of extremely slow light have improved and it became 
possible to bring light pulses to a full stop and store them in a material 
systems for long time intervals. Experimental success with the production of 
slow light has spurred on theoretical interpretations of this unusual effect and 
investigations into so-called dark and bright polaritons — a coherent mixture 
of field and atomic variables. 

In order to understand the process of preparation of a dark polariton 
and storage of light in atomic media, we consider the propagation of a weak 
probe pulse in an EIT medium [176]. For simplicity, we limit our analysis to 
propagation in one dimension and assume that the pulse propagates in the 
positive z direction. In traditional EIT systems, a strong driving field of Rabi 
frequency ( couples to one of the two dipole transitions in a Lambda-type 
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atom, say |1) — |2), and a probe pulse with the field amplitude E(z,t) cou- 
ples to the other dipole transition, |0) + |2). The probe field can be described 
classically or quantum-mechanically as a time- and spatially-dependent elec- 
tric field 


E(z,t) = i€€(z, the rt) 4+ cc. , (7.41) 


where €(z,t) is the amplitude (pulse envelope) of the probe field and €é is the 
polarization vector which is perpendicular to the propagation direction. 

In the adiabatic approximation, the propagation of the probe pulse 
through an atomic medium is governed by the Helmholtz equation (5.76), 
which with the help of (5.80) can be written in the form 


6) 3) eee 
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where M is the number of atoms, and 


2( [20 : e) hwy 
= . 7.43 
” ih V eq ee) 


are the dimensionless probe field amplitude and the vacuum Rabi frequency 
in the interaction volume VY, respectively. The position and time dependent 
function 620(z, t) is the slowly varying density matrix element (coherence) of 
the continuous ensemble of atoms at position z, defined as 


L 


where L is the length of the interaction volume in the propagation direction 
of the probe field. 

The time evolution of the atomic system is governed by the master equa- 
tion, which for the EIT Lambda-type system leads to the following set of 
equations of motion 


020(z,t) = ZL | czdeoit) ; (7.44) 
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where the parameter Yo is the damping rate of the |2) — |0) transition, y2 is 
the damping rate of the |2) > |1) transition, 2 is the Rabi frequency of the 
driving field coupled exclusively to the |0) — |1) transition, Q, is the Rabi 
frequency of the probe field coupled exclusively to the |0) — |2) transition, 
and 


621 (t) = @21 (t) exp(—iwzt) , 
620 (t) = 020 (t) exp(—iwpt) , 
O10 (t) = e10 (t) exp(i(wr — wp)t) , (7.46) 


are the slowly varying parts of the off-diagonal density matrix elements. In the 
derivation of (7.45), we have assumed that the driving and probe fields prop- 
agate in the same z direction, and the lower states |0) and |1) are metastable 
so that we have ignored the damping rates of these states due to e.g. collisions 
or any other dephasing process. 

As in traditional EIT systems, we assume that the probe field is much 
weaker than the driving field, and solve the propagation equation (7.42) to all 
orders in Q and first order in the probe field amplitude €(z,t). In this case, 
we can treat the equations of motion (7.45) perturbatively and solve them to 
the first order in €(z,t). In zeroth order, which corresponds to the absence of 
the probe field, go9(z,t) = 1 and all the remaining density matrix elements 
are zero. This results from the presence of the driving field and spontaneous 
emission which transfer any population present in the state |1) into the state 
|0) via the upper state |2). To first order in E(z,t), we find 
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With this solution, the wave equation (7.42) can be expressed in terms of the 
lower states coherence 019 as 


O O\ x gM O. 
and 
: Gin 2-9 2) 
010 = Q 0 (5 +7] Ge) , (7.49) 


where = (Yo + 72)/2. 
We now introduce two dimensionless field operators corresponding to 
quasi-particles, called dark- and bright-state polaritons 


WU = E(z,t) cos O(t) — VM 619(z, t) sin O(t) , (7.50) 
® = E(z,t) sin A(t) + VM d10(z,t) cos A(t) , (7.51) 


with 
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Q(é) 
O2(t) + 92M ” 
gv M 
T(t) + 92M 


cos O(t) = 


sin O(t) = 


(7.52) 


Using a plane wave representation of the new field operators 
U(2,t)= So wel, H(z, t) = 5 be , (7.53) 
k; k 
we find that the operators obey the following commutation relations 
Wn, wi), = [cos? 6 + (G00 — 611) sin? 0] ae 
[o, 6}, | = [sin? 6+ (00 — 011) cos? 0] Okk! 5 
hr, 6}, | = [1 = (00 = 011)| sin 6 cos OOK K (7.54) 


In the limit of a weak probe field, O99 © 1, 011 & 0, and then the commutation 
relations (7.54) reduce to the familiar bosonic commutation relations 


b., of, | = [1,61 | = 0kk! ; 
[t,, Of, (i (7.55) 


Thus, we can associate the new field operators with quasi-particles — polari- 
tons. 

In terms of VW and ®, the equations of motion (7.48) and (7.49) take the 
forms 


0 9 0 | 0 
E + €cos ates Vv = —0® — csin@ cos 62 (7.56) 
and 
Asin@ (0 0 
d= ?M (5; + 7] (sano) (Wsin@ —@cos@) , (7.57) 


where 6 = O(t). 

Our objective is to obtain a propagation equation for the dark polari- 
ton (7.56). The solution of this equation is somewhat involved, and requires 
several simplifying approximations. In particular, we make the adiabatic ap- 
proximation, which amounts to assuming that probe amplitude E(z, t) varies 
slowly over distance comparable to an optical wavelength and over time scale 
comparable to an optical period. This approximation can be restated in a 
different form that the time derivatives appearing on the right-hand side of 
(7.57) are zero, and then we have ® = 0. 
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Consequently, the dark polariton V obeys the following equation of motion 


O 0 
E + uy) v=0, (7.58) 
where 
v,(t) = ccos” 6(t) (7.59) 


is the group velocity of the laser pulse. 
The solution of (7.58) is of the form 


U(z,t) =U(z- “de v,(T), 0 (7.60) 
6) 


and describes slow propagation with an invariant spatial pulse shape. 

For 6(t) — 0, i-e. for a strong driving field 0?(t) >> g?M, the dark polari- 
ton has purely photonic character, UV = E(z,t), and according to (7.59) the 
propagation velocity is equal to the speed of light in vacuum. In the opposite 
limit of a weak driving field 2?(t) < g?M (0 — 7/2), the polariton becomes 
purely atomic, V = —/M6,0(z,t), and its propagation velocity approaches 
Zero. 


7.4.1 Collective Atomic Trapping States 


The above analysis of the adiabatic transfer and storage of light in an atomic 
medium showed that in the limit of a weak driving field, 0? < g?M, the dark 
polariton reduces to the atomic spin variable. Thus, the following mapping 
of the field amplitude into an atomic coherence can be realized 


This is the essence of the transfer technique from quantum states of pho- 
ton wave-packets propagating with the speed of light to stationary atomic 
superposition states. An obvious question arises whether we could predict 
the stationary state of the atomic system in which the quantum state of the 
probe photons is stored. 

Consider a system of M three-level atoms in the traditional Lambda con- 
figuration. As before, the transition |0) — |2) of each of the atoms is coupled 
to a probe (quantized) field, whereas the transition |1) — |2) is driven by a 
classical coherent field of the Rabi frequency Q(t). The system is described 
by the interaction Hamiltonian 

M 1 M . 
H = hg)” (@Ayp + Hc.) + SRO) Y (Agi + Hee.) , (7.62) 


i=1 i=l 
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where AW), = |m);;(n| are the dipole operators of the ith atom, and g is the 
coupling constant of the atoms to the quantized probe field. For simplicity, 
we assume that both g and Q(t) are the same for all atoms. This is equivalent 
to the small sample model approximation, or the Dicke model, discussed in 
Chap. 2, that the time required for the fields to cross the system is small in 
comparison to the time At required for appreciable changes in the atomic 
levels, i.e. L < vgAt, where L is the length of the atomic medium. 

If initially all atoms were in their ground states described by the state 
vector |0) = |01,02,...,0 7), the only states coupled by the interaction (7.62) 
are the collective symmetric states 


0) — 04; 03500150) 
1 M 
1) Sl eS Ota dybesscag Ong) 
Vit 
1 M 
2) a |01, 24 On) , 
Wit 
1 M 
|11) — ys |01, pies plas ;0m) ; 
2M(M —1) 4, 
1 M 
|21) = S- |01, ere Lay ;0m) ; 
2M(M— 1) ,o*, 
1 M 
|22) = » 01, 524) »25, Om) , 
2M(M —1) ,o*, 
ete. , (7.63) 


where Mae eTgs Siti ky) = |m) ; & |n) &®...8 A) 1. 
The interaction (7.62) has a family of dark states, i.e. states satisfying the 
eigenvalue equation 


H|D,n) =0, (7.64) 


where n is the number of photons in the quantized field, 
= . n! . kk on—k giqk 
|D,n) = > mh! (—sin 0)" cos”—* 6|1*,n —k) , (7.65) 
are the dark states of the system, with 


tang = (7.66) 


and |1*,n —k) =|11...) @|n—k). 
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For 0 = 0, the dark state |D,n) reduces to the product state |0) @ |n), 
and for alln < M by changing 6 from zero to 7/2, the state changes to 
|1”) @ |0). Thus, if the initial state of the quantized probe field was a mixed 
state described by a density operator 0p, the interaction generates an atomic 
collective state as 


2p ® |0)(0| = }) onm|n){m| @ |0)(0| 


—+ |0){0| ® © enml1”)(1”| . (7.67) 


n,m 


The collective dark state model provides a very elegant picture of the 
transfer of a quantum state of the field to collective atomic states. An adia- 
batic rotation of the angle 6 leads to a complete and reversible transfer of the 
photon state to the collective atomic states. The most important property 
of the dark states (7.65) is that they do not contain the excited states of 
the atoms, and therefore are immune to spontaneous emission. In addition, 
the subspace composed of the dark states is completely decoupled from the 
remaining states, and thus forms a decoherence free subspace. 


7.4.2 Experimental Realization of Light Storage in Atomic Media 


Evidence for the trapping and storage of weak pulses has been observed 
experimentally in ultracold and hot atomic vapours. In these experiments, 
probe pulses propagating in a EIT medium were brought to a complete stop 
and released after some storage time interval. The idea of these experiments 
was to show that the probe pulse propagating through an atomic medium 
exists, under the EIT conditions, as a dark polariton that can be completely 
converted into a spin wave when the driving field is turned off, and reappears 
again when the driving field is turned back on. 


Trapped and cooled 
M4 sodium atoms WA 
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Driving LP 
laser field 
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Fig. 7.25. Experimental setup of Liu et al. [177] to observe the stopping of short 
light pulses in cold sodium atoms 
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The experiment of Liu et al. [177], shown schematically in Fig. 7.25, in- 
volved a sample of sodium atoms magnetically trapped in a single state and 
cooled to a temperature of 0.9 uk, which was just above the critical tem- 
perature for the Bose-Einstein condensation of the sample. The experiment 
was performed on the fine structure transitions 35->3P of the sodium atoms. 
The relevant energy levels of the system are shown in Fig. 7.26. The driving 
field was resonant with the |1) — |3) transition, and the probe pulse was 
tuned to the |0) > |3) transition. The laser beams were combined with the 
help of a beamsplitter, circularly polarized with a quarter-wave plate (\/4), 
and then injected into the atomic sample. After leaving the sample, the laser 
beams passed a second quarter-wave plate to restore their original linear po- 
larizations and next were separated with a polarizing beam-splitting cube. 
The atom cloud was imaged onto an external image plane with a pinhole 
positioned at the center of the cloud image. The pinhole and the flipper mir- 
ror selected only those portions of the driving and probe beams that passed 
through the central region of the cloud. The atom cloud was then imaged 
onto a CCD camera. 


|3> = |F=2,M,=0> 


|2> = |F=1,M,=0> 


OL 


|1> = |F=2,Mp=+1> 


|O> = |F=1,M,-=-1> 


Fig. 7.26. Sodium energy levels and frequencies of the driving and probe lasers 
used in the stopped-light experiment of Liu et al. [177] 


The experimental results illustrating the observed trapping and storage of 
a short laser pulse are shown in Fig. 7.27. The upper figure shows three traces. 
The dashed line represents the time evolution of the continuous driving field, 
referred to as the coupling field in the figure. The sharp peak centered at 
t = 0 (dotted line) is a reference pulse obtained from the transmission of a 
probe pulse in the absence of atoms. The pulse propagated essentially with 
the speed of light in vacuum. The smaller delayed peak is the transmitted 
pulse propagated through the medium of cold atoms and tuned to the atomic 
transition. The observed delay time of 11.8 Us corresponded to a pulse group 
velocity of 28 ms~*. Crucial for the experiment was the spatial compression 
of the probe pulse as it entered the atomic medium. It was necessary that the 
entire pulse be contained within the atomic medium. The compression process 
was performed at time t = 6.3 Us, indicated by the arrow in the Fig. 7.27(a). 
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Fig. 7.27. Experimental results of Liu et al. demonstrating the pulse storage in 
a sodium vapour. From C. Liu, Z. Dutton, C.H. Behroozi, L.V. Hau: Nature 409, 
490 (2001), with permission 


To demonstrate storage of the probe pulse inside the medium, the driving 
field was turned off at about t = 10 Us and left off until tf = 44.3 us, at 
which it was turned back on. During the time interval in which the driving 
field was turned off, no transmission of the pulse was observed, indicating a 
storage of the pulse in the atomic medium. The probe pulse was regenerated 
when the driving field was turned back on at t = 44.3 us. The regenerated 
pulse had the same shape as the propagating pulse in the EIT situation, see 
Fig. 7.27(a), indicating that no dissipation of the pulse energy took place 
during the storage process. 

In a closely related experiment, Phillips et al. [178] have demonstrated 
very similar results through the use of hot rubidium atoms. The experiment, 
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Fig. 7.28. Experimental setup of Phillips et al. [178] to observe stopping of light 
pulses in hot rubidium atoms 


shown schematically in Fig. 7.28, involved degenerate Zeeman hyperfine sub- 
levels of the ground state of hot 8’Rb atoms and used polarization control 
techniques to manipulate coupling of applied fields to these sublevels. The 
driving field of 0, circular polarization was derived from an extended cavity 
diode laser by carefully controlling the light polarization. A fast Pockels cell 
was used to create a weak probe pulse of left circularly polarized light. The 
probe pulse had a temporal length of about 10 — 30 us. The input powers 
of the driving and probe fields were 1 mW and 100 UW, respectively. The 
fields were propagated collinearly and focused onto a 4-cm-long cell contain- 
ing °’Rb atoms kept at temperatures of about 70—90°C, which corresponded 
to atomic densities of about 101! — 10! cm7°. 

The transmission of the probe pulse was monitored using a quarter-wave 
plate and polarizing beam splitter. In order to minimize collision-induced 
transitions, which would destroy the long lifetime of the atomic Zeeman 
coherences, the Rb cell was magnetically shielded and filled with about 5 
Torr of He buffer gas. To achieve trapping and storage of the pulse in- 
side the cell, an acousto-optic modulator was used to turn off the driving 
field smoothly over about 3 us, while most of the probe field was con- 
tained inside the cell. After some time interval, the driving field was turned 
back on, thereby releasing the stored probe pulse. The driving field was 
tuned to the transition |5°S1/2,F = 2,Mp = 0) > |5?Pi/2,F = 1), be 
tween the Zeeman hyperfine sublevel 57S, j2,f = 2,Mpr = 0 and the first 
excited state 5°P, j2,F = 1, whereas the probe pulse was tuned to the 
|5?Sy/2,F = 2,Mpr = 2) > |5°P1/2, F = 1) transition involving the same 
upper state 5?P, /2,# = 1. The Zeeman sublevels and the common excited 
state served as the lower levels |0),|1) and the upper level |2), respectively, 
of the required Lambda-type system. 

Some of the experimental results for different storage times of the probe 
pulse are shown in Fig. 7.29. The solid line shows the transmitted probe pulse, 
the dashed line represents the driving field, and the dotted line represents 
the input probe pulse. During the time interval in which the driving field was 
turned off, the probe pulse did not propagate indicating that the pulse was 
stored in the medium. The probe pulse was observed again after the driving 
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Fig. 7.29. Experimental results of Phillips et al. [178] showing storage of a laser 
pulse in an atomic medium. From D.F. Phillips, A. Fleishhauer, A. Mair, R.L. 
Walsworth, M.D. Lukin: Phys. Rev. Lett. 86, 783 (2001). Copyright (2001) by the 
American Physical Society 


field was turned back on. It was also observed that the amplitude of the 
released pulse decreased with an increasing storage time interval. This effect 
was related to a long but nonzero lifetime of the Zeeman atomic coherence. 

To summarize our study of the adiabatic transfer and photon storage 
phenomena, we briefly explain the meaning of storage of light in an atomic 
medium. One could think about the storage of a light pulse as a temporary 
stopping of the pulse within the medium. In fact, the concept of dark polari- 
tons showed us that the propagating pulse is coherently transformed into an 
atomic spin state (a so-called spin wave) when the driving field is turned off 
during the propagation, and later turned back into an optical field when the 
driving field is again turned on. In addition, the transformation of the pulse 
into the spin state is not accompanied by a transfer of energy and momen- 
tum from the probe pulse to the atomic ensemble. In the EIT process, an 
absorption from the probe pulse is followed by a stimulated emission into the 
driving field, and therefore the energy and momentum are actually deposited 
in the driving field. 


8 Quantum Interference in Phase Space 


So far, we have considered the effects of quantum interference on the atomic 
properties of systems. Here we wish to study the influence of quantum inter- 
ference on the electromagnetic fields themselves. As we shall see, this requires 
completely different approaches and methods. These methods have become 
known as phase-space methods. The use of semiclassical methods in phase 
space provides us with some physical insight into the properties of EM fields. 

We need to introduce a statistical description of the fields in the phase 
space framework. The density matrix @ is the conventional way of introducing 
probabilistic concepts into quantum mechanics. Whilst it is computationally 
useful, it is not an easy object to visualize, as its matrix elements are in 
general complex. The so-called quasi-probability distributions, to be defined 
in Sect. 8.2, however are real valued functions and may be represented by 
conventional 3D graphs. They also enable quantum-mechanical averages to 
be calculated in ways analogous to the averages in phase space of classical 
theory. The first few sections of this chapter are devoted to an introduction 
to these quantities, with the detailing of their relevant elementary properties. 
In fact, the quasi-probability function on which we concentrate is the Wigner 
distribution function, and we show how a knowledge of this quantity for a 
given field enables us to discuss the photon number distribution of that field. 
We then present the Wigner functions for some important fields. In later 
sections we calculate the photon number distribution for particular fields, 
concentrating on those fields that exhibit pronounced nonclassical properties. 
Finally, we discuss the Area of Overlap method, which provides physical 
insight into the appearance of nonclassical features in such properties as the 
photon number distribution. 


8.1 Phase Space in Classical and Quantum Mechanics 


In classical mechanics, the state of a system is specified by the values of the 
(generalized) coordinates gq; and momenta p; at some particular time. These 
quantities evolve uniquely according to the laws of motion. The quantity 
(di, 92;---,9M3 Pi; P2,---,PM) = (q,p) may be visualized as a point in a 
2M-dimensional space, called phase space, which moves along a uniquely 
defined trajectory. 
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Classical statistical mechanics deals with the situation where the initial 
values of the coordinates and momenta are not known with certainty, but can 
only be specified by a probability distribution P.i(q, p) for these quantities. 
Instead of a single initial point as in the deterministic case, we now have 
a whole ‘cloud’ of initial points, each of which evolves as time progresses. 
We can imagine the cloud changing its position and shape with time. The 
expectation value of any function of the coordinates and momenta may be 
evaluated as an integral over the whole of phase space: 


Ud. Pa = ii dq’dp’f(q’,p")Pala’,p') 5 (8.1) 


where dv = dvjidv2,...dvuy, v=q,p. From the joint probability, conditional 
probabilities can be obtained for the coordinates by integrating over the mo- 
menta, and for the momenta by integrating over the coordinates: 


P.(q’) = / dp’ P.i(q’, p’) , (8.2) 


Pa(p’) = / dd! Pade (8.3) 


When quantum mechanics was being developed, it was natural for the pio- 
neers to try to incorporate quantum-mechanical uncertainties in a phase space 
environment in a manner analogous to that used in introducing uncertainties 
into classical mechanics. However, it is clear that such an analogy cannot be 
complete, because in quantum mechanics the p; and q; are represented by 
non-commuting operators, which means that their values cannot be measured 
simultaneously to arbitrary accuracy. Thus there is no quantum-mechanical 
joint probability giving the probability density for the coordintates to have 
the particular value q’ whilst, at the same time, the momenta have the par- 
ticular value p’. Nevertheless, useful phase-space quantities have been devel- 
oped, called quasi-probability distributions, which we employ in this chapter 
to describe quantum interference effects in single mode electromagnetic fields. 

We base our discussion here on the harmonic oscillator, which also pro- 
vides a description of a single mode of the electromagnetic field. It is described 
in the second-quantized formulation by the Bose annihilation and creation 
operators @ and @'. If we have a prescription for calculating the averages of 
an arbitrary product of these operators, then we can evaluate any function 
of them that can be expanded in a power series. Actually, we need only a 
prescription for averages of a particular type of ordering of the factors of the 
product, for example the normally ordered products ((@')'4@"), in which all 
the creation operators are placed to the left of the annihilation operators, 
since any differently ordered product can be manipulated into a sum of prod- 
ucts of this type by means of the commutation relation [@,4'] = 1. In the 
next section, we describe how such averages may be evaluated. 

The annihilation and creation operators are related to the position and 
momentum operators of a one-dimensional harmonic oscillator of mass m and 
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frequency w by the relations 


h 
a A at 
. ef PUTO = ops 
p=-i (a—a'). (8.4b) 


Whilst it is possible to develop the phase-space theory in terms of the oper- 
ators g and #, it is more convenient for the electromagnetic field to base our 
description on the operators @ and @'. 


8.2 The Quasi-probability Distributions 


The density matrix @ is the conventional way of introducing probabilistic 
quantities into quantum mechanics. Whilst it is computationally useful, it 
is not usually an easy object to visualize, as its matrix elements are in gen- 
eral complex. The so-called quasi-probability distributions, to be defined in 
Sect. 8.2, however are real valued functions and may be represented by con- 
ventional 3D graphs. They also enable quantum-mechanical averages to be 
calculated in ways analogous to the averages in phase space of classical the- 
ory. We shall see that a knowledge of some of these distributions enables us 
to infer easily whether a given field is nonclassical — something that cannot 
usually be achieved from by inspection of the form of the density matrix. 

The quasi-probabilities are introduced through the characteristic func- 
tions. We define three of these, which are functions of the complex variable €, 
to deal with the three common kinds of operator ordering 


C™(£) = Tr[oexp(€a") exp(—£*4)] , (8.5a) 
C™(€) = Tro exp(—é*4) exp(€a")] , (8.5b) 
C)(£) = Trloexp(éat — €*4)] . (8.5c) 


Normally ordered, antinormally ordered, and symmetrically ordered averages 
may then be computed using the appropriate characteristic functions in a 
manner analogous to that employed with classical characteristic functions 


a om) 8.6a 
(aa) = seep OO, (8.60) 
an (ary = Oa) 8.6b 
(a (a ) ) dE™I (—E*)” (f) €=0 ’ ( ° ) 
ra) m+n) 

atyman]) = (s) ; 
(So [(a ) a ]) dE"d (ey? (f) €=0 ’ (8 6c) 
where So |---| indicates that the symmetrical ordering of the product in the 


brackets is to be taken. The symmetrically ordered product of a product of 
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annihilation and creation operators is defined to be the average of all possible 
orderings. For example, So [a?4'] = (aaal + aata + ataa) /3. 

These three definitions may be combined into one by making use of the 
Baker—-Haussdorf-Campbell formula. If two operators A and B have a com- 
mutator which is a c-number, this formula states that 


A+B A,B .—[A,B]/2 (8.7) 
In particular, we have 
Dé) = eft —8"4 _ ofa gE" Q—lé|?/2 : (8.8) 
from which follows the relationships 
C8) (2) = CM (ee HP? = CM (E)elél’/2 | (8.9) 


The unitary operator D(€) is an important quantity in quantum optics, 
and is known as the displacement operator. It is the generator of a number 
of important states. For example, acting on |0), the vacuum state of the 
electromagnetic field, it produces the coherent state |€), and acting on the 
Fock state |n) it produces the displaced number state |€,n). The displacement 
operators form a complete set of operators, in the sense that an arbitrary 
bounded operator F' may be expanded in terms of them. These properties 
are summarized below. 


De) =b(-9 = [de]. (8.10a) 
If) = D(@)I0) (8.10b) 
é.n) = D)In) (8.10¢) 
b= f 2 y@d-9, (8.104) 
where 
f(é) = DIFDE)] - (8.11) 


To combine the three definitions (8.5), we introduce the parameter p = 
0,+1. We define the characteristic function Cp(€) and present the inverse 
relation for the density matrix 0 below 


C,(€) = Trloexp(éal — €*4 + plé|?/2)] , (8.12a) 
dé at *A 2 
o= | cy) exp(eal + ea —pleP/2)], (8.12) 
where p = 0,+1. Then we have 


cM =C1(6); COH=C1O; CHO =Colé). (8.13) 
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The relation (8.12a) represents a mapping from the operator @, which is a 
function of the two operators @ and @!, to the scalar function Cy, which is a 
function of the complex variable €. 

Using the notation S,|---] to denote the normally ordered form of its 
argument if p = 1, the anti-normally ordered form if p = —1, and the 
symmetrically-ordered form if p = 0, we may write the three equations of (8.6) 
as one: 


oO (8.14) 

= : 8.1 

dE) (—E*)P 8°’ g=0 

However, the relation (8.14) does not always provide a convenient, prac- 
tical route for calculating the average of functions of the @ and 4@'. More 
convenient quantities for this and other purposes are the quasi-probabilities, 
which we are now in a position to introduce. 

Following the classic papers of Cahill and Glauber [179, 180], we define 
the three quasi-probability functions corresponding to the characteristic func- 
tions (8.12) by the relation 


wpa) = [ 2 c,@exm(ag"— 0°), (P= 041). (15) 


The inverse relation is 


cole) = f < Waa) expla’ - af"). (8.16) 


We note that (8.15) and (8.16) define essentially the two-dimensional Fourier 
transform and its inverse. 

From (8.15 and (8.16) we prove a useful relation between functions corre- 
sponding to two different density matrices — that is, to two different systems. 
We use the notation Cp,4(€) and W,,4(€) to denote the characteristic function 
and quasi-probability corresponding to the density matrix o,. Substituting 
from (8.16) into the integral over the product of the two characteristic func- 


tions 
[Ona a= | &a _—- W,2(8) 
x | Sew llat +66 - (a+ 6), (8:17) 


and using the two-dimensional delta function 


1 


5((a) = (x) 6(y) = = i dé exp(at® — aé) , (8.18) 


where x = Re(a), y = Im(aq), we find 
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/ 0 Cya(€)Cp2(é) = / aE Wp,1(€)Wp.2(-€) . (3.19) 


By a similar argument, we can show that the following relation is satisfied 


i a Cy1(€)Cp2(-€) = / aE Wo (E)Wp2(€) - (8.20) 


It may be shown that the symmetrized averages of (8.6) may also be 
evaluated as integrals of the appropriate quasi-probability functions: 


(S[(atynar]) = f S Ererwple), (8.21) 


where the integral is carried out over the entire complex € plane. This ex- 
pression demonstrates why the W, functions are called quasi-probabilities: 
the right-hand-side is formally identical to that for the classical average of a 
function with respect to a probability distribution W,(€). However, the func- 
tion W,(&€) in the quantum case we are considering here is not necessarily 
positive everywhere, and so cannot be generally identified with a probability 
distribution. This is one reason why it is termed a quasi-probability distri- 
bution. 

These functions are of great importance in quantum optics and have been 
given special names, as indicted in the Table 8.1, where we employ the more- 
or-less standard notation. 


Table 8.1. Quasi-probability distribution functions 


p Name Notation 

1 Glauber—Sudarshan P-function Wi(€) = P(&) 

0 Wigner function Wo(€) = W(&) 

-1 Husimi Q-function W_i(&) = Q(&) = (€lolé) 


In the following pages we cite a number of results without proof. Whilst 
all three quasi-probabilities are much used in quantum optics, we shall deal 
almost exclusively with the Wigner function, Wo() here. It satisfies the re- 
lations 


/ ae WoO=T, (8.22a) 
2 < Wolf) <2, (8.22b) 


for all density operators. 
We note that a different normalization is often used in the literature: 


is: W(é)=1. (8.23) 
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We use the symbol W = Wo/z to denote the Wigner function with this 
normalization. The normalization we have chosen leads to expressions which 
are symmetric between the characteristic functions and the quasi-probability 
functions. The use of Wo assumes a phase-space ‘volume’ of d?&/m whereas 
the use of W assumes a phase-space ‘volume’ of d?€. 

It can be shown that [63] 


Wo(a) = 2e~2!@"” / 


This expression provides a direct way of calculating the Wigner function from 
the density operator. 

To conclude this section we remark that the Wigner function is more 
frequently defined as 


d2¢ 


Tv 


(—Elaléje EP) (8.24) 


W (p,q) = =| dye 7¥?/"(q — ylola+y) ; (8.25) 
where p and q are defined in (8.4). It can be shown [63] that this definition 
is equivalent to (8.15). 

In this chapter, we have presented only a scant outline of the quasi- 
probability functions and their properties. The interested reader is referred 
to the text by Schleich [181] and the papers by Cahill and Glauber [179, 180]. 


8.3 Wigner Functions for Some Common Fields 


In this section we present analytic expressions that we illustrate with plots 
for some common states of the single-mode electromagnetic field. Our main 
purpose in this is just to give the reader some feeling for the nature of the 
Wigner functions for these common fields. The importance of Gaussian func- 
tion in these expressions will become apparent. Also, for a couple of these 
classes of fields — the Fock states and the squeezed states — we shall report 
the experimental measurements of their Wigner functions, and these can be 
compared with our theoretical plots. 


8.3.1 Fock States 


First we calculate the symmetric characteristic function when the field is in 
a Fock state |n) with exactly n photons in the field. The density matrix is 
then @ = |n)(n|. From the last of equations (8.5), we see that the symmetric 
characteristic function is 


Con(€) = (nl exp(Ea! — €*4)|n) = Da n(E) ; (8.26) 


where the notation Co,,(€) indicates the characteristic function for a state of 
the single-mode field with exactly n photons in it. 
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We need to evaluate the final factor of (8.26). Cahill and Glauber [179] 
obtain the more general result 


(n|D(€)|m) = Dam(€) 
1/2 
=) Ermer IEP/2zin—m) (le?) (8.97) 


from which we deduce 


Co,n(€) = En (él?) exp(—|€|?/2) , (8.28) 


where L,,(a) is the Laguerre polynomial of degree n. They also show [180] 
that the Wigner function for a Fock state with n photons is given explicitly by 


Wo,n(€) = 2(—1)"Dnn (26) = 2(-1)"e FFE, (4IE?) , (8.29) 
from which expression follows the result 
Wo,n(0) = 2(-1)” , (8.30) 


demonstrating explicitly that the Wigner function can take negative values. 
Negative values of the Wigner function are taken as an indication that the 
quantum state of the field it describes has no classical analogue — that is, the 
field is nonclassical. Equation (8.30) shows that Fock states — at least those 
for odd n — are highly nonclassical. 

Since Lo(\€|?) = 1, the Wigner function for the electromagnetic vacuum is 


Wo,o(€) = 2exp(—2IE[?) . (8.31) 


The Wo,n(€) are functions of |€|? only — that is, they have cylindrical sym- 
metry. This indicates that with Fock states, the photon number is precisely 
defined but the phase is undetermined: the Wigner function is independent 
of the phase of €. 

The Wigner functions describing the first few Fock states (n = 0, 1, 2,3) 
are shown in Fig. 8.1. The property that the Wigner functions for Fock states 
with n > 1 take negative values is clear in the graphs, and enables one to 
infer immediately that the corresponding states are nonclassical. 

We have stated before that the continuous, real-valued Wigner function 
possesses the advantage of clear visualization over the discrete, complex- 
valued density matrix. The Fock states however provide an exception to this 
rule, for the density matrix in this case is given, in the Fock state basis, by the 
expression Qn,m = On,m, Which could not be simpler! However, this expression 
does not convey obvious information about the non-classicality of the state. 


8.3.2 Coherent States 


If the field is in a pure coherent state, @ = |a)(a| and then the Wigner 
function is 
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Fig. 8.1. Wigner functions for the n = 0,1,2, and 3 Fock states as a function of 
x = Re(€) and y = Im(&) 
Wo,a(€) = 2exp(—2|€ — al*) . (8.32) 


This differs from the Wigner function of the vacuum field (8.31) only in that 
it is centred on € = a instead of on € = 0. Therefore, we do not present a 
separate plot for this function. 


8.3.3 Chaotic Field 


For the single-mode chaotic field with mean number of photons n, 


i ees ae 
~ 8.33 
0 ae (8.33) 


n=0 


and the Wigner function is again a Gaussian 


9 Q\é|? 
Wo(€) = mp1 oP (-s5) ; (8.34) 


whose width ,/n + 1/2 increases as 7 increases. 


8.3.4 Squeezed Coherent States 


All the Wigner functions considered so far have been cylindrically symmetric. 
Next we consider the case of a squeezed state, which does not have this 


346 8 Quantum Interference in Phase Space 


characteristic, but does retain the Gaussian property. A single-mode squeezed 
state |a,¢) is defined as 


la, e) = D(a)S(e)|0) , (8.35) 
where 
Se =ex sera’ = seta"? | (8.36) 


is the squeeze operator, with « = rexp(2iy), r being the squeeze factor 
and D(a) the displacement operator. We take w = 0 for simplicity. Writing 
€E=x+iy, a= 2X + iyo, the Wigner function for ~ = 0 is 


Woso(&) = 2exp |-2 = 2 Gas). e*| _ (8.37) 


The Wigner function for a squeezed state with r = 1, and a = 0 is shown in 
Fig. 8.2. The choice r = 1 corresponds to the fluctuations in the y-direction 
being squeezed, and those in the x-direction increased. The contours of this 
Wigner function are ellipses, as is apparent from (8.37), with semi-major 
ellipse exp(r) and semi-minor ellipse exp(—r). The Wigner function for a 4 0 
would be similar, except that it would be centred on € = a rather than on 


£=0. 


y ae 


Fig. 8.2. The Wigner function for the squeezed state |a,¢) with a = ~ = 0 and 
r=1 


8.4 Expansion in Fock States 


In this section, we obtain a general expression for the Wigner function, which 
we decompose into a classical, ‘mixture’ part and a term that we identify with 
the quantum interference contributions. 
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The Fock states, |n), (n = 0,1,2,3,...) form a complete set, and so we 
may expand an arbitrary density operator @ in terms of these states as 


(8.38) 


m,n=0 
We write (8.12a) as Co(&) = Tr[eD(§)] and substitute for o@ from (8.38) to 
obtain the expression 


CO 


Co(€) = oe Tr[@m,nDn,m(§)] : (8.39) 


m,n=0 


We may now substitute for Co(&) in the definition (8.15) of the Wigner func- 
tion, when we find 


9 oo 
Wola) = | ae S,, Om,nD ak £) exp(agé* —a *€) 


m,n=0 


= ss ae eee od (8.40) 
m,n=0 
where 
A 2 A 
T(a) = <s exp(agé™ — a*£)D(E) (8.41) 


is an operator introduced by Cahill and Glauber [179]. They showed that 
Tn,m(a) = (n|T(a)|m) = 2(-1)™ Dn m(2a) , (8.42) 
which, in conjunction with (8.40), gives us 
=o sre ie te Dita Duy (8.43) 
m,n=0 


Using (8.27), we may rewrite this expression explicitly in terms of Laguerre 
polynomials: 


=2 5 "ean (ME) ayn 


m,n=0 


xe Ziel? Lm) (4) a?) (8.44) 


We have seen that quantum interference is associated with the persistence 
of coherences — that is, off-diagonal density matrix elements. It is therefore 
convenient to separate (8.44) into the sum of two terms, the first of which, 
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the ‘mixture’ part, represents the contribution of a corresponding system in 
which the density matrix (8.38) is replaced by the diagonal form 


o> gm = > Balas (8.45) 
n=0 


and the second of which is the sum of off-diagonal terms, which we take to 
represent quantum interference effects. This procedure leads to 


Wo(a) = Wo"(a) + Wo(a) 5 (8.46) 


where 


CO 


Wa" (a) = 2e-7I” S*(-1)" Onn Ln (Ala?) , 


n=0 


2 = m. Ae 
wa(a) = 4-2? ayn (EY aly ™omn 


m>n=0 
x L"—™) (Aa?) cos [On,m + o(m—n)] , (8.47) 


with L,,(x) = L© (2), and the sum in the final line is over values of m and n 
with m > n. We have written a = |a| exp(id), Omn = |Om,n| exP(iOm,n) and 
made use of the hermiticity of @ and D. The summand in (8.47) is the complex 
conjugate of the corresponding term with m and n interchanged. Written in 
this fashion, expression (8.47) makes clear that W@ depends on the phases of 
the density matrix and the complex variable a. 

The term W5"(a) is the Wigner function which describes an initially co- 
herent quantum system in which all the off-diagonal elements have decayed 
away (by decoherence), resulting in a ‘mixed’ density matrix. 


8.5 Superpositions of Fock States 


In this section, we consider states which are superpositions of two Fock states. 
Such states were of interest some years ago because they exhibit nonclassi- 
cal properties such as photon antibunching and quadrature squeezing. They 
provide one of the simplest illustrations of the ideas of quantum interference 
in phase space, as well as a simple illustration of the use of (8.46). 

We study states of the type 


|Yn) = Ao|0)+ Anin), — |Aol? + An]? =1, (8.48) 


where we shall consider only the cases n = 1 and n = 2. We always include 
the vacuum state, because its low noise properties (as compared with higher- 
order Fock states) are needed in order to make fluctuations below the vacuum 
level possible. 
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A number of schemes have been suggested for preparing superpositions 
of Fock states. The state |Y,) = Ag|0) + A;|1) for example may be produced 
in a Jaynes-Cummings system with the cavity field prepared initially in the 
vacuum state and the two-level atom prepared in a coherent superposition of 
its upper and lower states. Alternatively, one can employ a linear directional 
coupler with the vacuum state in one input port and the one-photon state in 
the other port. 

If we take the quadrature operators x 1 and Das to be the real and imagi- 
nary parts of the annihilation operator, we have 

x @+at -  4&—al 


AG = Cn : 8.49 
1 D ’ 2 i ( ) 


These operators satisfy the Heisenberg uncertainty relation 


((A¥1)?)((AX2)?) > = =C?, (8.50) 
where ((AX)?) = (X?) — (X)? denotes the variance of the operator X. If 


the fluctuations in one quadrature, say X ,, are reduced below the vacuum 
level C: 


(AG Ve. (8.51) 


then they are said to be squeezed. The fluctuations in the quadrature X> must 

be correspondingly enhanced, so that (8.50) is satisfied. Squeezed fields, as 

defined above, are nonclassical fields — they have no classical analogue [182]. 
If, in addition to (8.51) being satisfied, the equality in (8.50) holds, i.e. 


((A¥1)?)((AX2)?) = C? , (8.52) 


the squeezing is said to be ‘ideal’. 
It is straightforward to obtain the expressions 


Var(X1) = : + ; (ata) + Re(47)=2 (Re(a))”| (8.53a) 
Var(X2) = : + ; (ata) — Re(a?) +2 (Im(@))”| (8.53b) 


For the case n = 1, the variance in xX 1 is found to be 
a. 1 21 De 038 
((A%1)*) = 7 +A? | 5 — (1 = [Ail c08?Q)] (8.54) 


where A, = |A,|exp(iC), and the variance in X is given by the same ex- 
pression except for cos ¢ being replaced by sin¢. The minimum in ((AX,)?) 
occurs when |A,| = 1/2 and ¢ = 0. 

For the case n = 2, the variances in Ne 1,2 are 
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Fe 1 V2 
((AX12)*) = a7 |A2|? + > IA! I= '|Agl? cos ¢ 4 (8.55) 


the ‘plus’ sign referring to X, and the ‘minus’ sign to X». The minimum in 
((AX1)?) occurs when |Ag|? = 1/2 — \/1/6 and ¢ = 0. 

The Wigner functions of squeezed states possess contours that do not 
exhibit cylindrical symmetry, unlike the other examples of Wigner functions 
we have considered to date. They depend upon the phase ¢ of the phase-space 
variable a = |a|exp(id) — hence squeezing is said to be a phase-dependent 
nonclassical property. Typically, the contours are roughly elliptical, with the 
minor axis of the ellipse corresponding to reduced (i.e. squeezed) fluctuations 
compared to the vacuum level, and the major axis to enhanced fluctuations. 
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Fig. 8.3. The Wigner function for the state |V,) as a function of « = Re(&) and 
y = Im(€). Frames (a) and (b) present W5"(€) and Wj (&), whilst Frame (c) gives 
their sum, Wo(). Ao and A; are assumed real, with A; = 1/2. Frame (d) presents 
the base contours for Wo(&) (solid line), together with one circular contour from 
W6"(€) (at height 0.1 — dashed line) for comparison. The elliptically symmetric 
contours for Wo(£) indicate phase-sensitive noise properties. In this case, there is 
modest squeezing 


The Wigner function for the superposition state (8.48) is easily evaluated 
from (8.46). It is displayed in Fig. 8.3 as a function of x = Re(€) and y = 
Im(&) for the case n = 1 — the state |W,) is a linear superposition of the 
vacuum and n = 1 states. In the figure, we take A; = 1/2 and Ag = V3/2. 
Thus Ap and A; are assumed real. These values are the ones that give rise 
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to maximum squeezing, although the maximum squeezing possible for this 
state is quite modest: the minimum value of ((AX1)?) is ((AX1)?)|\min = 
3/16, as compared with the vacuum level, ((AX1)?)|vac = 1/4. Frames (a) 
and (b) present the cylindrically symmetric mixed part Wj” (€) and the phase- 
dependent quantum interference part W((€), respectively, whilst Frame (c) 
gives the sum, the total Wigner function Wo(£). In Frame (d), the contours 
of Wo(€) are presented. It is seen that the contours change from circular 
in the case of the mixed part Wj”(€) to elliptically symmetric for Wo(&), 
indicating that the fluctuations have become phase-dependent in the latter. 
It is apparent that the fluctuations in the y-direction are reduced compared 
to those in the z-direction. The state |W) also exhibits photon antibunching. 
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Fig. 8.4. The Wigner function for the state |W2) as a function of « = Re(&) and 
y = Im(€). Frames (a) and (b) present W5"(€) and WJ (€), whilst Frame (c) gives 
their sum, Wo(€). In these three frames, Ap = (1/2 — \/1/6)'/?, and Apo is also 
real. Frame (d) presents the base contours for Wo(&) (solid line), together with one 
circular contour from W,"(€) (at height 0.1 — dashed line) for comparison 


We now repeat the calculation for the case of |W2) — the superposition 
of the n = 0 and n = 2 Fock states. In this case, the value of Ag for maxi- 
mum squeezing is Ay = (1/2 — ,/1/6)'/?, and Ag and Ag are assumed real. 
Somewhat better squeezing is possible for this system, ((AX1)?)|min = 0.138, 
as compared with ((AX1)2)|min = 0.1875 for the one-photon superposition 
state. The Wigner functions and contours for |W2) are shown in Fig. 8.4. 
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It is straightforward to show that for the n-photon superposition state 


y 
(a*) = / < €*Wol€) = VnlASAndzn - (8.56) 
This demonstrates that superpositions of Fock states may possess nonzero 
values of (a*), k #0, in contrast with pure Fock states. This is a necessary 
condition for the occurrence of phase-sensitive nonclassical features such as 
quadrature squeezing. In particular, the state |W.) exhibits a nonzero mean 
value of the electric field. 


8.6 Experimental Considerations 


Here we briefly consider how some of the states we have discussed in the 
previous sections can be investigated experimentally. In particular, we will 
illustrate experimental reconstruction of Wigner functions and production of 
single-photon states. 


8.6.1 Reconstruction of Wigner Functions 


It is possible to experimentally reconstruct the Wigner functions of field 
states, using recently developed methods of quantum state reconstruction. 
There is not sufficient space to discuss these methods here. Instead, we refer 
the reader to the text by Leonhardt [183], for example. 

We mention the experiments of Breitenbach et al. [184], in which the 
Wigner functions for the coherent state and quadrature squeezed states were 
reconstructed from measurements of the quantum statistics of their electric 
fields. Figure 8.5 illustrates these. Using the technique of optical homodyne 
tomography, they were also able to measure the photon statistics and the 
absolute values of the density matrix elements of these states. 

The Wigner function of the single-photon Fock state has also been recon- 
structed [185]. In these experiments, also by the Konstanz group and making 
use of homodyne tomography, single photon states were produced by the pro- 
cess of parametric down conversion. Using tight filtering, the state produced 
by this system approached a single-photon state in a reasonably well-defined 
optical mode. However, various unavoidable experimental effects resulted in 
the admixture of the vacuum into the measured state. The results are shown 
in Fig. 8.6. It can be seen from the diagonal density matrix element plot that 
about 45% of the vacuum state is mixed into the one-photon state. However, 
the reconstructed Wigner function still shows nonclassical features — it be- 
comes negative in the neighbourhood of the origin. (Although its minimum 
value is much less than the minimum value of —2/7 for the pure one-photon 
Fock state.) 
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Fig. 8.5. The left-hand side shows the noise current and the centre shows the 
quadrature distributions. The right-hand side shows the reconstructed Wigner func- 
tions of generated quantum states. From the top, these are: coherent state, phase- 
squeezed state, state squeezed in the ¢ = 48° quadrature, amplitude squeezed state, 
and vacuum state. The noise traces as a function of time show the electric fields’ 
oscillations in a 47 interval for the upper four states, whereas for the squeezed 
vacuum a 37 interval is shown. The quadrature distributions can be interpreted 
as the time evolution of the wave packets (position probability densities) during 
one oscillation period. For the reconstruction of the quantum states, a 7 interval 
suffices. From the paper by G. Breitenbach, S. Schiller, J. Mlynek: Nature 387, 471 
(1997). Copyright (1997) by Nature, with permission 


8.6.2 Production of Single-Photon States 


As we have seen, pure Fock states are highly nonclassical, and it is of great in- 
terest for fundamental physics to have convenient means of producing them. 
In particular, much attention has recently been devoted to the problem of 
producing single-photon Fock states, on demand. This is because these states 
are needed for such applications as quantum cryptography, quantum informa- 
tion processing, and quantum computation. It is important for these applica- 
tions that the single-photon state is pure — that is, there should be negligible 
admixture of states |n) with n £ 1. 
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Fig. 8.6. Experimental results of Lvovsky et al. [185]: (a) raw quantum noise data 
for the vacuum (left) and Fock states (right) along with their histograms corre- 
sponding to their phase-randomized marginal distributions; (b) diagonal density 
matrix elements of the state measured; (c) reconstructed Wigner function, which 
is negative near the origin. The measured efficiency is 55%. From A.I. Lvovsky, H. 
Hansen, T. Aichele, O. Benson, J. Mlynek, S. Schiller: Phys. Rev. Lett. 87, 050402 
(2001). Copyright (2001) by the American Physical Society 


One way of producing single photons is by the excitation of a single atom 
or molecule, which then decays by spontaneous emission, emitting a sin- 
gle photon. The first demonstration of the production of |n = 1) states by 
De Martini et al. in 1996 [186] employed this approach. In their experiments, 
a single Oxazine 720 molecule in a microcavity trap was excited with a mode- 
locked laser at a rate of 100 MHz. It was demonstrated that single-photon 
states were generated over a single field mode with a markedly sub-Poissonian 
distribution. 

Since this time, single-photons sources have been demonstrated in a range 
of systems, including molecules, mesoscopic quantum wells, colour centres, 
trapped ions and semi-conductor quantum dots. References to these works 
can be found in the paper by Santori et al. [187]. Research in this field 
continues to be very active. 


8.7 Photon Number Distribution 


The photon number distribution, P,, is an important property of the single- 
mode field. It is given by the diagonal elements of o in the Fock state basis. 


P= Ona: (8.57) 
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For the field in a pure state expanded in terms of the Fock states, 


|) = So enn) , (8.58) 
n=0 


and then P,, is easily determined by 
P= le", n=0,1,...,0. (8.59) 


Thus for the states studied in the last section, |W,,) = Ao|0) + A,|n), the 
photon number distribution is very simple: 


| Aol? ; k=0 
a |A,,|? , k=n (8.60) 
Os: any other k. 
For the coherent state 
lal2/2~ a” 
la) =e eP/25~ mania! . (8.61) 
n=0 ° 


the photon number distribution is a Poisson distribution 
2 Ja? =|al? 


To conclude, we wish to derive a general expression for the photon number 
distribution in terms of the Wigner function for the system under consider- 
ation. Substituting (8.12b), the inverse Fourier transform which relates the 
density matrix to the symmetric characteristic function, in the expression 
P, = (nl|o|n), we obtain 


2 
Py = [| Scolg)(nlexr(—ga + €*@)In) (8.63) 
Using (8.26) we find 
2 
n= | A ColCon(-8) (8.64) 


or using (8.20), this may be written as 


Pr= f Swewonl®), (8.65) 


where Wo,,,(€) is the Wigner function for a Fock state with n photons. 

It is apparent from (8.65) that the photon number distribution of an 
arbitrary field is given by the overlap of the Wigner function for that field 
with the Wigner functions of the Fock states. 
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8.8 Superpositions of Coherent States 


In this section, we show how quantum interference between the component 
states in a superposition of coherent states may result in nonclassical effects. 
Quantum interference will be associated with nonzero values of the coher- 
ences — the off-diagonal elements of the density matrix in the coherent state 
basis. We calculate the Wigner functions for some examples of these states, 
and examine such properties as the photon statistics and squeezing for non- 
classical features. 


8.8.1 Superposition of N Coherent States 


We first consider the general case of a state |W) which is a superposition of 
N coherent states |a;) before specializing in later sections to the case N = 2. 
The state is 


N 
|W) = ZV? 5 es a4) , (8.66) 
j=l 


where Z!/? is a normalization factor, given by 
-1 
1 2 
Z=<(N+ 2 ec zie cos [0; — 0% — Im (a5ax) | . (8.67) 


k>j 


The values of the phases 6; determine whether the quantum interference 
between the coherent states is constructive or destructive. 
The corresponding density matrix is 


N N, 
0=ZY_a;){ag|+Z S— las) (awl —™ , (8.68) 
jel j,k=1 


where the prime on the sum means that terms with 7 = k are excluded. The 
corresponding Wigner function is therefore 


N N, 
Wo,ca,...anv (8) = Z>~ Wo,0;(8)+Z S> Wo,sn(B) 5 (8.69) 
j=l j,k=1 
where 
Wo,a; (8) = 2exp (—2|8 — a; |”) (8.70) 


is the Wigner function of the coherent state |a;), and Wo,;~(3) is the Wigner 
function describing the quantum interference between the states exp(i0;)|a;) 
and exp(idx)|ax). It is given by the expression 
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Wo x(8) = 2exp 4 —5lay ~ axl? — 2Re [(ay ~ 8)"(ax ~9))b (8.71 
x cos ®;,% , 
where 
®;, = 6; — 0, —Im (ajax) + 2Im [(a; — B)*(ax — B)] . (8.72) 
With the aid of a little algebra, (8.71) and (8.72) may be rewritten as 


Wo,ju(8) = 2exp [-2|8 — (aj + ax)/2I] cos Bj x , (8.73a) 
Dj ~ = 9; — 9% + Im (ajax) + 2Im [G* (aj — ax)] . — (8.73b) 


Using (8.64), the photon number distribution may be evaluated and sim- 
ilarly written as the sum of two terms: 


N N , 
baer ee = i ae oe +Z > Pry gik ’ (8.74) 
j=l j,k=1 
where 
= la |P" [2 ve 
Pra = ial exp (Ja, ) ) (8.75) 
and 


ges | 1 
Prijk = ( i) eXP |5 (laj|? + ox”) 


x cos (0; — AO, — NO;x) , (8.76) 
with 0;, given by 
tan Oj, = — (a5) . (8.77) 
Re (a* a) 


where P,,., is just the photon number distribution of the coherent state |a;), 
and P,,,j;~ is the contribution due to quantum interference between the two 
coherent states exp(i9;)|a,;) and exp(i™;,)|ax). 


8.8.2 Two Coherent State Superpositions 
Here we study superpositions of the form 
IW>) = Z"/? (la) +e] —a)) , (8.78) 


where 
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2 —1 
Le E (1 +e 2" cos 0)| (8.79) 


and a is real. The state |W) is an eigenstate of the square of the annihilation 
operator 


G?|Wo) = a?|V2) . (8.80) 
States of this form, with particular values of 0, have been much studied. 


Table 8.2 lists these, with their common notations. 


Table 8.2. State names for various 0 values 


6 State name 
0 Even coherent state 
T Odd coherent state 


m/2 Yurke-Stoler coherent state 


These states have been termed ‘Schrodinger cat states’. Schrodinger’s cat 
was a cat kept in a box in a quantum mechanical state that was a linear 
combination of the states ‘cat dead’ and ‘cat alive’. Only when a measurement 
was made did the cat definitely belong to just one or the other of these states. 
Until this measurement was made, the cat was neither alive nor dead. The 
state (8.79) is in some ways analogous to the Schrédinger cat state, with |a) 
say corresponding to the cat being alive, and the state | — a) to the cat being 
dead. The important difference is that the states | + a) are no way near as 
complicated as the wave-function of a cat! However, we remind the reader 
that the coherent states are the best approximation to a classical state, with 
well-defined amplitude and phase, that one can obtain in quantum mechanics. 
For large amplitudes, these may be considered in a sense macroscopic states. 

The contribution to the Wigner function from the diagonal terms in 
(8.68) is 


Wo,a = 2 [exp(—2| — al?) + exp(—2|6 + al?)] , (8.81) 


whilst the quantum interference contribution, which arises from the off- 
diagonal terms, may be written 


Wo,od = 2 exp (—2|G|”) cos [9 — 4aIm ()] . (8.82) 


The Wigner function corresponding to the diagonal terms of 0 is shown 
in Fig. 8.7(a). It is essentially the Wigner function which would be obtained 
if the system was described by a statistical mixture of states 


oS Ss loz) (ayj| - (8.83) 
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This is the density matrix which one would expect to obtain if strong deco- 
hering processes were operating. These would have the effect of eventually 
making the off-diagonal (quantum interference) terms of (8.68) zero. 


(a) (b) 


05-0 2 is” 2h = 
X y X y 


Fig. 8.7. The Wigner function of (b) the even coherent state, (c) the odd coherent 
state and (d) the Yurke-Stoler coherent state, against x = Re@ and y = Im{, for 
a = 2. Frame (a) presents the Wigner function of the mixed density matrix (8.83) 
for comparison 


Figure 8.7 presents the Wigner function of the even, odd and Yurke— 
Stoler coherent states, respectively, for the case a = 2. It is evident that the 
off-diagonal terms of (8.68) strongly modify the diagonal terms, which are 
shown in Frame (a). The nonclassical nature of the states corresponding to 
Frames (b) — (d) is apparent from the areas of phase space where the Wigner 
functions become strongly negative. These states may therefore be expected 
to show nonclassical physical properties, some of which we now describe. 

First we consider the photon number distribution. From (8.76), this may 
be written as 


or" Tae el)? 


Pm = oN 
iy nl e® + ne“? 


(8.84) 


where 7 = cos@é = +1,-—1, or 0 depending on whether we are treating an 
even, odd or Yurke—Stoler coherent state, respectively. It is immediately clear 
that the photon number distribution is zero for odd values of n for an even 
coherent state, and zero for even values of n for an odd coherent state. The 
nonzero values of P, possess a Poissonian envelope. The zeros in the photon 
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number distribution for 7 = +1 are very striking manifestations of quantum 
interference. The photon number distribution of the Yurke—Stoler coherent 
state is simply a Poisson distribution. 

To give an explicit example, the photon number distribution of the even 
coherent state is 


a2” 1 


pi) a = . 
‘ n! cosh(a?) " ’ 


(8.85) 


where A,, = 1 if n is even, and A, = 0 if n is odd. This distribution is 
illustrated in Fig. 8.8 for a = 4. 


Fig. 8.8. The photon number distribution of the even coherent state, with a = 4. 
The zeros at odd values of n are due to quantum interference. The solid line is the 
corresponding Poisson envelope 


Another nonclassical feature is sub-Poissonian statistics. We recall that a 
coherent state, the quantum field that most closely approximates a classical 
field, possesses Poissonian statistics. A Poisson distribution P,,n = 0,1, 2,... 
possesses the property that its variance (n?) — (n)? is equal to the mean 
(n): (n?) — (n)? = (n). If the variance of a quantum field is such that 
(n?) — (n)? < (n), the field has no classical description, at least in terms 
of the P-function, defined in Sect. 8.2. Deviations from Poissonian behavior 
are frequently measured in terms of the Mandel @ parameter, defined by 


(n?) — (n)* — (n) 
Q= (8.86) 
(n) 
If a field is such that Q = 0, the field is called Poissonian, if Q > 0, the field 
is called super-Poissonian, and if Q < 0, the field is called sub-Poissonian. 
The latter is the case of most interest, because it describes a field with no 


classical analogue — that is, a nonclassical field. 
From (8.84) we find, for the field described by the state (8.79) 


(n) = a? (tanha?)” , (8.87a) 
(n?) = (n) +04, (8.87b) 
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from which we deduce that 
2077 


sinh(2a?) ~ oe) 


Qn _ 
Thus the even coherent state (with 7 = 1) possesses super-Poissonian statis- 
tics, the odd coherent state (with 7 = —1) possesses sub-Poissonian statistics, 
and the Yurke—-Stoler coherent state (with 7 = 0) is Poissonian. 
Finally, we briefly discuss squeezing in these cat states. Using (8.5), we 
find 


A 1 a? 
Var(X1) = 8.89 
—2a 
‘ 1 (n +e ) 
Vat )=——a7e 2* ~ — __... (8.89b) 
4 2\2 
(1 + ne~2*) 


A 


Quadrature squeezing occurs if either variance satisfies Var(X;) < 1/4. It 
is clear that there is no squeezing in X, whatever the value of 7. However, 
squeezing occurs for a > 0 in A AE 7 = 1 or 7 = 0. No squeezing occurs in 
the odd coherent state (7 = —1) in either quadrature. 

It is worth remarking that the concept of higher order squeezing has been 
introduced by Hong and Mandel [188]. It defines a nonclassical effect when 
the variance of the Nth power of a quadrature operator (Var(X)‘), N > 1) 
is smaller than its value in a coherent state of the field. This is termed 2Nth 
order squeezing. It has been demonstrated that fourth order squeezing can 
occur for the X> quadrature, for certain values of a, for all three cat states, 
7 = +1,0. 


8.9 Photon Number Distribution of Displaced Number 
States 


As another example of a field that shows quantum interference effects in its 
photon number distribution, we consider the displaced Fock states, defined 
in (8.10c) as |€,k) = D(€)|k). It can be shown that their photon number 
distribution is given by 


—r,n—k 


oot : nikir®(—r)™ 9 
Pr(r) = nik! ye ml (n a m)!} 7 SNe 0) 


In particular, for k = 1 and 2, we have 


(r—n)*, (8.91a) 


—— ln? = n(r 1) +r]? . (8.91b) 
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These are shown in Fig. 8.9 for r = 20. For this value of r, the distribution 
Pi(r) has an exact zero at n = 20 and P?(r) has exact zeros at n = 16 and 
n = 25 (total destructive interference). 


Fig. 8.9. The displaced number states P*(r) for r = |e|? = 20 for (a) k = 1 and 
(b) k=2 


8.10 Photon Number Distribution of a Highly Squeezed 
State 


A state with an interesting photon number distribution is the squeezed state, 
(8.35). For small degrees of squeezing, the photon number distribution does 
not show any particularly exciting features, but for large degrees of squeez- 
ing, it exhibits interesting oscillations in the tail, and can show zeros. Such 
oscillations and cancellations are typical of interference effects, and we shall 
show below how they can be attributed to quantum interference. An example 
is presented in Fig. 8.10, where we take a = 5 and r = 1.5, with phase w = 0. 
This corresponds to a state (8.37) highly squeezed in the y-direction. 

We substitute into (8.64), using (8.37) and (8.29) with a assumed real. 
We also write « = exp(2r) and € = a+ iy. Then we have 


P. = cs Pew) (8.92) 


where 
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0.12 
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0.08 


n 
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Fig. 8.10. The photon number distribution of the squeezed state (8.35) with a = 5 
and r = 1.5 (« = exp(2r) ~ 20), and phase # = 0 


f(z, y) = Wo()Wo,n(&) 
= 4(—1)” exp(—2]€|?) Ln (4l€|?) 
x exp (—2ey”) exp [-2(2 — a)? /e] , (8.93) 


treating d7é as dady. 

To gain insight, we plot the two factors of the integrand, and the integrand 
itself, in Fig. 8.11. The state is highly squeezed in the y direction: ¢ ~ 20. 
The Wigner function for this state is illustrated in Frame (a). Its contours 
are ellipses, severely elongated in the x-direction. In Frame (b) we plot the 
Wigner function for the Fock state with n = 30: Wo,30(&). [Note that in gen- 
eral, Wo, n(€) has n zeros.) This function is cylindrically symmetric about the 
z-axis, but we show only a segment of it. Note that the z- and y-ranges vary 
between different Frames of the figure. The significant feature of the Wo,30 
plot is that it consists of a series of maxima and minima oscillating between 
positive and negative values until the final zero is reached, after which the 
function is wholly positive, reaching a maximum value and thereafter decay- 
ing monotonically to zero. [This is easier to see in Frame (a) of Fig. 8.12, 
where we present the radial variation of Wo,30(€) in a two-dimensional plot.] 
We shall refer to the region of phase space from the final zero of Wo,30(€) to 
the value of |€| where Wo,30(€) first ceases to be significant as the outer ring 
of the Fock Wigner function. 

The significant contributions to the integral (8.92) come from the areas 
of overlap of the two Wigner functions shown in Frames (a) and (b). We 
consider this to consist of two parts. The first part derives from the overlap 
of Wo,sq with the outer ring of Wo,,, — this contribution is always positive. The 
area of phase space that contributes the most to the integral comes from two 
diamond shaped regions where a suitable elliptic contour of Wo,sq overlaps 
with the outer ring of Wo,,. The other part derives from the overlap of Wo sq 
with the inner, oscillating regions of Wo,,,. The overlap takes on positive and 
negative values as we move through this region of phase space. 
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The overlap (i.e. product) of the two functions in Frames (a) and (b), is 
the integrand f(x,y), which is shown in Frame (c), where it is apparent that it 
is symmetric about the plane y = 0. As described in the previous paragraph, 
the integrand is positive in the outer ring, whilst the region between consists 
of peaks and troughs which oscillate in sign. Frame (d) shows half the section 
of Frame (c), that is, the section sliced through the y = 0 plane, in order to 
display the central deep trough (which is largely obscured in the elevation 
chosen for Frame (c).) Again, these features are easier to visualize in Fig. 
8.12, where we present the section of f(x, y) through the x = 4 plane. In this 
figure, the contribution from the outer ring is small, but this is not necessarily 
always the case: the relative contribution of the two parts of the integrand 
depends upon the value of n. 


(a) (b) 


Fig. 8.11. Three-dimensional plots of the Wigner functions for (a) the squeezed 
state (8.35), with zo = 4 and ¢ = exp(2r) ~ 20, and (b) the Fock state with thirty 
photons. Frame (c) presents the product, or overlap, f(x, y) of these two quantities. 
It is the integrand in (8.92) for P,. For the outer two peaks, the integrand is positive, 
whilst it oscillates between positive and negative values in the inner region. Frame 
(d) shows half the region presented in (c), sectioned through the y = 0 plane, in 
order to emphasize the deep central trough, not evident in (c) 


Following this analysis, we perform the integrals by splitting the range 
over y into the three ranges —oo < y < Y_m, Y-m < Y < Ym, and y_m < 
y < co, where ys (x) denotes the two extreme zeros of f(x,y). Making use 
of the symmetry of the integrand, we have 
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f(4,y) 


Fig. 8.12. Two dimensional sections from Fig. 8.11. In (a), the radial variation of 
the Fock state Wigner function, Wo,n(x,0), n = 30, is shown [c.f. Fig. 8.11(b)] as 
the solid line, and Wo,16(x,0), shifted upwards by one unit, is shown dotted. The 
y = 0 section of the Wigner function for the squeezed state is shown dashed. For 
n ~ 30, the overlap of Wo,s, with the outer ring is very small, and the bulk of 
the contribution comes from the inner region. This contribution varies rapidly with 
n, and so P, is small and shows rapid oscillations. As the value of n is reduced, 
the overlap of Wo,sq with the outer ring increases, and the maximum values of P, 
increase. For n ~ 16, as we see in Frame (a), almost all the contribution comes from 
the (positive) outer ring, and P, becomes large. Eventually though, as n decreases 
further, the overlap of Wo,s, with the outer region decreases, and for sufficiently 
small n, tends to zero. Then P,, ~ 0. Thus the main features of Fig. 8.10 may be 
understood. In (b), the x = 4 section of the integrand f(x,y) from Fig. 8.11(c) is 
presented (for n = 30). The extreme zeros of this function are denoted ym and —Yym, 
and divide the integrand into outer regions where it has the same sign (positive for 
n even and negative for n odd) and an inner region where its value oscillates in sign 


oe) oe) co Ym (x) 
P= ) oy i dy f(x, y) +f dx au dy f(x,y). (8.94) 
—oo Ym (x) —oo ¥y 


ima) 


These integrals can be evaluated, at least approximately. See Schleich et 
al. [189] for details. They show that the first integral yields the result 


pix dye e-e(nt 3-7) 
= 2A, , 8.95 
a (n+ 4% —a?)1/2 72) 
whilst the second gives 
2A, cos(2¢n) , (8.96) 


where 
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d= f dr/a2 —a2?—7/4, 
In = V/nt+1/2. (8.97) 


The first integral is the contribution form the outer ring of the Fock state 
Wigner function, and the second is the contribution form the inner regions. 
We take ¢,, to be zero if 7, < Xo. 

Combining these expressions gives the final result 


P,, ~ 4An, cos” by, « (8.98) 


This equation, which is of central importance, shows obvious interference 
effects, through the presence of the factor cos? dn. 


8.11 Quantum Interference in Phase Space 


In this section we give a general presentation of interference effects in 
quantum-mechanical phase space. A full treatment requires extensive dis- 
cussion of semiclassical methods, which we do not have space to deal with 
here. Hence we present the main results, usually without proof. First we 
recall the Wentzel-Kramers—Brillouin method of obtaining solutions to the 
Schrodinger equation, as it plays a central role in the next topic, the Area 
of Overlap method. We then use this approach to obtain an approximate 
expression for the photon number distribution, whose accuracy we test by 
applying it to the calculation of the photon number distribution for coherent 
and squeezed states, whose exact photon number distributions are known. 


8.11.1 The WKB Method 


The Wentzel-—Kramers—Brillouin (WKB) method outlined here provides a 
convenient way of obtaining approximate solutions to the one-dimensional 
Schrodinger equation for a particle of mass m under the influence of a poten- 
tial V(a). We consider potentials where the corresponding classical problem 
gives rise to closed orbits in phase space. The WKB solutions to the quan- 
tum problem are excellent approximations in regions away from the classical 
turning-points of the potential, in the case of a potential V(x) that does not 
vary too rapidly. 

We seek eigensolutions u;,(x) of the one-dimensional Schrédinger equation 


d?uz(2) 2m 
da On ! 


Ex, —V(x)) up(z) =0, (8.99) 
where EF; is the corresponding energy eigenvalue. Setting 


pr(x) = {2m[E, — V(x)]}}1/? , (8.100) 
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the Schrodinger equation becomes 


Pugla) | DEC) 
dx? h 


This system has the classical phase-space trajectory 


tie (2) = 04. (8.101) 


Peiens() = {2m [E = V(a)|}? ) (8.102) 


a possible example of which is shown below in Fig. 8.13. 


10 
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Fig. 8.13. The classical trajectory and classical turning points, %-1 and 2-2 of the 
one-dimensional Schrédinger equation for a particle of mass m under the influence 
of a potential V(x) 


The WKB solution is 
cos [S;,(a) — 1/4] 


uy B(x) = Ny ; (8.103) 
Pr(2) 
where the normalization factor is 
1 Le2 d —1/2 
Ny = | = | (8.104) 
2 el Pk (x) 
and the phase-like contribution is 
1 Le2 
p(x) = + i igen. (8.105) 


The value of the energy eigenvalue E;, is given by the Bohr-Sommerfeld 
quantization condition 


9 ¢ da p,(x) = 2h (: + 5) (8.106) 
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where J; is the action. We have that Jpi1 — Jp = 27h, so that we may 
visualize the state uz(x) as occupying an area 27h in phase space, with the 
Bohr-Sommerfeld trajectory in the middle, see Fig. 8.14. We shall refer to 
this area as the Bohr-Sommerfeld band. 

These concepts are most useful in discussing quantum interference in 
phase space. 


Bohr-Sommerfeld 
trajectory 


(k+1)" orbit 


Fig. 8.14. The Bohr-Sommerfeld band (shown shaded) corresponding to the en- 
ergy eigenstate ux (x). It occupies the area of phase space between the classical orbits 
corresponding to energy eigenvalues given by J, = 27hk and Jp4i = 2nh(k + 1). 
The Bohr-Sommerfeld trajectory (8.106) lies in the centre of the band 


8.12 Area of Overlap Formalism 


The Area of Overlap method describes a general way of picturing quantum 
interference effects in phase space, in the semiclassical limit. In quantum me- 
chanics, it is the probabilities amplitudes which are additive, not the prob- 
abilities themselves as in classical mechanics. The Area of Overlap method 
identifies areas of phase space as contributors to the magnitude of the prob- 
ability amplitudes, and other areas as contributing to the phase. 

We frequently need to calculate the inner product of two wave-functions. 
For example, if a field is described by a pure state |), the photon counting 
distribution is given by 


Pr = |(b|n)/* , (8.107) 


where |n) denotes the Fock state. In the coordinate representation, the inner 
product is given by 


(ln) = f dew(x)on(x) (8.108) 


where 
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mW e 
n(x) = (x\n) = (71/22"n!) H,,(x) exp(—22/2) (8.109) 


is the Fock state wave-function in the coordinate representation, H,,(x) being 
a Hermite polynomial. The value of the inner product is determined by the 
extent to which the two wave functions overlap. 

In general, the magnitude of an inner product M;, = (u;(x)|u,(a)) of 
two wave-functions u;(x) and v;,(x) is determined by the degree to which the 
two wave-functions ‘overlap’. For large quantum numbers, the overlap may 
be visualized as the overlap of the corresponding Bohr—Sommerfeld orbits in 
phase space. In general, the centres of the orbits do not coincide. A possible 
example is shown in Fig. 8.15. 


u(x) 


Fig. 8.15. The overlap of the Bohr-Sommerfeld bands in phase space for the states 
u;(x) and uz(x). The overlap is shown shaded 


For simplicity, we restrict ourselves in this section to the case where the 
Bohr—Sommerfeld orbits overlap in just two distinct regions, as shown in 
Fig. 8.15. After some labour, it can be shown that in the limit of large quan- 
tum numbers j and & [181] 

‘ 2 : 

Ma Ave exp(iv;,n) + Aik exp(—ip;,k) , (8.110) 
where Aj, is the area of overlap of the Bohr-Sommerfeld bands of the two 
states, and the phase is the area enclosed between the two Bohr—Sommerfeld 
trajectories, as shown in Fig. 8.16. The transition probability is 


Wir = Mj. |? =4A;% cos? Y5,k > (8.111) 


an expression of the same form as the Wigner overlap integral (8.98). Equa- 
tions (8.110) and (8.111) are the formulae we shall use as the basis of our 
discussions of quantum interference in phase space. 

Our principal interest is in calculating the photon number distribution 
according to (8.107), so we take one of our functions, say v,z(xz) to be the 
Fock state wave-function. The appropriate potential is that for a harmonic 
oscillator of frequency w 
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f 


A j,k 


Fig. 8.16. The amplitude A; is the area of overlap between the two Bohr— 
Sommerfeld bands, the diamond shape shown as the black area, and the phase, 
j,k, iS the area between the two Bohr-Sommerfeld trajectories, shown shaded 


1 
V(a) = mwa ’ (8.112) 


This gives rise to the classical phase space trajectories 


Be ee oe (8.113) 
a is a)? 


which are ellipses. 
We introduce the dimensionless phase space variables X and P, by the 
relations 


mw D 
Mae, Pee 8.114 
2h V2hmw ( ) 


Corresponding to the operator relations (8.4), we have the simpler expressions 


a+al pac 


X= 
2 21 


(8.115) 


The operators X and P are identical to the quadrature operators X; and Xo, 
defined in (8.49).' In terms of these new variables, the trajectory (8.113) 
becomes a circle of radius ,/k + 1/2: 


P?4X?=k+1/2. (8.116) 


Hence, the Fock states v;,(a) are represented in the phase space {X, P} by 
a Bohr-Sommerfeld trajectory of radius \/k + 1/2, with the Bohr-Sommerfeld 
band occupying an area of 7 between the circles of radius Vk and Vk + 1. 


' As before, we use the ‘hat’ symbol to indicate an operator when there is the 
possibility of confusion with a scalar with similar notation. 
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8.12.1 Photon Number Distribution of Coherent States 


We demonstrate the area of overlap method by obtaining an approximate 
expression for the photon number distribution of a coherent state |a) = 
D(q)|0), which we consider as a displaced vacuum state. For simplicity, we 
take a to be real here. From (8.115), this corresponds to a displacement 


Xop=a, =U (8.117) 


According to the final paragraph of the last subsection, the ground state 
of the harmonic oscillator, k = 0, is represented in the phase space {X, P} by 
a Bohr-Sommerfeld band of radius 1/ /2. In this case, the ‘band’ is a circular 
disc, centred on the origin. The coherent state |a@), which corresponds to the 
vacuum state with its centre shifted by Xo, is therefore represented by the 
Bohr—Sommerfeld band defined by 


1 
(X—X)?+P= 5 (8.118) 
To calculate P,,, we need the area of overlap between the Bohr—-Sommerfeld 
bands of the coherent state and the nth Fock state. These are shown in 
Fig. 8.17. This is not a typical example, because the area of overlap in this 


I+ 


vacuum state 


Ss 
\ 


=< 


coherent state 


Fig. 8.17. The Bohr-Sommerfeld bands for the coherent state and the nth Fock 
state. The former is a circle of radius 1/./2 centred on (Xo,0), and the latter is 
the annulus between the circles of radii rn = /n and rn4i = Vn +1. The area of 
overlap of the coherent and Fock bands, An,a, is shown shaded, and the rectangle 
that approximates it is indicated by narrow, dashed lines 


case is just a single area, not two as depicted in Fig. 8.15. The phase y is 
thus zero. 

The Bohr—Sommerfeld bands which pass near the centre of the coherent 
state circle have n values which satisfy 


Vn+t1/2~ Xp=a. (8.119) 
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Bearing in mind that the radius of the coherent state circle is 1/2, only 
bands satisfying 


Xo —1/V2 < /n4+1/2 < Xp+1/Vv2, (8.120) 


have an area of overlap. For values of n outside this range, the area of overlap 
method predicts that the photon number distribution is zero: P, = 0, and 
there is no quantum interference. 

We can approximate the area Ay. by a rectangle, and calculate its width 
by elementary geometry. We assume a > 1. The rectangle corresponding to 
the nth Bohr-Sommerfeld band is centred at X, = \/n + 1/2. The breadth 
of the rectangle is 


1 1 
BZ ea 8.121 
eae 2/n  2Xo ety) 


the last step being valid near the centre of the distribution. Its height is twice 
the value of P(X) at X = Xn: 


je) on ane Rae 


(8.122) 
This gives, essentially, the photon number distribution of the coherent state 
according to the area of overlap method, as there is no phase y to consider 
here. We therefore find 


Upper @ Comer Coe laa 
P,~ Ana & Dial 0)" (8.123) 
? Xo 
Using X, = 4/n+ 5 and Xo = a, this may be written as 
1 : 1 ; 1/2 
Pa Ana a2 2a — (n+ 5 —a )] ‘ (8.124) 


The photon number distribution of the coherent state is well-known to be 
given exactly by a Poisson distribution: 


pooh — &  .- a? (8.125) 
n! 
2 
1 +5-0 
~ go (" 2° ) | (8.125b) 
ay/T aV/2 


where the second line is the well-known Gaussian limit of a Poisson distribu- 
tion. We have therefore to compare (8.124) and (8.125b). 

The distribution P°°* has its maximum value at n = a? — 1/2, as does 
Ana, but the half-widths are somewhat different. Furthermore, Ap,,q is zero 
for values of n outside the range (8.120), whereas P°°" is not. Clearly, the 
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area of overlap method in this form provides a rough approximation to the 
true distribution, but the qualitative agreement is not very good. 

There is, however, an improved version we can employ. In fact, it is a 
better approximation to take the area of overlap to be given by 


dXdP 
Ajn = // —— Won, Px, (8.126) 
D; 


where D; is the domain covered by the Bohr-Sommerfeld band of the jth 
Fock state and Wo, is the Wigner function of the field whose photon number 
distribution is being calculated. We shall call this approach the ‘WW-overlap’ 
method (‘WW’ for ‘Wigner-weighted’), calling A;,, the ‘WW-overlap’. 

In the present case 


Wo,con(X, P) = 2exp |-2 (Ks Ree 2P?| (8.127) 
In the limit m > 1, when the breadth of the nth band is very small, we have 


28 ns 
Ane = ——— Exp |-2 (An Xo)’| i, dPe~2?" 
1 


=O 


goo (“4a =) (8.128) 


where we have used (8.119), in agreement with (8.125). It is clear that the 
WW-overlap, (8.126), is much superior to the unweighted area of overlap. 


I2 


8.12.2 Photon Number Distribution of Squeezed State 


Next we consider the particular squeezed state (8.35) whose Wigner func- 
tion is 
2P? 


Wo,sq(X, P) = 2exp |—2e (X — Xo)* — Ee |3 (8.129) 


where € = exp(2r) is assumed large, so that there is pronounced squeezing. 
For the moment, we restrict our attention to the case where the squeezing 
ellipse is parallel to one of the principal axes. The situation is depicted in 
Fig. 8.18, which shows the Bohr-Sommerfeld bands of the nth Fock state 
and a contour of the Wigner function of the squeezed state. It is clear that 
when Xo ~ \/n+1/2, the overlap area, shown black in Frame (a) of the 
figure, is particularly large. 
The WW-overlap is given by 
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Fig. 8.18. The areas of overlap, shown black, between the Bohr-Sommerfeld bands 
of the nth Fock state and the Wigner function of the squeezed state (8.129) in (a). 
Only one contour of the Wigner function is depicted. The corresponding Bohr-— 
Sommerfeld trajectories are shown in (b). The overlap phase y is shown as the 
shaded area 


Ae [- dX exp [—2¢ (xX — Xo)’| 


Vn+1—x2 
‘I dP exp (—2P?/e) 
n—X2 
f/n+1—X2 f/n+1—X2 
~ dP —2P? 8.130 
= Jax? Jax? exp ( /€) y] ( ) 


where we have approximated the X-integration by the delta function 
\/m/ed(X — Xo). The P-integration may be performed by replacing P by its 
mean value when the integrand becomes constant. The result, using Xo = a, 
is 


1 exp |[—2(n+ 4-7) /e| | 


wre /(n+3-a2) 


The phase y,, is given by the shaded area shown in Fig. 8.18(b). 


An,sq — (8.131) 


1 
Ci = 3 shaded area — 1/4 
ee 
n+ 5 }tan™ |oynt5—a 
yee (8.132) 
aynt > —al— 7. ; 


The photon number distribution is given by 
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PPO — AA gg COS” Oy (8.133) 


The exact expression for the photon number distribution of a squeezed 
state is 
2 


1 a vB? Bp 
Pog SH | oR A == |] 48.134 
me nly (Gh) ep | 2 e( lu )I (a) ee 
where 
vy = sinh (rel) , f=coshr, and B=pa+t+va*. (8.135) 


Expression (8.133), with An.sq given by (8.130) and y, given by (8.132), 
agrees with the asymptotic value of the exact photon number distribution 
(8.134), in the limit n >> a?. Because our approach is valid only in the 
limit of large quantum numbers, we take both A, s4 and y, to be zero when 


n<a?’. 
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Fig. 8.19. The WS-overlap for the squeezed state. Anjsq is presented in (a), the 
approximate photon number distribution obtained from (8.133) is shown in (b), 
and the exact photon number distribution from (8.134) in (c). The parameters are 
a=7,r = 2.65 and wy = 0 


In Fig. 8.19, we compare the exact expression for the squeezed state 
photon number distribution, in Frame (c), with the approximate expres- 
sion (8.133), in Frame (b). We also present the plot for A, sq in Frame (a). 
We take a = 7 and r = 2.65. For this value of r the ratio of the major to 
minor semi-axes of the squeezing ellipse is (exp(2r))? = 2007. 

It can be seen that the agreement between the exact and approximate 
expressions for the photon number distribution is qualitatively good for val- 
ues of n somewhat larger than a?. It is also apparent that the influence of 
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the phase y,, is essential for producing the modulations in the tail of the 
distribution, which are characteristic interference features. 

We conclude this chapter with some suggestions for further reading. 
An excellent account of the Wigner function and other phase space quasi- 
probabilities can be found in the classical paper of Cahill and Glauber 
[179, 180]. A review of quantum interference effects in phase space is pro- 
vided by Buzek and Knight [190]. A comprehensive account of all aspects of 
quantum optics in phase space, including quasi-probabilities and quantum 
interference effects, is to be found in the recent text by Schleich [181]. 


9 Quantum Interference in Atom Optics 


Atom optics is simply too vast for us to follow all the recent developments, 
much less to survey only these effects involving phase coherence and interfer- 
ence phenomena in atomic motion and Bose-Einstein condensation (BEC), 
the major topic of the present book. Early BEC studies were mainly con- 
cerned with the very cold nature of BEC and did not reveal properties that 
directly reflected its coherent nature such as the phase of a condensate [191]. 
Understanding the coherent nature is essential for characterizing condensates 
as sources of coherent matter waves, and the formulation of the relative phase 
between two condensates has been a central issue of many theoretical and 
experimental studies. It is well established that a condensate behaves like a 
“oiant matter wave” that exhibits long-range coherent properties because its 
atoms occupy the same quantum state, with uniform spatial phase. 

We have chosen to focus attention on quantum interference effects in 
atomic systems where atom motion is significant. We emphasize phenomena 
in which phase and coherence between condensates are important, and we 
discuss different theories of the condensate phase. Throughout the book we 
have paid most attention to the interaction of atoms with laser fields and 
assumed that the atoms were stationary during the interaction. Since every 
photon carries momentum, the atomic momentum can be changed in the 
process of absorption and emission of photons. Therefore, the dynamical be- 
havior of atoms can be varied by the interaction with a radiation field. For 
a weak driving field, the influence of this field on the atomic motion can be 
neglected. However, the intensities of laser fields are generally very strong, 
and then the motion of the atoms can be considerably changed by the laser 
field. Here, we discuss this aspect, especially the effect of a driving field on 
the motion of atoms and the atomic momentum distribution. (We touched 
on this effect when we discussed the use of VSCPT methods in laser cool- 
ing in Sect. 5.1.6.) In particular, we consider the diffraction of atoms on by 
standing-wave laser field. We show that the standing wave forms an optical 
potential that creates a diffraction grating of the passing atoms. 
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9.1 Interference and Diffraction of Cold Atoms 


Consider a beam of two-level atoms, each with ground state |0) and excited 
state |1), moving in the xy-plane and passing through a plane standing- 
wave laser field, as shown schematically in Fig. 9.1. The standing wave can 
be treated as a thin phase modulator that creates an optical potential to 
produce a diffraction grating for the moving atoms. Suppose that the laser 
field propagates in the horizontal x direction, and the momentum of the 
atoms, before entering the laser field, is Po = P,t + P nae 


Fig. 9.1. Diffraction of moving atoms on a standing-wave propagating in the hor- 
izontal x direction 


The standing-wave laser field is equivalent to a superposition of two 
running-wave fields of the same amplitude, but opposite propagation vec- 
tors 


E(ax,t) = 2E  cos(kx) cos(w zt) 
= [Eo cos(wrt — kx) + Eqcos(wpt+ kx) , (9.1) 


where wy, is the angular frequency of the laser field, and k = 27/2 is the wave 
number. 

The Hamiltonian of the system of moving atoms interacting with a 
standing-wave laser field can be written in the standard form 


H=H,+Hp+ Hin, (9.2) 


where 


P? 
Har a — : 
A = hwoS* + oe (9 3) 
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is the Hamiltonian of the atoms that includes the kinetic energy P?/2m, and 
S* = (|1)(1| — |0)(0])/2 is the atomic energy operator. 
The Hamiltonian 


2 
Hp =~ hwy aha (9.4) 


i=1 


determines the energy of the laser field that is composed of two fields of the 
same frequency wy, and wave-vectors k; satisfying the relation 


ky = —kg =k. (9.5) 


The interaction Hamiltonian of the moving atoms with the standing-wave 
laser field can be written as 


Ls a ikix —ati—ikicz 
ere sito DL [St a:e ae 2G) ate ki ‘ (9.6) 


where x is the coordinate of the atom along the direction of propagation of 
the laser field. 

Using the Hamiltonian (9.2), we find from the Schrédinger equation the 
state vector of the system, which allows us to analyze the time evolution of 
the atomic momentum due to the interaction with the laser field. 

Assume that initially the atoms were in their ground states, and had a 
momentum Pp. Moreover, assume that there were n; photons in the zth field. 
Hence, the initial state of the system can be written as 


|®o) = |n1) |n2) |0, Po) . (9.7) 


Moving atoms enter the field, and then they can absorb photons from either 
of the two running-wave laser fields. When an atom absorbs a photon from 
the field “1”, the state vector changes to 


|®1) = |ni — 1) |ng) |1, Po + Ak) . (9.8) 


When the atom absorbs a photon from the field “2”, the state vector 
changes to 


|®2) = |n1) |ng — 1) |1, Po — hk) . (9.9) 


This provides us with a simple picture of the effect of the atom-field inter- 
action on the atomic motion. Momentum transfer from the laser field affects 
the motion of the atom in the x direction only. Each time the atom absorbs 
energy from the field component propagating in the +a-direction, the atomic 
momentum is increased by hk. Similarly, if the atom absorbs energy from the 
field component propagating in the —x-direction, the atomic momentum is 
decreased by hk. 
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Suppose that the interaction of the atom with the laser fields is strong 
and the transit time through the field is short so that we can ignore spon- 
taneous emission from the upper atomic level, leaving only the possibility of 
stimulated emission into either of the two laser fields. 

If the system is in the state |®,), the atom can be stimulated to emit a 
photon of wave vector k; or ky. If the wave vector of the emitted photon 
is k,, the system returns to the initial state |®o). If the wave vector of the 
emitted photon is k2, the state vector changes to 


|®3) = |ny — 1) |n2 +1) |0, Po + 2hk) . (9.10) 


Similarly, if the system was in the state |®2) and the atom emits a photon of 
momentum hk, the state vector changes to 


|4) = |r +1) [ng — 1) |0, Po — 2k) . (9.11) 


Since the interaction of the atom with the laser fields is strong, there is a 
large number of absorption and emission processes during the passage time 
through the field, which leads to the final state 


\,,) = Ira — 5) na + =) 10, Po + nk) (9.12) 


when n is an even number, and 


- Bela! 
: D) 


when n is an odd number. 

Equations (9.12) and (9.13) show that the atomic beam with the initial 
momentum Po is split by the standing wave into multiple components with 
momenta nhk. 

We will treat the states |®,,) as complete basis states of the noninteracting 
system, and find the state vector of the atom-field interacting system as a 
linear superposition 


n—1 


|®n) = n2 + 


jee) = faP rc, (P,t)|®,) . (9.14) 


The coefficients C,, (P,t) (probability amplitudes) are found by solving the 
Schrodinger equation for the state vector |®(t)). With the Hamiltonian (9.2), 
the Schrodinger equation leads to the following set of coupled differential 
equations for the probability amplitudes 


1 1 
into, = {ns + n2) hwy, + an (Po + nhk)* = slug} Cr 


dt 
h. n n 
+519 (, in, — gon} —4/n2+ 3Cnas | , (9.15) 
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when n is an even number, and 


1 1 
inic, = f(r +n2—1) hwy, + an (Po + nhk)° + shun} Cy 


dt 
he n—-1l n—-1 
+5i9 (ys ae Cr—1 — 4/nat+ ev) , (9.16) 


when n is an odd number. 
We simplify the differential equations by introducing the notation 


1 1 9 9 


and transformation 
Cy, = Cy exp (iEyt) . (9.18) 


With these simplifications, the differential equations (9.15) and (9.16) reduce 
to (n even) 


d nh nPo -k ~ 
ae n — ~A n ‘ OF 
ri LCn + (5 ke + a ) 
ahs. n ~ nm ~ 
+5i9 ( N41 gCn-1 —4/not+ SEnss) ‘ (9.19) 
and (n odd) 
d cnt = 1 x hn 2 nPop k ~ 


where Ay, = wy, — Wo. 
For a strong driving field, the number of photons in the laser fields satisfy 
N1,N2 >> 1, and then we can make the following approximations 


—] 
nyt 5 Vm = (nL) | (9.21) 


where (nz) is the average number of photons in the laser fields. Hence, the 
differential equations for C’, simplify to 
d - 1 ~ nk? Pek) x 
i—C,, = =ArC, + |R —] Ch 
"dt Oieee - 2m a m | 


1 . is 
+510 (Cn-1 _ Cn) : n even , (9.22) 
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and 


+ 
m m 


Pah) 5 
i— 6, = ~5ArCn + ne : oe] O;, 


eee : 
+510 (Cnt - Ens) , on odd, (9.23) 


where 2 = g\/(n_) is the Rabi frequency of the laser field. 
We introduce two parameters 


hi? k* i ge 
hb = a 
’ qd hike 


2m 
The parameter fb corresponds to the recoil kinetic energy of the atom after 
absorption or emission of a photon, and q is the ratio of the initial momentum 
of the atom in the x direction to the momentum of photons. - 
With the parameters (9.24), the differential equations for C,, take the 
form 


(9.24) 


~ _{1 s 
prea =-i 5A. +b (n? + 2n«)| Cy, 


1 
+52 (Cn-1 — Cn) , nm even, (9.25) 


and 


d = aif so “2 
ae" SS] [5a + b(n? + 2nd) Cr 


1 
+50 (Cn—1- Ens) | on odd. (9.26) 


Equations (9.25) and (9.26) form two sets of an infinite number of coupled 
differential equations, which can be solved, for example, by the continued 
fraction technique. However, in the special case of A; = 0, we can find the 
coefficients C;, by comparing (9.25) and (9.26) with recurrence relations for 
special functions. 

We now illustrate solutions of the above differential equations for Cy, 
from which we find the time evolution of the atomic momentum under the 
interaction of the atom with a standing-wave laser field. 

Consider two special cases: 


1 P,=0, Az,=0, 
2.P,40, Az,=0. (9.27) 


In the first case, g = 0, and assuming that the Rabi frequency is much larger 
than the recoil energy, the Raman—Nath approximation, we obtain 


eee G (Cn-1 es Cn) (9.28) 
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Introducing a parameter s = Qt, we find that the coefficients C’, satisfy the 
recurrence relation 
d : i 


2—Cn(s) =O 4a) C24 By (9.29) 


Comparing this with the recurrence relation for the Bessel function J,(x): 


2 JIn(c) Say Tae) (9.30) 


we see that the coefficients C,, are defined by 
C(t) = Jn (ME) , (9.31) 


where J,, is the nth order Bessel function. 
Hence, the atomic momentum nhk in the x direction is 


P, (t) = en) = J2(Q2) . (9.32) 


Figure 9.2 shows the horizontal spatial distribution of the diffracted atoms 
after interacting with the standing-wave field. For the initial time ¢t = 0, the 
distribution P,, = 0. As t increases, the distribution P,,(t) increases indicating 
that the probability of finding atoms with momentum nhk increases. This 
means that an atomic beam with initial zero momentum in the « direction is 
split by the standing wave into multiple components with momenta nhk and 
populations P,,(t). 

Consider now the second case, in which the moving atoms have nonzero 
initial momentum component in the x direction. Since P, 4 0, the term 
2nbq is different from zero. Again, we use the Raman—Nath approximation 
in which we ignore the recoil energy, and obtain 


d 


P ae { : 2 
5 Cn = —2inbgln + 50 (Cn = Ents) (9.33) 


It is convenient to make a further transformation 
C= Cpe ee. (9.34) 


Then 


= Toate 2 
—inbgCn + 5 (Cy_1e?" — Cryie7") 
7 1 7 = 
= —inbqC, + 52 cos(bqt) (Cr—1 — Cn41) 
+50 sin(bgt) (Ca—1 + Cn41) - (9.35) 


Introducing the parameter 
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Fig. 9.2. The atomic momentum distribution function for P,; = 0 and different 
values of Qt 


Q 
z= —sin(bqt) , (9.36) 
bq 
we transform (9.35) into 
a bq _ a : 
are Or =i n n—- n 
dz ‘2 cos(bqt) [2nCn — 2 (Cra + Cn) 


Te (One eee one ie (9.37) 


To evaluate (9.37), we make use of two recurrence relations for the Bessel 
functions 


2nJn(z) = £[Jn—1(&) + Inai(2)] , 


d 
25 Jnlz) = fy ait) = Tpaaley (9.38) 
x 
and find the result 
= Q. 
Galt) = dy ba sin bgt } . (9.39) 


Hence, the atomic momentum distribution function is 


Q 
= J? (<sin bat | (9.40) 


Prit) = [Cn = Jn (5 
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Fig. 9.3. The atomic momentum distribution function for P, 4 0, Q/b¢ = 10, and 
different values of bgt 


The atomic distribution oscillates in time with the frequency bq. In Fig. 9.3 
we show the distribution for different values of bgt. As t increases from the 
initial value t = 0, the width of the distribution increases to its maximum 
value at bgt = 7/2, and then the width decreases and reduces to zero for 
bgt = mz. The maximum amplitude of the atomic distribution during each 
period of oscillation is equal to £0/(bq). 

Thus, the diffraction of atoms with an initial momentum P, 4 0 is fun- 
damentally different from that of P, = 0. Instead of a continuous spreading 
of the atoms, the atomic distribution oscillates in time, periodically focus- 
ing and defocusing. This periodicity is observed in momentum space as an 
oscillation of the populations between the different momentum components. 

In the derivation of (9.32) and (9.40), we have ignored spontaneous emis- 
sion from the atoms. It might be difficult to achieve this in actual experimen- 
tal situations, in particular when the detuning A; = 0. Alternatively, one 
can assume laser detunings large compared with the spontaneous rate and 
the Rabi frequency, A; > y,. In this case, spontaneous emission can be 
neglected, as the atoms mostly reside in their ground states, with the upper 
atomic level adiabatically eliminated. To illustrate this, consider again the 
equations of motion (9.25) and (9.26), which in the Raman—Nath regime and 
with P, = 0, reduce to 


x i ~ il : . 
=, Can = — 5 AL Con + 50 (Cont = Con41) ; (9.41) 


and 
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© Cont = 5 AL Cont + 50 (Con-2 = Con) ; (9.42) 
According to (9.13), the equation of motion (9.42) for odd n corresponds to 
the time evolution of the probability amplitude of the excitation of the atomic 
upper state |1). When A; > Q, we can adiabatically eliminate Con —1 assum- 
ing that the amplitude does not change in time. Then, we put dC xnai jdt =0 
in (9.42), and obtain 


ae . (C43 Ox). (9.43) 


Substituting (9.43) into (9.41) and solving for Cz,, we find the probability 
amplitudes of the ground state 


ay]? (1 Q? 07¢ 


and then the probability distribution function is given by 


O\2])" _, (94 
142(5) R(S). (9.45) 


The above result holds for large detunings, but is in a form similar to (9.32), 
obtained for A; = 0. However, the result (9.45) is realistic experimentally 
as for A; > ¥y spontaneous emission is negligible and can be ignored. The 
momentum distribution function (9.45) is an even function of n corresponding 
to the absorption of a photon from the +k component of the standing wave, 
followed by emission of a photon into the —k component. In this process, 
the atoms transfer photons from one component of the standing wave to 
the other, remaining in their ground states, but their momentum changes 
by 2nhk. 


Con = 


= 


9.2 Interference of Two Bose—Einstein Condensates 


An important problem in atom optics is the study of the coherence prop- 
erties of cold atomic samples forming Bose-Einstein condensates and the 
formulation of a theoretical model of the condensate phase. One can ask the 
question whether the phase of a condensate is a formal construct, not rele- 
vant to any real measurement, or whether it is experimentally observable. In 
analogy with optical systems, the phase of an unknown condensate can be 
measured using a homodyne or heterodyne detection scheme where the con- 
densate is superimposed with an another condensate of well-defined phase. 
An alternative scheme is to compare the condensate phase to itself at a dif- 
ferent time, thereby examining the condensate phase dynamics, or one could 
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compare the phases of two separate condensates. In the latest approach, two 
separate condensates would be allowed to drop and, by virtue of their hori- 
zontal expansion, overlap as they reach an atomic detector. Cirac et al. [192] 
showed by analytical arguments that a system consisting of two condensates 
evolves into a state with a fixed relative phase if one detects the emitted 
bosonic atoms while observing their spatial interference pattern. The relative 
phase could also be established as a result of the measurement of the num- 
ber of atoms in each of the condensates. Javanainen and Yoo [193] showed 
that an interference pattern between two condensates, and hence a relative 
phase, could be established via a measurement process. As atomic detections 
are performed, an uncertainty in the number of atoms in each condensate is 
build up, since we do not know from which condensate the detected atom is 
removed. This result can be regarded as a constructive example of sponta- 
neous symmetry breaking. Each particular measurement produces a certain 
relative phase between the condensates [194]. 


9.2.1 Relative Phase Between Two Condensates 


To explore the problem of the establishment of a relative phase between 
two interfering condensates via atomic detections, we follow the work of Ja- 
vanainen and Yoo [193], and consider two condensates made to overlap at 
the surface of an atomic detector. Assume that prior to the detection each 
condensate contained M/2 (noninteracting) atoms of momenta k, and kg, re- 
spectively, and the detection at some point x is represented by a field operator 
which is a superposition of the atomic operators of the two condensates 
U(x) = es a + ai ewo)] (9.46) 
rs. V2 1 2 ’ 

where ¢(x) = (kg—k,)x and @; and @ are the atom annihilation operators for 
the first and second condensate, respectively. For simplicity, we consider the 
situation where the condensates move in opposite directions, so ky = —ky. 

We look at the buildup of the relative phase between condensates initially 
in the Fock state 


|(9(0)) = |M/2,M/2) . (9.47) 


Since we start from a Fock state, no phase is initially present in the system. 
We now adopt a destructive measurement of atomic position, assuming that 
each atom can be absorbed (removed) upon detection. This allows us to 
apply the theory of absorptive photodetection from which we find the joint 
counting rate R™ of m atomic detections at positions {x1,...2,,} and times 
LEjioeda yy, p28 


BO hie ec ta) = o™ (UT (x1, t1) hn U1 (2m, tm) 
(sbi bone WI Big ts (9.48) 
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where o” is a constant that incorporates the sensitivity of the detectors. 
Moreover, R™ = 0 if m > M, i.e. no more than M detections can occur. 

Further assuming that all atoms are in fact detected, the joint probability 
density for detecting m atoms at positions {x1,...2Zm} follows as 


(M—m)! 
M! 
The conditional probability density, which gives the probability of detecting 


an atom at the position x,,, given m — 1 previous detections at positions 
{@1,..-2%m_1}, is defined as 


yaad Ca ees ee (WT (x1)... UT (am) V(am)...U(21)) . (9.49) 


DO ieee) 
OT ea cog a) * 


Ue) ore og ee eae = (9.50) 
The conditional probability density offers a straightforward means of directly 
simulating a sequence of atom detections. This follows from the fact that, by 
virtue of the form for p™(x1,...2%m), the conditional probabilities can all be 
expressed in the simple form 


Dp Gm|is--: Omi) = 14+ Beos(Qrtin+¢) ; (9.51) 


where @ and ¢ are parameters that depend on {21,...%m_—1}. This is a man- 
ifestation of the correlations between atomic positions embodied in the prob- 
abilities p”. 

The origin of the form (9.51) can be seen from the action of each mea- 
surement on the previous result 


(Om|Y" (x) (x)|om) = (M —m) +2Acos [6 — ¢(2)] , (9.52) 


where A exp(—i0) = (¢m|@},G2|bm). 

We can now simulate an experiment. We begin with the distribution 
p'(a1) = 1, ie. we choose the first random number 71, the position of the 
first atom detector, from a uniform distribution in the interval [0,1]. After 
the first measurement, the state vector of the system is 


|o1) = Y(x1)|o) 
= rE |(M/2) — 1, M/2) + |M/2,(M/2) — ye], (9.53) 


which is an entangled state containing phase information resulting from the 
fact that we do not know from which condensate the detected atom came. 

The corresponding conditional probability density for the second detec- 
tion can be derived as 


_P(eye) 1 (Wt) UT (e)¥(@)W@1)) 


_ ; {1 of uy cos [¢(x) — ote] ; (9.54) 
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Thus, the phase of the interference pattern depends on the first measurement 
x 1, and for a large M, the maximum visibility of the interference fringes ap- 
proaches 1/2. The second position x2 is chosen from the distribution (9.54), 
and again we find simple analytical formulae for the parameters (@ and @. 
However, the expressions for @ and ¢ become more complicated with in- 
creasing m, and in practice numerical methods are employed to simulate the 
conditional probability. 

The result (9.54) suggests that the condensate behaves as if it had a 
phase as soon as there is a large occupation number of an individual quantum 
state. No interactions between the atoms were included to maintain the phase 
throughout the condensate. The appearance of the relative phase between two 
condensates has a simple interpretation in terms of the welcher-weg problem: 
the phase results from the lack of information as to which condensate provided 
the detected atom. 


9.2.2 Relative Phase in Josephson Junctions 


Another interesting manifestation of phase coherence between two trapped 
atomic Bose-Einstein condensates is the appearance of behaviour analogous 
to that observed in Josephson junctions, the well-known effect in supercon- 
ductors. 

The simplest and physically most relevant system to model this effect 
is that of a double-well trapping potential, with a barrier between the two 
condensates. In the context of BEC in an atomic vapour, it is possible to 
conceive of experimental configurations in which a condensate is trapped 
in just such a potential. For example, in the experiment of Andrews et al. 
on interference between two initially separated condensates, which we will 
discuss in more detail in Sect. 9.5, a double-well trapping potential was formed 
using an off-resonance laser beam to perturb the trap. A simple scheme of a 
symmetric double-well potential is shown in Fig. 9.4. 


Fig. 9.4. Schematic diagram of double-well potential with only two energy levels, 
FE, and Ez, inside the wells 
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We assume that the two lowest energy levels of the system are closely 
spaced and well separated from the higher energy levels, which are well above 
the barrier potential. In this approximation, we can use a simple two state 
model of the condensates. Let Vo(r +109) be the ground state wave function 
of a single potential well with energy Eo located at r+ ro. If we treat the 
barrier potential as a perturber we find, using perturbation theory, that the 
wave function of the double-well potential system can be approximated by 
the linear superpositions 


w= <5 Nghe ee: 
Wo(r) = Se Wor — ro) + Volr + ro)l , (9.55) 


J/2 


with energies EF; ~ Ey — V and Ey ~ Ey + V, where 
ve [rvor LEG Wer aa), (9.56) 


and H(r) is the single-particle Hamiltonian. 
Using the two-state approximation, we introduce atom field operators 


é = [ruse — ro) U(r, 0) , 
ae [eraser +19) G(r, 0) , (9.57) 


such that Gi, él) = re 
Then, the multi-atom Hamiltonian can be written in terms of the opera- 


tors ¢; and €» as 
wh: An APs i are e 
H = Eo (da + cher) + rad (dle + ea) 
+ hi (det + ae) (9.58) 


where v = 2V/h is the coupling constant (tunnelling frequency) between the 
condensates, and 


k= — | Br|W(ro)|* (9.59) 


is the atom—atom coupling constant. 

The two-state approximation requires that the multi-atom interactions 
only slightly modify the ground state properties of the individual potential 
wells. In practice, this corresponds to systems with a small number of atoms. 
Nevertheless, the dynamics of the condensates can still be strongly modified 
by the atom-atom interactions, represented by the last term in (9.58). 
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The Heisenberg equations of motion for the operators €; and €2 take the 
form 


dé; . Eo iN 1 i tH 9i at 2 
= —i—¢ ive iKC) Cj , 
dt ne a ae 
dé2 Eo. Wi eos eee 
= 2 9.60 
a is ea — sives — 2iKc,e (9.60) 


Equations (9.60) are nonlinear first-order differential equations, which we 
solve for the expectation values (¢,) and (é2) in the semiclassical mean-field 
approximation. In this approximation, we factorize all products of the oper- 
ators in these equations, and obtain 


db Le ite ae 
a — 5ivb2 2ikM|b,|7b1 , 
db We. he es Bate 
= = 5ivbs 2inM |bo|7bo , (9.61) 
where 
b; = bj exp (i) (9.62) 


are the slowly varying parts of the atomic operators, and 
by = (G;)/VM . (9.63) 


The semiclassical equations (9.61) can be solved exactly. Consider the 
example that initially all atoms were localized in well “1”. i.e. M1(0) = 
M\|b1(0)|? = M, and M2(0) = 0. With this initial condition, one finds a 
solution of (9.46) of the form 


M,(t) = 5M [1 + en (vt|M?/M2)] , (9.64) 


where cn(a|y) is the Jacobi elliptic function, and M, is the critical number 
of atoms, given by 


WV, 9.65 
; (9.65) 


For M < M,, we can approximate the Jacobi elliptic function by the cosine 
function, and then the number of atoms (9.64) exhibits periodic oscillations 
with frequency v, precisely like those in Josephson junctions. As the number 
of atoms increases, the oscillation period increases until, at MM = M, it be- 
comes infinite. For M > M,, the oscillations are inhibited as the interaction 
energy now exceeds the energy level splitting and one finds a self-trapping ef- 
fect in which a population imbalance is maintained between the two potential 
wells. 
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Unfortunately, the solution (9.64) does not provide any information about 
the phases of the two condensates. This is due to the randomness of the 
atom—atom interactions that average the phase to zero. However, we can 
still establish a relative phase between the condensates using this two-state 
system, by neglecting the atom—atom interactions. In this case, we put k = 0 
in (9.60), when we find the number of atoms in well “1” to be 


1 
M,(t) = (a (t)é(t)) = 5M [1 + acos(vt) + Bsin(4) sin(vt)] , (9.66) 
where M = (é@!@, + é)é2) is the total number of atoms, a = (é1é, — hé), and 


ata 
B= ACC) 6-6 (9.67) 


If the condensates are initially in number states with equal populations, then 
a@ = Bexp(id) = 0 and population oscillations do not occur. However, by 
virtue of spontaneous symmetry breaking induced by measurements of the 
number of atoms in one of the wells, it is possible for a relative phase be- 
tween the condensates to be established (3 exp(i¢) 4 0) and then population 
oscillations can be observed. 


9.3 Interference Between Colliding Condensates 


The approach to the condensate phase, presented above, can be modified to 
include the effect of collisions between the atoms [195]. In this method, we 
calculate the times of the atom detections stochastically, with the evolution 
of the system in between these times determined by an effective Hamiltonian 
of the form 


2 2 1 
Hog = hie (ala) # (aha2) | — iho (ala: re alan) / (9.68) 


where o and « are the detection and collision rates, respectively. The Hamilto- 
nian (9.68) includes only collisions between atoms from the same condensate, 
collisions between atoms from different condensates are ignored. At the time 
of an atom detection, the position at which the atom is detected is chosen 
using the conditional probability method outlined in Sect. 9.2. Following this 
method, we find that after m atom detections at positions {x,,...2,} and 
times {t1,...tm} the state vector of the system will be of the form 


Ibn) = U (am em ett tm —tm—a)/B | P(e Herre /P 1g) (9.69) 


To see how the collisions affect the interference fringes, we inspect the expec- 
tation value 


(Pmt) UT (x) (x)U(t)|bm) , (9.70) 
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where the evolution operator is given by 


UW = exp {-ix (ala) + (aie) | i} (9.71) 


and the state vector after m detections is 
ldm) = S© ce|M/2—m +k, M/2—k) , (9.72) 
k=0 
with S |ex|? =, 


Hence, we find that the expectation value (9.70) can be written as 


(bled (t) 04 () (x )LA(F)|bm) = M —m 


+S A(k) cos [@(a) + 2nt (2k —m —1) + Og] , (9.73) 
k=1 
where the phase ©, is defined by 
Ael@* = ex_1 , (9.74) 
and 
A(k) = 2A\/(M/2—k+1)(M/2—m-+k). (9.75) 


According to (9.50), the conditional probabilities are determined by the 
correlation function (9.73). A nonzero collision rate (« 4 0) introduces a time- 
dependent phase modulation of the interference terms (cosine terms). This 
leads to a dephasing of these functions in time and hence to a loss of coher- 
ence, and consequently interference fringes. Note that the time dependence 
of the cosine term is similar to that found for two nonidentical atoms. 


9.4 Collapses and Revivals of an Atomic Interference 
Pattern 


In trapped condensates one can predict another interesting quantum inter- 
ference phenomenon, the collapses and revivals of the interference pattern of 
two colliding condensates. This effect is reminiscent of the collapses and re- 
vivals that occur in the optical Jaynes-Cummings model of a two-level atom 
interacting with a quantized EM field. 

To illustrate this phenomenon in cold atoms, suppose that the atoms are 
released from two condensates with momenta k; and kz, respectively. The 
intensity of atoms at a detector is given by 


I(a,t) = Io (al (the? + ab(tje™*] [a (t)e“* + da(t)e“**] ) 


aa { (alar) + (abay) + (al aa)eW) a H.c.| } ; (9.76) 
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where $(x) = (ko — ky)2, ; (4!) is the atom annihilation (creation) operator 
for the 7th condensate, and the average is taken over the state of the system 
at time tf. 

If the only interactions in the system are collisions between atoms in each 
condensate, the state vector of the system will be of the form 


Ip) =e F4/"9(0)) , (9.77) 


where | Yo) is the initial state of the system, and H is the interaction (collision) 
Hamiltonian 


H =f (aja) is Con (9.78) 


If initially each condensate was in a coherent state of amplitude |a|, with a 
relative phase ¢ between the two condensates, i.e. 


p(t = 0)) = |a)|ae™*) , (9.79) 
then we obtain for the intensity 
I(x,t) = 2Ip|al? {1 + ell” [e0s(2e4)—1] egg [b(ar) — al} - (9.80) 


From this expression, it is clear that the visibility of the interference pattern 
undergoes collapses and revivals. The collapses are described by the exponen- 
tial term and appear whenever t is no longer a multiple of 7/k. The revivals 
occur at times t = na/k, where n is integer, i.e. the period of revivals is 1/k. 

Alternatively, we may consider two Bose-Einstein condensates which are 
initially in number states |/2), with the relative phase between the con- 
densates being established via an atomic detection. The state vector of the 
system, after m atoms have been detected, is given by 


lbm) = S— cel M/2—m +k, M/2—k) . (9.81) 
k=0 
With the state (9.81), the intensity can be approximated as 


Tat) =Ip{M—m 


+ S— A(k) cos [2(2k — m — 1)kt] cos [o(x) — a} . (9.82) 
k=1 


Again, the intensity exhibits collapses and revivals, but now with a period 
of 7/(2k). 

This phenomenon has a simple interpretation. The collapses and revivals 
of the interference pattern originate from a dephasing of an oscillation due to 
quantum fluctuations in the number of atoms in the condensates. Since there 
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Fig. 9.5. Collapses and revivals in the time evolution of the intensity of two in- 
terfering condensates prepared initially in coherent states with equal amplitudes 
ja] =5 


is no dissipation of energy in this process, the oscillations can eventually 
reappear (revival) after a certain time interval. Figure 9.5 shows the time 
evolution of the intensity (9.82) for M = m = 1000 and « = IT, where [ 
is the detection rate. Clearly, the intensity exhibits periodic collapses and 
revivals with a period 7/(2k). 


9.5 Interference Experiments in Coherent Atom Optics 


The phase of a condensate, or more generally an arbitrary wave field, is the 
argument of a complex number and is not an observable. Only the rela- 
tive phase between two condensates can be measured. Here, we discuss some 
experiments involving atomic condensates where interference fringes were ob- 
served between two separated atomic condensates brought together to overlap 
at an atomic detector, which provides compelling evidence for coherence in 
such systems. The essential result of the experiment was that, even through 
no phase information was initially present, an interference pattern was found 
between the two overlapping condensates. 


9.5.1 Experimental Evidence of Relative Phase 
Between Two Condensates 


The first experimental observation of interference between weakly interacting 
Bose-Einstein condensates was made by Andrews et al. [196]. In the exper- 
iment, they observed high-contrast matter-wave interference fringes in the 
superposition of two initially separated condensates that were released from 
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the magnetic trap to expand and overlap at a detector. The two condensates 
were composed of sodium atoms optically cooled and trapped in a double- 
well potential. The atoms were further cooled by radio-frequency induced 
evaporation. The double-well potential was created by focusing an argon ion 
laser field into the center of the magnetic trap. The laser field generated a 
repulsive optical dipole force that cut a cigar-shaped atomic cloud into two 
spatially separated parts. The frequency of the laser field was far from the 
sodium resonance to avoid heating from spontaneous emission. The double 
condensate was directly observed by nondestructive phase-contrast imaging. 

After switching-off the trapping potential and argon ion laser, the two 
independent condensates expanded freely, due to the repulsive atom—atom 
interactions, into the region between the wells where they eventually over- 
lapped. A clean interference pattern of the two condensates was observed by 
absorption imaging. Figure 9.6 shows the observed interference pattern after 
40 ms time-of-flight of the condensates and two different powers of the argon 
ion laser. The observed pattern was composed of straight interference fringes 
characteristic of two point-like sources. It was also observed that the fringe 
period become smaller for larger powers of the argon ion laser, since larger 
power increased the initial separation between the condensates. 


0) 0.5 1 
Absorption 


Fig. 9.6. Interference pattern of two expanding Bose-Einstein condensates ob- 
served by Andrews et al. The left graph shows the interference pattern for an argon 
ion laser power of 3 mW, and the right graph is for 5 mW. From M.R. Andrews, 
C.G. Townsend, H.-J. Miesner, D.S. Durfee, D.M. Kurn, W. Ketterle: Science 275, 
637 (1997). Copyright (1997) AAAS 


We can understand the interference between the condensates by imagining 
the initial condensates as two point-like pulsed sources placed at distance d 
on the z axis. When the interference takes place in the region of space where 
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the density of the gas is small enough, then the condensate wave function is a 
linear superposition of two de Broglie waves. The fringe period is then equal 
to the de Broglie wavelength A associated with the relative motion of atoms 
with mass m 


ht 


=—; (9.83) 


where h is the Plank’s constant and ¢ is the flight time of the condensates 
from switching-off the trap to the observation. Using the spacing between 
the two initial condensates as an estimate of the distance d, one gets a fringe 
period in excellent agreement with the experimental observation. With the 
experimental values of t = 40 ms and d = 40 us, we find A = 20 um, which 
corresponds to the fringe period observed in the experiment. 

To support the prediction that the fringe pattern was caused by two 
condensates, the observed pattern was compared with the pattern from a 
single condensate. It was observed that a single expanded condensate did not 
exhibit interference. 

The observation of high-contrast interference fringes was clear evidence 
for spatial coherence extending over the whole sample, and confirmed that a 
trapped condensate has a uniform spatial phase and a released condensate 
develops a nonuniform phase profile. 


9.5.2 Atomic Interferometers 


Interferences between matter waves have been demonstrated with electrons, 
neutrons and neutral atoms, and have been extensively used for fundamental 
tests of quantum-mechanical predictions. The construction of an interferom- 
eter for atoms is rendered difficult by the fact that atoms carry no charge as 
electrons do, and cannot penetrate through condensate matter like neutrons. 
However, laser cooling of atoms enables us to increase the de Broglie wave- 
length of an atomic matter wave, thereby allowing us to observe interference 
effects with atoms travelling along well separated paths. The diffraction of 
atoms by a standing wave, discussed in Sect. 9.1, is an example of interference 
effects with neutral atoms. 

We shall illustrate here two different interference experiments involv- 
ing two different atomic interferometers. The first experiment is based on 
a Young’s double slit arrangement, and the second one involves a Mach— 
Zehnder type arrangement. 


Young’s Double Slit Experiment with Atoms 


In Chap. 1, we learnt that the simplest interference experiments are of the 
Young’s double slit type where, in analogy to light, atoms can travel along 
two spatially well separated paths from a source to a detector. Carnal and 
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Mlynek [197] demonstrated that atoms emerging from the same source and 
split by two slits, produce an interference pattern at the atomic detector. The 
source of the atoms in their experiment was a thermal beam of metastable 
helium atoms. The velocity of the atoms was adjusted by setting the tem- 
perature of the source to JT’ = 295 K, corresponding to a mean de Broglie 
wavelength of \g = 0.56 A, or to T = 83 K, corresponding to \g = 1.03 
A. The atoms travelled through a slit with a width of 2 um imprinted in a 
thin gold foil. Next, the atoms passed through two 1-um-wide slits separated 
by 8 um, and the interference pattern was monitored by a detection system 
consisting of a secondary electron multiplier. The interference pattern of the 
detected atoms is shown in Fig. 9.7. With the atomic velocity corresponding 


Intensity (counts/10 minutes) 


Scanning Slit Position 


Fig. 9.7. Interference pattern observed in the Carnal and Mlynek [197] experiment 
with two different atomic wavelengths (a) Ag = 0.56 A and (b) Ag = 1.03 A. The 
dashed line represents the detector background with the atomic beam blocked in 
front of the entrance slit. From O. Carnal, J. Mlynek: Phys. Rev. Lett. 66, 2689 
(1991). Copyright (1991) by the American Physical Society 


to the de Broglie wavelength of \g = 0.56 A, the average distance between 
the observed interference fringes was dz = 4.5 + 0.6 um. [See Fig. 9.7(a).] In 
order to improve the visibility of the interference pattern, the source of the 
atoms was cooled to the temperature 7’ = 83 K, giving an average atomic 
velocity corresponding to the de Broglie wavelength of Ag = 1.03 A. In this 
case, the distance between the fringes increased, as seen from Fig. 9.7(b), 
giving a visibility of the interference pattern greater than 60%. 
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Atomic interferometers of the Young’s double slit type with cold atoms 
provided a tool for many interesting experiments in atom optics. Since both 
paths are spatially well separated, it is possible to introduce a relative phase 
shift between the two paths by applying an external potential to the atoms. 
This allows the testing of certain quantum mechanical phenomena such as 
loss of interference when which-way information is available, the Aharonov— 
Casier effect, and Berry’s phase. 


Mach—Zehnder Interferometer with a Bose—Einstein Condensate 


A trapped Bose-Einstein condensate could be an unique source for matter- 
wave interferometry because the condensate atoms occupy a single quantum 
state with uniform spatial phase. The uniform spatial phase profile of a con- 
densate can be probed with matter-wave Bragg interferometry. The Bragg 
interferometer is an analog of the optical Mach-Zehnder interferometer, in 
which an atomic wavepacket is first split by an atomic beamsplitter, then 
the two components are redirected towards each other by atomic mirrors. 
Finally, the converging components are made to interfere by another atomic 
beamsplitter. In this interferometer, the condensate passes through an op- 
tical beam, consisting of a pair of monochromatic laser fields of different 
frequencies that cause optically off-resonant, spontaneous emission free, Ra- 
man excitations during the passage of the condensate. The optical beams 
play the role of beamsplitters and mirrors in the interferometer. 


Bragg Pulses 
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Fig. 9.8. Schematic diagram of the matter-wave interferometer of Simsarian et 
al. [198]. An expanding atomic condensate is split at To into two condensates that 
are redirected at 7; to overlap at 72, and the resulting interference pattern is 
detected at T3 


From the dependence of the fringe spacing on the overlap, one can extract 
the phase profile of the wave packets. A schematic diagram of the matter- 
wave Bragg interferometer of Simsarian et al. [198] is shown in Fig. 9.8. The 
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experiment was performed with a trapped condensate of 1.8 x 10° sodium 
atoms. Next, the condensate was released, so that the atoms expanded freely 
in space.! After an expansion time Tp, the spatial phase profile of the conden- 
sate was probed in the interferometer. The interferometer was composed of 
three optically induced Bragg-diffraction pulses applied successively in time. 
Each pulse was composed of two conterpropagating laser beams of different 
frequencies detuned from the atomic resonance to avoid spontaneous emis- 
sion. The first pulse, applied at time 7p, coherently split the BEC into two 
condensates, with about the same number of atoms. The condensates differed 
only in their momenta, p,; = 0 and po = 2hk. After a time 7; the two con- 
densates were completely separated, and a second Bragg pulse was applied 
to change the momenta of the condensates in order to bring them to overlap 
again. Then, a third pulse was applied of 73 = 6 us duration to split the 
overlapping condensates into two momentum states. The interference of the 
overlapping condensates in each of the two momentum states allowed the 
determination of the local phase difference between them. By changing the 
time T> of the second pulse, the separation 62 = x4 — xp of the two conden- 
sates was varied, and the phase profile of the condensates was measured as a 
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Fig. 9.9. Experimentally observed interference pattern after an expansion time 
To = 4 ms. Graphs (a)-(e) show one of the two output ports of the interferometer 
for different dx (different T2). Graph (f) shows the density along the x direction 
for 62 = 11 um. From J.E. Simsarian, J. Denschlag, M. Edwards, C.W. Clark, L. 
Deng, E.W. Hagley, K. Helmerson, $.L. Rolston, W.D. Phillips: Phys. Rev. Lett. 
85, 2040 (2000). Copyright (2000) by the American Physical Society 


' Tt would be more correct to call the released condensate a cold coherent atomic 
wave packet expanding in free space, but in accordance with existing terminology, 
we also call it a condensate. 
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Figure 9.9 shows the experimentally observed interference fringes for dif- 
ferent 52, corresponding to different T>, after an expansion time Tp = 4 ms. 
Evenly spaced and straight fringes were observed with the fringe spacing de- 
creasing with increasing |6x — xo|. No fringes were observed for 62 = xo 4 0. 


9.5.3 Collapses and Revivals of a Bose—Einstein Condensate 


The phenomenon of collapses and revivals is well-known in quantum optics, 
and they have been observed in atomic Rydberg wave-packets [199, 200], 
molecular vibrations [201], and ions interacting with an EM field [202, 203). 

A periodic series of collapses and revivals of the matter-wave field of a 
Bose-Einstein condensate was observed by Greiner et al. [204], who con- 
sidered the dynamical evolution of a multiple matter-wave interference pat- 
tern. In the experiment, they created a quasi-pure Bose-Einstein condensate 
containing about 2 x 10° ®°’Rb atoms in the |F = 2,mp = 2) state and 
trapped in a harmonic magnetic potential with isotropic trapping frequen- 
cies of w = 27 x 24 Hz. The trapped atoms were transferred into the optical 
lattice potential by slowly increasing the intensity of the lattice laser beam, 
so that a lattice potential depth V, ~ 11, was reached, where E, is the 
recoil energy. The value V, = 11E,. was so chosen that the atoms were still in 
the condensate regime with a large probability of tunnelling between neigh- 
bouring potential wells. Then, the potential depth was rapidly increased to a 
value of about 35E, within a time of 50 us. At this potential, the tunnelling 
was negligible so that the separate wells could be considered as completely 
independent from each other. The atoms were kept in these separated wells 
for different times t. After these hold times, the confining potential was sud- 
denly turned off and the resulting multiple matter-wave interference pattern 
was observed after a time-of-flight period of 16 ms. The observed interfer- 
ence pattern for different hold times between t = 0 and up to t = 550 us 
is shown in Fig. 9.10. Evidently, the observed interference pattern exhibits 
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Fig. 9.10. Collapses and revivals of a macroscopic matter-wave observed by Greiner 
et al. [204] in a Bose-Einstein condensate of rubidium atoms. From M. Greiner, O. 
Mandel, T.W. Hansch, I. Bloch: Nature 419, 51 (2002), with permission 
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collapses and revivals. At the hold time t = 0, a distinct interference pattern 
is visible, showing that initially the system was in a macroscopic matter-wave 
state with well defined phase difference between different wells. After a hold 
time of 250 Us, the interference pattern is lost indicating a collapse of the 
macroscopic matter-wave field. However, after a hold time of 550 us, the in- 
terference pattern was restored again, indicating a revival of the macroscopic 
matter-wave field. 

Note that in this interference experiment, the number of atoms in each 
well remained constant during the evolution time. Therefore, this system can 
be regarded as completely different from the other systems discussed above, 
where the number of atoms in the condensates changed during the dynamical 
evolution. This property is very promising for further potential applications 
of this system in quantum information processing and quantum computation 
with neutral atoms. 


9.6 Higher Order Coherence in a BEC 


The experiment of Andrews et al. [196] confirmed that condensates can pos- 
sess first-order coherence. Bose-Einstein condensates can also possess higher 
order coherences, a property that strengthens the analogy between conden- 
sates and optical photons. An obvious question is what physical properties of 
condensates can arise from the higher order coherences, and how to measure 
these coherences. 

Ketterle and Miesner [205] have shown that the mean-field energy (U) 
of a condensate provides a direct measure of the normalized second-order 
correlation function. To illustrate this approach, we use second quantization 
and express the potential energy operator U in terms of the field operators 
U(r) as 


U = 5 [ aerid? rail (rs) (r9)0 (Ir —re|)¥(r2)V(r1), (9.84) 
from which we find the expectation value for the interaction energy to be 
(0) = 5 | aeria?rat (Ir ~ rol) 
x (WT (1) U(r) (WT (72) Y(r2)) 9 (ri, 72) , (9.85) 


where 


(UI (ri) YT (r2)U(r2)¥(r1)) 


(pi ro) = 9.86 
POE) = Te) (Wray era)) ne 
For a short-range potential, we can use the pseudopotential 
Atha 
U(|r1 — ra) = (\r1 — ral) , (9.87) 
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and obtain 


m 


(Uy = (FEE) (rr) farerwrrn yey, (0.88) 


where a is the s-wave scattering length, m is the atomic mass, and we have 
assumed that g°)(r,r’) depends only on ry — rg = 7’. 

The mean energy of the condensate thus strongly depends on the type of 
fluctuations that exist in the density. In direct analogy with the correlation 
function of a coherent laser field, we expect g?)(r,r) = 1 for a pure con- 
densate as it is represented by a coherent matter wave. For a noncondensed 
(thermal) cloud of atoms, we expect the atom-bunching effect g(r, r) = 2, 
which indicates large density fluctuations of the atomic cloud. Thus, the 
atom-bunching effect is expected to vanish in a condensate, precisely as pho- 
ton bunching does in any ideal laser beam. This means that an experimental 
observation of g?)(r,r) values equal or close to one would be strong evi- 
dence for the suppression of local density fluctuations and the formation of 
a Bose-Einstein condensate. 

We employ the experimental data on observed Bose-Einstein condensates 
to calculate values of g®@(r,r). With the sodium condensate of Mews et 
al. [206], the experimentally determined scattering length was a = (52 + 5)ao, 
implying g?)(r,r) = 1.25 + 0.58. In a different experiment, Castin and 
Dum [207] analyzed similar time-of-flight data and extracted a = (42 + 15)ao, 
implying g°)(r, r) = 0.81 + 0.29. Thus, the values of g°) (r, r) predicted from 
the experimentally observed condensates are consistent with the predictions 
of g'?)(r,r) = 1 for a pure condensate. 

Apart from the second-order correlation function, it is possible to de- 
termine higher order correlation functions, which also could be useful for 
determining the onset of an atomic Bose-Einstein condensate. For example, 
Kagan et al. [208] have pointed out that the atom loss rate due to three-body 
recombination is directly related to the probability of finding three atoms 
close to each other and therefore can be used as a measure of the third-order 
correlation function 


(YT (ri) WU" (ra) O"(r3)U(r3)U(r2)U(ri)) 
(UT (r1)U(r1)) (UT (72) (r2)) (UT (r3)U(r3)) 


They have shown that three-body recombination in a condensate would be a 
factor of 3! = 6 less rapid than in a thermal cloud at the same mean density. 

The ratio of the non-condensate to the condensate rate constants for this 
loss process was found by Burt et al. [209]. They compared the trap loss due to 
the three-body recombination of a Rb condensate to that of a thermal cloud, 
and obtained 7.4+2.0 for the g@)(r,r,1r) values, which is in good agreement 
with the predicted value of 6. The experiment was a clear demonstration 
of the third-order coherence of a Bose-Einstein condensate and proved that 
relative to the thermal atoms, the density fluctuations are suppressed for 
condensate atoms as in a laser field. 


(9.89) 


g®) Car T2; r3) = 
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